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PREFACE 

The present work combines with analytic geometry a num- 
ber of topics traditional ly treated in college algebra that 
depend upon or are closely associated with geometric repre- 
sentation. Through this combination it becomes possible to 
show the student more dii'ectly the meaning and the useful- 
ness of these subjects. 

The idea of coordinates is so simple that it might (and per- 
haps should) be explained at the very beginning of the study 
of algebra and geometry. Real analytic geometry, however, 
begins only when the equation in two variables is interitreted 
as defining a locus. This idea must be introduced very gradu- 
ally, as it is difficult for the beginner to grasp. The familiar 
loci, straight line and circle, are therefore treated at great 
length. 

Simultaneous liuear equations present themselves naturally 
in connection with the intersection of straight lines and lead 
to an early introduction of determinants, whose broad useful- 
ness is most apparent in analytic geometry. 

The study of the circle calls for a discussion of quadratic 
equations which again leads to complex numbers. The geo- 
metric representation of complex numbers will present no 
great difBeulty because the student is now somewhat familiar 
with the idea of variables, of coordinates, and even vectors 
(in a plane). 

The discussion of the conic sections is preceded by the 
study, especially the plotting, of curves of the form 5 = /(as), 
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where /(ie) ia ei polynomial of the second, third, etc. degree. 
la connection with this the solution of nnmencal algebraic 
equations can be given a geometric setting. 

In the chapters on the conic sections only the most essential 
properties of these curves are given in the test ; thus, poles 
and polars are discussed only in connection with the circle. 

Great care has been taken in presenting the fundamental 
problem of finding the slope of a curve. It seemed desirable 
and quite feasible to introduce the idea of the derivative (of 
a polynomial only) in connection with the discussion of alge- 
braic equations. The calculus method of finding the slope of 
a, conic section has therefore been explained, in addition to 
the direct geometric method. 

The treatment of solid analytic geometry follows more the 
usual lines. But, in view of the application to mechanics, 
the idea of the vector is given some prominence; and the 
representation of a function of two variables by contour lines 
as well as by a surface in space is explained and illustrated 
by practical examples. 

The exercises have been selected with great care in order 
not only to furnish sufficient material for pi-actice in algebraic 
work but also to stimulate independent thinking and to point 
out the applications of the theory to concrete problems. The 
number of exercises is sufficient to allow the instructor to 
make a choice. 

To reduce the course presented in this book to about one 
half its extent, the parts of the text in small type, the chap- 
ters on solid analytic geometry, and the mote difficult prob- 
lems throughout may be omitted. 

ALEXANDER ZIWET, 

L. A. HOPKINS, 

B. R. HEDBICK, Editob. 
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PLANE AI^ALYTIC GEOMETRY 

CHAPTER I 

COORDINATES 

1. Location of a Point on a Line. The position of a point 
P (Pig- 1) on a line is fully determined by its distance OP 
from a fixed point on the line, if wa know on which aide of 
O the point P is situated (to the right or to the left of in 
Fig. 1). Let us agree, for instance, to count distances to the 



S i S ■ ' f- 

TlQ. 1 

^^;ht of as positive, and distances to the left of O as negative ; 
this is indicated in Fig. 1 by the arrowhead which marks the 
positive sense of the line. 

The fixed point is called tho origin. The distance OP, 
taken with the sign + if i* lies, let us say, on the right, and 
with the sign — when P lies on the opposite side, is called 
the abscissa of P. 

It is assumed that the unit in which the distances are 
measured (inches, feet, miles, etc.) is known. On a geographi- 
cal map, or on a plan of a lot or building, this unit is indicated 
by the scale. In Fig. 1, the unit of measure is one inch, the 
abscissa of P is + 2, that of Q is - 1, that of B is - 1/3. 
B 1 
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2 PLANE ANALYTIC GEOMETRY [I, S2 

2. Determination of a Point by its Abscissa. Let us select, 
on a given line, an arbitracy origin 0, a unit of measure, and a 
definite sense as positive. Then any real number, such as 5, 
— 3, 7.35, — V5, regarded as the abscissa of a point P, fully 
determines the position of P on the line. Conversely, every 
point on the line has one and only one at)Bcis3a. 

The abscissa of a point is usually denoted by the letter as, 
which, in analytic geometry as in algebra, may represent any 
real or complex number. 

To represent a reed point the abscissa must be a real number. 
If in any problem the abscissa x of a point is not a real num- 
ber, there exists no real point satisfying the conditions of the 
problem. 



1. What is the abscissa of tbe origin ? 

t. With Uie inch as unit of length, mark on a line the points whoM 
abscissas are ! 3, -2, VS, ~ 1.25, — V6, }, — J. 

3. On a railroad line running ea.M and west, if the station B Is 20 miles 
east of the station A and the station C is 83 miles east of A, what are the 
abacisBBs of A and C for B as origin, the sense eastward t>eing taken as 
positive ? 

1. On a Fahrenlieit thermometer, wtiat is the positive sense ? What 
is the unit of measure ? What is the meamng of the reading 66° T 
What is meant by -7"? 

S. A water gauge is a vertical post oarrying a scale ; tiie mean water 
level is generally taken as origin. If the water stands at + 7 on one day 
and at —11 the next day, the unit being the inch, how much has the 
water fallen ? 

C. If Xi, Xa (read ; x one, x two) are the abscissas of any two points 
Pi. P; on a given line, show that the altsciBsa of the midpoint between 
Pi and Ps is J (xi + iCs). Consider separately the cases when Pi, Pj lie 
on the same side of the origin O and when they lie on opposite sides. 
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3. Ratio of Division. A segment AB (Fig. 2) of a straight 
line being given, it is shown in elementary geometry how to 
find the point C that divides . 
AS in a given ratio k. Thus, 
if i; = I, the point C snch that 
AG^2 
AB 5 

is found as follows. On any 

line through A lay off AD=2 and AE=Si join B and E. 
Then the parallel to BE through D meets AB at the required 
point C 

Analytically, the problem of dividing a line in a given ratio 
is solved as follows. On the line AB (Fig. 3) we choose a 
point as origin and assign a positive sense. Then the 
abscissas x^of A and a^ of it are known. To find a point C 



i^^ 



wbiohi divides AB in the ratio of division ft = AC/AB, let us 
denote the unknown abscissa of O by x. Then we have 

AC=ix — Xi, AB = Xs — Xi; 
benoe the abscissa x of C must satisfy the condition 



x=Xi + k(x,^Xi); 
or, if we write Aa; (read: delta x) for the "difference of the 
SB's," i.e. &x = Xt — Xi, 

x=sxi + k ■ Ax. 
Thns, if the abscissas of A and B are 2 and 7, the abscissas 
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4 PLANE ANALYTIC GEOMETRY [I, J 3 

of the points that divide AB in the ratios |, |, ^, ^ are 3, 4J, 
8, 9^, respectively. Check these results by geometric oon- 
struction. 

If the segments AO and AB have the same sense, the divi< 
sion ratio k is positive. For example, in Fig. 3, the point O 
lies between A and B; hence the division ratio ft is a positive 
proper fraction. If the division ratio fc is negative, the seg- 
ments AC and AB must have opposite sense, so that B and 
lie on the opposite sides of A. 

If the abscissas of A and B are again 2 and 7, the abscissa' 
a! of when & = 2, - 1, - J, - .2 will be 12, - 3, 0, 1, respec- 
tively. Illustrate this by a figure, and check by the geometric 
construction. 

4, Location <tf a Pcunt in a Plane. To locate a point in 
a plane, that is, to determine its position in a plane, we may 
proceed as follows. Draw two lines at right angles in the 
plane ; on each of these take the point of intersection O as 
origin, and assign a definite positive sense to each Line, e.g. by 
marking each line with an arrowhead. It is usual to mark 
the positive sense of one line by affixing the letter x to it, and 
the positive sense of the other line by 
af&xing the letter ^ to it, as in Fig. 4. 
These two lines are then called the axes 
of coordinates, or simply the axes. We 
distinguish them by calling the line Ox the 
at-axis, or axis of abscissas, and the line Oy 
the ^-axis, or axis of ordinates. Now project the point P on 
each axis, i.e. let fall the perpendiculars PQ, PR from P on 
the axes. The point Q has the abscissa OQ = x on the axis Ox. 
The point R has the abscissa OR = y on the axis Oy. The 
distance OQ = RP=x is called the abscissa of P, and 
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1, $ 6] COORDINATES 5 

OR=QP=y iB called the ordinate of P. The position of the 
point P in the plane is fully determined if its abscissa a; and 
its ordinate y are both given. The two numbers z, ^ are also 
called the cocrdinatea of the point P. 

5. Signs of the Coordinates. Quadrants. It is clear 
from Fig. 4 that x and i/ are the perpendicular distances of the 
point P from the two axes. It should be observed that each 
of these numbers may be positive or 
negative, as in § 1. 

The two axes divide the plane into 
four compartments distinguished as in 
trigonometry as the first, second, third, 
and fourth quadrants (Fig. 5). It is 
readily seen that any point in the first 
quadrant has both its coordinates posi- 
tive. What are the signs of the coordi- 
nates in the other quadrants ? What are the coordinates of the 
origin 0? What are the coordinates of a point on one of the 
axes ? It is customary to name the abscissa first and then 
the ordinate; thus the point (—3, 5) means the point whose 
abscissa is —3 and whose ordinate is fi. 

Every point in the plane has two definite real mtmbers as co- 
ordinates; conversely, to every pair of real numbers corresponds 
one and only one point of the plane. 

Locate the points: (6, -2), (0, 7), (2-V3, |), (-4, 2V2), 
(-5,0). 

6. Units. It may sometimes be convenient to choose the 
nnit of measure for the abscissa of a point different from the 
unit of measure for the ordinate. Thus, if the same unit, aay 
one inch, were taken for abscissa and ordinate, the point {3, 48) 
might fall beyond the limits of the paper. To avoid this we 
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6 PLANE ANALYTIC GEOMETRY [1,5 6 

may lay off the ordinate on a scale of ^ iiich. When different 
units ^-e used, the unit used on each axis should always be 
indicated in the drawing. When nothing ia said to the con- 
trary, the units for abscissas and ordinates ate always under- 
stood to be the same. 

7. Oblique Axes. The position of a point in a plane can 
also lie determined with reference to two axes that aie not at 
right angles; but the angle a between these 
axes must be given (Fig. 6). The abscissa 
and the ordinate of the point P are then 
the segments OQ = x, OB = y cut off on 
the axes by the parallels through P to the 
axes. If tt) = ^ir, i.e. if the axes are at 
right angles, we have the case of rectangulm coordinates 
discussed in §g 4, 6. In what follows, the axes are always 
taken at right angles unless the contiary is definitely 



'^ 



8. Distance of a Point from the Ori^. 

For the distance r = OP (Fig. 7) of the point 
P from the origin O we have from the right- 
angled triangle OQP: 

where X, y are the coordinates of P. 

If the axes are oblique (Fig. 8), with the angle 
xOj/ = M, we have, from the triangle OQP, in 
which the angle at Q is equal to r — u,* by the 
cosine law of trigonometry, 



= i/i^ + tf' — 2x!/a 



") = 



jured in radians, the 
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Kotioe tliat these formulaa hold not only when the point P 
lies in the first quadrant, but quite generally wherever the 
point P may be situated. Draw the figures for several cases. 

/ 

9. Distance between Two Points. By Fig. 9, the distance 
d= P,Pj between two points Pi{x,, yi) and Piix^, ^j) can be 
found if the coordinates of the two points 
are given. For in the triangle PiQP^ we 
have 

P,Q = xt-x„ QP, = y,-yi; 



(1) d = \/(xa— ici)8 + (i/i— i/i)'. 

If we write Ax (§ 3) for the " difference of the a^s " and ^y 
for the " difference of the y's ", i.e. 

^x = x,-x, and Ay = y, — ji , 

the formula for the distance has the simple form 




(2) d = V(Aa;)* + (Aff)« ; 

or, in words, 

The distance between any two points is equal to fhe aguare root 
of the sum of tJie squares of the differences between their corre- 
sponding coordinates. 

Draw the figure showing the distance between two points 
(like Fig. 9) for various positions of these points and show 
that the expression for d holds in all cases. 

Show that tbe distance between two points Pi (ari, j/i), Pj {xj, ya) wlien 
tbe axes are oblique, witli angle u, is 
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10. Ratio of Division. If two points P, (a;, , j/,) and P, (% y,) 
are given by their coordinateK, tlie coordinates x, y of any point 
Pon tlie line PiP, can be found if the dioision ratio PiP/PiPt = ft 
in known in which the point P divides tfte segment PiPj- Let Q, , 
Q,. Q(Fig. 10)j be the projections of P,, P„ Pon the axis Ox; 
then the point Q divides Q,Q, in the same ratio k in whiob 
P divides PiP,. Now as OQ, = 
OQi= Xt, OQ = X, it follows from g 3 
that 

x=Xi +k(x,~x,). 




In the same way we find by projecting ' 
P,, Pj,P on the axis Oythat 

y = 3'i + *(!'i-yi)- 

Thus, the coordinates x,y ai Pare found expressed in terms 
of the coordinates of P,, P. and the division ratio k. Putting 
again a^ — z, = Ax , y^ — yi =^y, we may also write 

x^Xi + k- Ax, y=y, + k- ^y. 

Here ^ain the student should convince himself that the 
formulas hold generally for any position of the two points, by 
selecting numerous examples. (He should also prove, from a 
figure, that the same expressions for the coordinates of the 
point P hold for oblique coordinates.^ 

As in S 3, if the division ratio k ia negative, the two 
segments PiPj and PiP must have opposite sense, so that 
the points P and P^ must lie on opposite sides of the 
point P,. 

Find, e.g., the coordinates of the points that divide the seg- 
ment joining (— 4, 3) to (6, — 5) in the division ratios & = J, 
k = 2, k= — \, kss^l, and indicate the four points in a 
Ggiiie. 
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11. Midpoint of a Segment. The midpoint Pof a aegraent 
PiPt has for its coordinates the arithmetic means of the corre- 
sponding coordinates of P, and P^ ; that is, if 3^,1/1 are the co- 
ordinates of P,, iGi, ^, those of /*,, the division latiu being 
h=i\t (^ coordinates of the midpoint P are (§ 10) 
■ « = ai + i(a^-a5,)=i(a^ + «i), 

y=yi + i(!'i-yi) = iC3'i+yt)- 

EXERCISES 

1. with reference to the aame set of axes, locate the pointa (6, 4), 
(3, -i). (-6.<, -8.2), (-4,0), C-1, 6), (.001, - i.Ol). 

1. Locate the points (- 8, 4), (0, - 1), (6, — v^), (], - lOJ), 
(0,a), (a,6), (8, -2), (-2, -v^). 

S. If a and 6 ore positiTe numbere, in what qnadranta do the follow- 
ing pointe lie : (a, -6), (6. a), {tf.'i)' (-6. &). (-6. -")? 

K. Show that the points (a, 6) and (a, - b} are ajmrnetric with 
respect to the axis ftc ; that (a, 6) and (— a, 6) are Bymmetric with re- 
spect to the axis Og ; that (a, 6) and (— a, — b) are symmetric with 
respect to the origin. 

S. In the city of Washington the lettered streets (A street, B street, 
etc) ran east and west, the numbered streets (1st street, 2d street, etc.) 
north and south, the' Capitol being the origin of coordinateB. The axes 
of coordinates are called avenues ; tbus, e.^., Ist street north runs one 
block north of the Oapitnl. II the length of a block were I/IO mile, what 
would be the distance from the comer of South C street and East &th 
street to the comer of North Q street and Weet I4th street? 
'^ 6. Prove that the points (6, 2), (0, - S), (T, 1) lie on a circle whose 
center is (3, —2). - , 

T. A square of side « has its center at the origin and diagonals coin- 
cident with the axes ; what ore the coordinates of the vertices ? of the 
midpoints of the sides ? 

8. If a point moves parallel to the »x1b Oy, which of its cootdlnates 
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0. Ill what quadranta can a point lie if its abscissa is negative ? Its 



10. Find the coordinates of the points which trisect the distance be- 
tween the pointe (1, -2) and (- 8, 4). 

11. To what point most the line segment drawn from (2, —3) to 
(—3, 6) be extended so that its length is doubled ? trebled ? 

IS. The absciaaa of a point is — 3, its distanoe from the origin is 6 ; 
what is its ordinate ? 

13. A rectangular house is to be built on & corner lot, the front, 30 ft. 
wide, cutting off equal segments on the adjoining streets. If the house is 
20 ft. deep, find the coordinates (with respect to the adjoining 'streets) of 
the back comets of the house. 

U. A baseball diamond is 00 ft. square and pitcher's plate is 60 ft. 
from home plate. Using the foul lines as axes, find the coordinates of 
the following portions : 

(a) pitcher's plate ; 

(6) catcher 8 ft. back of home plate and in line with second ba«e ; 

(c) base runner playing 12 ft. from first base ; 

(d) third baseman playing midway between pitcher's plate and thiid 
base (before a bunt) ; 

(«) right fielder playing 00 ft. from fiist and second base each. 

IB. Ho»f far does the ball go in Ex. 14 if thrown by third basemaa 
in position (d) to second base ? 

U. If right fielder (Ex. 14) catches a ball in position («) and throws 
it to third base for a double play, how far docs tbe ball go ? 

17. A pBJk 600 ft. long and 400 ft. wide has six lights arranged in a 
dicle about a central light cluster. All the lights are 200 ft. apart, and 
the central cluster and two others are in a line paraUel to tbe length of 
the park. What are the coordinates of all the lights with respect to two 
boundary hedges ? 

18. With respect to adjoijiing walks, three trees have coordinates 
(30 ft., 8 ft.), (20 ft., 45 ft.), (-27 ft., H ft.), respectively. A tree ia to 
be planted to form tbe fourth vertex of a parallelogram; where should it 
be placed? (Three possible positions ; best found by division' ratio.) 
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12. Area of a Triangle with One Vertex at the Origia. 

Let one veitex of a triangle be the origin, and let the other 

vertices be P, (x^, y,) aod Pj (a^ yj). Draw through Pi and 

P, Hnes parallel to the axes (Fig. 11). The 

area A of the triangle la then obtained by 

subtracting from the atea of the ciFCunL- 

seribed rectangle the areas of the three non- 

ahaded triangles ; i.e. 

-1 = a^yi - i aWi - i »iyi - i (ai -ai) (S*. - J/i) 

= K^Vt - aWi)- 
This fotmiila gives the area with the sign + or — according 
as the sense of the motion around the perimeter OPiP,0 is 
counterclockwise (opposite to the rotation of the hands of a 
clock) or clockwise. 

For numerical computation it is most convenient to write 
down the coordinates of the two points thus : 

'^i St 
and to take half the difference of the crosswise products. The 
formula is therefore often written in the form 



^ = i 



. yi\ 



where the symbol 



\^ yi\ 



stands for o^i—x^,, and is tailed a deieTminant (of the second 
order). 

Thus, the area of the triangle formed by the origin with the 
pair of points (4, 3) and (2, 5) is 



i 



2 6 



=:^(4x5-2x3) = 7. 
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13. TranslatioD of Axes. Instead of tlie origin and the 
axes Ox, Oy (Fig. 12), let u3 select a iiew origin 0' (read: 
prime) and new axea 0'x\ O'y', parallel to the old axes. Then 
any point P whose coordinates with reference to the old axes 
are OQ = x, QP=y will have with 
reference to the new axes the coordi- 
nates 0'Q' = x', Q'P=t^; and the 
figure shows that if ft, k are the co- 
ordinates of the new origin, then 



a; = as' -)- A, 
y = y' + &. 



—r- 

-ir^ 



The change from one set of axes to a new set is called a 
trutisformation of coordinates. In the present case, where the 
new axes are parallel to the old, this transfoi-mation can be 
said to consist in a translation of the axes. 

14. Area of Any Triangle. Let Pi(a^, ^,)t A(^i yOi 
Pt(Xi, Js) be the vertices of the triangle (Fig.- 13). If we take 
one of these vertices, say Pg, as new 
origin, with the new axes paraJlel to the 
old, the new coordinates of P^ , P, will be : 



xfi = 






■■<^-^ 




Hence, by S 12, the area of the triangle Tj ■ 
PjPiPt is Fro. 13 

^ = i(a!'jy',-ic'df',)=J[(iB,-a!s)(y,-y,)-(a!i,-a^)(y,-3/e)] 
= i[ai(yj-ya)+3^(y8-j/,)+a'!(!'i-y»)]. 

For numerical computation it is best to put down the coordi 
nates of the three points with a 1 after each pair, thus : 
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k y* 1 ■ 

Ia» y» A 

Then add the three products formed by following the full lines 
and subtract the three products formed by following the dotted 
lines as indicated in the aocompany- 
ing scheme, i.e. form the determinant 
(of the third order) 

= aTi/s + a^i + sBayi — ^^s — ^J/\ — '^s- 
This is equal to the expression in 
the square brackets above, i.e. to 2 A 
Therefore 

Here as in § 12 the sign of the area is + or — according as 
the sense of the motion along the perimeter P,/*,Ps/*j is coun- 
terclockwise or clockwise. 




L Find tbe areas of the triangles having the following vertices : 
K{a) (1,3), (6,2), (4,0); (6) (-2, 1), (2, -S), (0, - 8) ; 

(c) (a, 6), (a, 0), (0, 6) ; (d) {4, 3), (6, - 2), (- 1, 5). 

S. Show that the area of the triangle whose vertices are (7, — 8), 
(— 3, 2), (— 5, — 4) is four times the area of the triangle formed \iy 
joining the midpoints of the sides. 

8. Find the area of the quadrilateral whose vertices are (2, S), (— 1, 
-1), (-4,2), (-8,(1). 

t. Find the area of the triangle whose vertices are (a, 0), (0, 6), 



(- 



c). 



6. Find the area of the triangle (1, 4), (8, -2), (-8, 18). 
doce ^nr result show about these points ? 
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C, Find the area ot the Criiuigle (a, b + c), (b, e + a), (c, a + &}. 
What does the result shon whatever the values of a, b, e? 

7. Show that the pointa (8, 7), {7, 3), (8, 8) are the vertices of an 
leoscelea triangle. What la its atea ? Show that the stune is true for the 
poiuts (a, 6), (6, a), {c, e), whatever a, b, c, and find tie area. 

B. Find the perimeter of the triangle whose vertices are (8, 7), (2, 
- 1), (6,3). Is the triangle scaleue ? What is its area? 
/ 

• 15. Statistics. Related Quantities. If pairs of values 
of two related quantities are given, each of theae pairs of 
values is represented by a point in the plane if the value of 
one quantity is represented by the abscissa and that of the 
other by the ordinate of the point. A curved line joining 
these points gives a vivid idea of the way in which the two 
quantities change. Statistics and the results of scientific ex- 
periments are often represented in this manner. 

EXERCISES 

1. The population of the United States, as shown by the census reports, 
is approJomately as given in the following tahle : 



Yeii 


- 


ISM 


,. 


.. 


,. 


.. 


■«, 


■flo 


™ 


-» 


» 


,» 


■10 


Millions 


4 


6 


7 


10 


13 


17 


23 


81 


39 


^ 


63 


76 


92 



Mark the points corresponding to the pairs of numbers (1790, 4), 
(1800, 5), etc., on squared paper, representing the time on the horizontal 
axis and the population verticfiiiy. Connect these paints by a curved line. 

3. From the figure of Ex. I, estimate approximately the population 
of the United StAtes in 1676 ; in IS)05 ; in 1916. 

S, From the figure of Ex. 1, estimate approximately when the popula- 
tion was 25 millions ; 00 millions ; when it will be 100 millions. 

4. Draw a figure to represent the growth of the population of your 
own State, from the figures given by the Census Keports. 
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[Other data suitable for BtatiBtical graphs can be found in la^e quan- 
tity in the Census Reports ; in the Crop Keporta of the govemment ; in 
the quotations of the market prices of food and of stacks and bonds ; in 
the World Ahnanac ; and in many other books.) . 

B. The temperatures on a certain day varied hour by hour as follom : 





4.M. 


^ 


P-M. 


Time . . 
Temp. . . 


6 
50 


7 
62 


8 

55 


60 


10 
64 


U 
67 


70 


1 
72 


2 

74 


3 

75 


4 
74 


72 


6 
69 


7 
65 


I 


57 



Draw a flgure to represent these pairs of values. 

C. In eiperiraents on stretching an iron bar, the t 
and Ihe elongation E (in thousandths of an inch) we 
follows! ^ 

( (in tons) 1 2 4 

£! (in tbousandlhs of an Inch) . 10 19 38 



{ (in tons) 



Draw a figure to represent these pairs of values. 

[Other data can be found in books on Physics and Engineering.] 

7. By Hooke's law, the elongation S of a stretched rod is supposed 
to be connected with the tension t by the formula E = c-t, where c is a 
constant. Show that if c = 10, with the units of Ex. 6, the valoea of E 
and t would be nearly the same as those of Ex. 6. Plot the values given 
by the formula and compare with the figure of Ex. 6. 

8. The distances through which a body will fall from rest in a vacaom 
In a time t are given by the fonnula g = 16 (*, approximately, if e is in 
seconds and s is in feet. Show that corresponding vahies of s and t are 



.< Draw a figure to represent these pairs of values. 
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16. Polar Coordinates. The position of a point /> in a 
plane (Fig. 14) can also be assigned by its distance OP=r 
from a fixed point, or pole, 0, and tlie angle xOP = 't'i made 
by the line OP with a fixed line Ox, the ptdar axis. The dis- 
tance r is called the radius vector, the angle ^ the potar angle 
{or also the vectorial angle, aaimnth, ampli- ^j> 
tilde, or anomaly), of the point P. The ,.*"■' 

radius vector r and the polar angle ^ are p- f'v £^ 

called the polar coordinates of P. "' 

Locate the points: (6, Jw), (6, |x), (2, 140°), (7, 307"), 
" (VS, t), (4, 0=). 

To olittun for every point in the plane a single definite p^ of polar 
coordinates it is mfflcUrd to taJie tbe radius vector t always positive and 
to r^ard as polar angle the positive angle between and 2 t (0 g ^ < 2 t) 
through which the polar axis (regarded as a half-line or ray iaauing from 
the pole O) must be turned about the pole in the counterclockwise sense 
to pass through P. Tbe only exception is the pole O for which r = 0, 
wblle tbe polar angle is indeterminate. 

But it is not necesBary to confine the radius vector to positive values 
and the polar angle to values between and 2 ir. A single definite point 
P will correspond to every pair of real values of t and $, if we agree that 
a negative value of the radius vector means that the distance r is to be 
laid off in tbe negative sense on tbe polar axis, after being turned through 
the angle ^, and that a negative value of ^ means that the polar axis 
should be turned in the clockwise sense. 

The polar angle is then not changed by adding to it any positive or 
negative integral multiple of 2 r ; and a point whose polar coordinates ate 
r, ^ can also be described as having the coordinates — r, ^ ± v. 

Locate the points : 

(3, -J,), («, -i^), (-5, 75"), (-3, --Xr,- 

17. Transformation from Cartesian to Polar Coordinates, 

and vice versa. The coordinates OQ = x, QP=y, defined in 
§ 4, are called cartesian coordinates, to distinguish them 
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from the polar coordinates. The term is derived from the 
Latiu form, Carteaiua, of the name of Rex^ Descabtes, who 
first applied the method of coordinates systematically (1637), 
and thus became the founder of analytic geometry. 

The relation between the cartesian and polar coordinates of 
one and the same point P appears from 
Fig. 15. We hare evidently : 



rcos^, ^ \r = V^ + y', 
and ' 



'■Bin*, tan<A = ^, 



^^-1 



18. Distance between Two Points in Polar Coordinates. 
If two points Pi , Pf are given by their polar coordinates, r, , 
^ and Ti, iftt, the distance d = P,/'j between 
them is found from the triangle OPiP^ (Fig. 16), 
by the cosine law of trigonometry, it we ob- 
serve that the angle at O is equal to ± (if'i—'l'i) '■ 



d = Vfi' + r,* — 2 rirj cos (^^ — ^). 



1. Find Oie distances between the points: (2, |t) and (4, }t); 
(a,ix)&nd(3a,i')- 

1. Find the cartedan coordinates of the points (5, ^t), (6, — j r), 
C4.i-). (2.i-), (7,ir), (6, -x), (4,0), (_8,60"),(-6, -90"). 

8. Findt]iepoiarcoordinatesofthepoint8(V§, 1), (— lA, 1), (1, —1), 
(~i-i). (-<".«)■ 

4. Find an expression for the area of the triangle whose vertices are 
(0,0), Cn.^i). '>nd(r,,*a). 

■. Find the area of the triangie v^ose vertices are (ri , d>i), (r^ #j), 
(Hi ■ *.)■ 
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6. Find the radius vector of the point P on the line joining the points 
-Pi(ri, 4i) and Pi(ri, ^) snioh that the polar angle of P is i(*i + *0- 

7. If the axes are oblique with angle u, what are the relations existing 
between the cartesian and polar coordinates of a point ? 

19. Projectioa of Vectors, A straight line segment AB 
of deliiiite length, direction, and semie (indicated by an arrow- 
head, pointing from ^ to £) is called a vector. The projection 
A'B' (Figs. 17, 18) of a vector AB on an axis, i.e. on a line I 



on which a definite sense has been selected as positive, ia the 
product of the length (or absolute value) of the vector AB into 
the cosine of the angle between the positive senses of the axis and 
the vector: 

A'B' = ABeo3a. 

The positive sense of the axis (drawn through the initial point 
of the vector) makes with the vector two aogles whose sum is 
2x = 360°. As their cosines 
are the same It makes no differ- 
ence which of the two angles is 
used. 

With these conventions it is 
readily seen that the sum of the 
projections of the sides of an 
open polygon on any axis is eqttal 
to the projection of the closing 
side on the same axis, the sides of the open polygon being 
taken in the same sense around the perimeter. Thus, in Fig. 19, 
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the vectors PiPi, Pt^s, ■■• Pi^t are inclined at the angles 
a,, Oi, ••■ Ot to the axis I; the closing line PiPg makes the 
angle DC with 2 ; its projection i8P'iP'»; and we have 

P,P, cos It, + P^Pj cos B, + P,/*! cos Oa + PiP, C08 «( + PjP, cos (% 
= P',P'. = P,P«co8a. 

For, if the abscissas of P„ P^, ■■■ Pg measured along I, from 
any origin O on i, are Xi, x,, •■■ x,, the projections of the 
vectors are a^— x,, a^— as,', etc., so that our equation liecomes 
the identity : 

!l!, — Xi + Xi — Xi + X^ — Xg + Xii—Xi-i-!e, — Xi, = Xt — Xi. 



20. Components and Resultants of Vectors. In physics, 
forces, as well as velocities, accelerations, etc., are represented 
by vectors because such magnitudes have not only a numerical 
value but also a definite direction and 



23" 



According to the parallelogram, law of 
physics, two forces OPi, 0P», acting on 
the same particle, are together equivalent 
to the single force OP (Fig. 20), whose vector is the diagonal 
of the parallel<^ram formed with OP,, OPj as adjacent 
sides. The same law holds for simultaneous velocities and 
accelerations, and for simultaneous or consecutive rectilinear 
translations. The vector OP is called the resultant of OPi 
and OPf, and the vectors OP, , OP^ are called the components 
of OP. 

To construct the resultant it suffices to lay off from the ex- 
tremity of the vector OP, the vector PjP^OP.^; the closing 
line OP is the resultant. This leads at once to finding the 
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resultant OP of any num- 
ber of vectors, by addiiiy 
the component vectors geo- 
metricallii, i.e. putting them 
blether endwise succes- 
sively, as Id Fig. 21, where 
the dotted lines need not 
be drawn. 

By §19, the projection ''■° ^' 

of the resultant on any axis is equal to the sum of the pro- 
jections of all the components on the same axis. 




EXERCISES 

1. Hie cartesiaa coordinates z, y of any point P tire the projections of 
its radius TecCor OP on the axes Oi., Oj. (SeeJ 16.) 

I. The projection of any vector AB on the axis Ox, [a the difference 
of the abscissas of A and B ; aimilarlj for Og. 

8. A force of 10 lb. is inclined to the horizon at 60° ; find its hori- 
zontal and vertical components. 

i. A ship sails 40 miles N. 60° E., then 24 miles N. A^t" B. How for 
is the ship then from its starting point ? How far east ? How far north ? 

5. A point moves 5 ft. along one ude of an etiu:'atertil triangle, then 
6 ft. parallel to the second, and daally B ft. puatiei to the third side. 
What is the distance from the starting point 'I 

6. Hie sum of the projestiuns of the sides of any clmed polygon on 
any axis is zero. 

7. If tliree forces acting on a parlide are parallel and proportional to 
the Bides of a triangle, the forces are in eiiuilibrium, i.f. their resultant in 
zero. Similarly for any closed polygon 

8. Find the resultant of the forces OP,, 0P-. OP-.. OP,, OPt, if 
the coordinates of P,, Pj, P,, P,, Pj, w.tli as origin, are (3, 1), 
(1, 2), (-1, 3), (-2, -2), (2, ^2: (lleaj-ve ea,± force mto ita' 
oomponenta along the axes.) 
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9. If any number of vectora (in the same plane) , applied at the ori- 
gin, are given b; the coordinates x, y of their extremities, the length of 
the reeitltant ia =v''(Sit)' 4 (2y)' (where 2x means the sum of the ab- 
Bcissaa, Zy the sum of the ordinatee), and ita direction makes with Ox an 
angle a such that tan a = Zy/Sx. 

10. Find the horizontal and vertical components of the velocily of a 
tell when moving 200 ft./sec. at an angle of 30° to the horizon. 

11. Six forces of 1, 2, 3, 4, 5, 6 lb., making aisles of 60° each with 
tlie next, are applied at the same point. Id a plane ; find their resultant. 

IS. A particle at one vertex of a square is acted upon b; three forces 
represented by the vectors from the particle to the other three vertices j 
find the resultant. 

21. Geometric Propositions. In using analytic geometry 
to prove general geometric propositions, it ia generally conven- 
ient to select as origin a prominent point in the geometric 
figure, and as axes of coordinates prominent lines of the figure. 

Bat sometimes greater symmetry and elegance is gained 1^ 
taking the coordinate system in a general position. (See, e.g., 
Exs. 14, 17, 18, below.) 

MISCELLAITE017S EXERCISES 

1. A tegnlar hexagon of side 1 has its center at the origin and one 
diagonal coincident with the axis Ox ; find the coordinates of the vertices. 

t. Show b; similar tHangles that the points (1, 4), (8, - 2), (— 2, 
13) lie on a strai^t line, 

S. II a square, with each side 5 units in length, is placed with one 
vertex at the origin and a diagonal coincident with the axis Ox, what are 
the coordinatee of the vertices ? 

4, If a rectangle, with two sides 3 units in length and two sides 
SVS units in length,, is placed with one vertex at the origin and a diagonal 
alon; the axis Ox, what arc the coordinates of the vertices? There are two 
possible positions of the r^ctan^le ; give the answers in both cases. 
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B. Show that the points (0, - 1), (- 2, 3), (6, 7), (8, S) are the 
vertices of a parallelogram. Prove that this paralleli^ram is a Teecangle. 
6. -Show that the points (1,1), (-1, -1), ( + V3, - v^) are the 
vertices of an equilateral triangle. 

7. Show that the points (6, 6), (3/3, - 3), {-3, 12), (-V. S) are 
the vertices of a parallelogram. 

^ 8. Find the radius and the coordinates of the center of the circle pass- 
ing throu^ the three points (2, 3), (-2, 7), (0, 0). 

9. The vertices of a triangle are (0, 0), (4, -3), (-6, 8). Find the 
lengths of the medians and the coordinates of the centrotd of the triangle, 
i.e. of the intersection of the medians. 

Prove the following propositions : , 

10. Hie diagonals of any rectangle are equal 
/ 11. The distance between the midpoints of two sides of any triiuigle 
is equal to half the third side. 

U. The distance between the midpoints of the non-parallel sides of a 
trapezoid is equal to half the sum of the parallel sides. 
/ IS. In a right triangle, the distance from the vertex of the right angle 
to the midpoint of the hjpoMnuse is equal to half the hs^Kitenuse. 

14. The line segments joining the midpoints of the adjacent sides of a 
quadrilateral form a parallelogram. 

IB. If two medians of a triangle are equal, the triangle is Isosceles. 
16. In any triangle the sum of the squares of any two sides is equal 
to tvrice the square of the inedian drawn to the midpoint of the third side 
plus half the square of the third side. 

IT. The line segments joining the midpoints of the opposite sides of 
any quadrilateral bisect each other. 

18. The sum of the squares of the sides of a quadrilateral is equal to 
the sum of the squares of the diagonals plus four times the square of the 
line segment joining the midpoints of the diagonals. 

19. The difference of the squares of an; two sides of a triangle is equal 
to the difference of the squares of their projections on the third side. 

80. The vertices (xi, j/O, (a^, j/i), (isiBs) of a triangle being given, 
find the centroid (intersection of medians). 
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THE STRAIGHT LINE 

22. Line Parallel to an Ans. When the coordinates x, y 
of a point P with reference to given axes Ox, Oy are known, 
the position of P in the plane of the axes is determined com- 
pletely and uniquely. Suppose now 
that only one of the coordinates is 
given, say, x = ^; what caa be said 
about the position of the point P? 
It evidently lies somewhere on the 
line AB (Fig. 22) that is parallel to 
the axis Oy and has the distance 3 
from Oy. Every point of the line AS fio. aa 

has an abscissa x = Z, and every point 

whose abscissa is 3 lies on the line AB. For this reason we 
say that the equation x = Z 

represents tlie line AB; we also say that ir = 3 is the equation 
of the line AB. 

More generally, the equation x=a, where a is any real 
number, represents that parallel to the axis Oy whose distance 
from Oy is a. Similarly, the equation y = i represents a 
parallel to the axis Ox. 

EXERCISES 
Draw the lines represented, by the equations : 
\ L x^-% t. 5x = 7. > 7. 3a! + i = 0. 

\ S. x = 0. B. D = 0. 8. 10-3y = 0. 



= 12.5. 



=-7. 



= ±2. 
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23. Line through die Origin. Let us next consider any 
line • through the origin 0, such as the line OP in 
The points of this line have the prop- 
erty that the ratio t//x of their coordi- 
nates is the same, wherever on this 
line the point P be taken. This ratio 
is equal to the tangent of the angle a 
made by the line with the axis Ox, ^'°- ^ 

i.e. to what we shall call the slope of the line. Let us put 



then we have, for any point P on this line : y/x = m, i.e. : 

Moreover, for any point Q, not on this line, the ratio p/x 
must evidently be different fi-om tan a, i.e. from m. The equa- 
tion y = tax is therefore said to represent the line through O 
whose slope is m; and y = mxi8 called Uie equation of this line. 
We mean by this statement that the relation y = vix is aati^ 
tied by the coordinates of every point on the line OP, and only 
by the coordinates of the points on this line. Notice in partic- 
ular that the coordinates of the origin O, i.e. x=sO, y = 0, 
satisfy the equation y = mx. 

24. Pnqtortional Quantities. Any two values of x are 
proportional to the corresponding values of y ii y = mx. For, 
if (a;,, y,) and (%, y^ are two pairs of values of x and y that 
satisfy (1), we have 

y, = mx, , y^ = mx^ ; 

aiffbl Ii 
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hence, dividing, 

The constant quantity m ia called the factor of proportionality. 

Many instances occur in * mathematics and ia the applied 
sciences of two quantities related to each other in this man- 
ner. It is often said that one quantity y varies as the other 
quantity x. 

Thus Hooke's Law states that the elongation £ of a stretched 
wire or spring varies as the tension t ; that is, E = kt, where k 
is a constant 

Again, the circumference c of a circle varies as the radius r; 
tl»a* »8, c = 2wr. 



1. Draw ea«h of the lines : 
(a)s = -ix. ic) y = --^^x. ^ (_e) 5x+Sy=0. (g-)y = -x. 

(6) y=-&x. id) 5y = Sx. (/) y = x. (A) x-p=0. 

/- >. Show that the equation ax + by ~0 can be reduced to the fonn 
J/ = tnx, if b ^ 0, and therefore represents a line through the origin. 
S. Find the slope of the lines i 

{a)x + s = 0. (c) Sx-^y = 0. 

(6) x-y = 0. (d) V23! + s = 0. 

4. Draw a line to represent Hooke's Law E = kt,if k = 10 (see Ex. 7, 
p. 16). Let ( be represented as horizontal lengths (as is x in § 23) and 
let £ be represented by vertical lengths (aaisy in § 23). 

5. Draw a line to represent the relation c = 2 rr, where c means the 
circmnference and r the radios of a circle. 

^•'' C. Hie namber of yards ^ in a given length varies as the number of 
feet / in the same length; in particular, f=Sff. Draw a figure to 
represent this relation. 

7. If 1 in. =: 2.64 cm., show that c = 2.61 i, where e is the number of 
centimeters and i is the number of inches in the same length. Draw a 
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26. Slope Form. Finally, consider a line that doea not pass 
through the origin and is not parallel to either of the axes of 
coordinates (Fig, 24) ; let it intersect the axes Ox, Oy sA A, 
B, respectively, and let P(x, y) be any other point on it. The 
figure shovs that the slope m of 
the line, i.e. the tangent of the 
angle a at which the line is in- 
clined to the axis Ox, is 

m = tana = ||; ^^^^ 

or, since JiP= Q-P- QR=QP- OB=y-b and BB = OQ=x: 

X 

thatis, 

(2) » = mx+b, 

where b = OB is called the intercept made by the line on the 
axis Oy, or briefly the y-intercept. 

The slope angle a at which the line is inclined to the axis Ox 
is always understood as the smallest angle through which the 
positive half of the axis Ox must be turned counterclockwise 
about the origin to become parallel to the line. 

26. Equation of a Line. On the line AB of Fig. 24 take 
any other point P'; let its coordinates be x', y', and show that 
y' = 7nx' + b. 

Take the point P* (a:', y') outside the line AB and show that 
the equation y = mx + b ia not satisfied by the coordinates x', 
y' of such a point. 

For these reasons the equation y = ma; + 6 is said to represent 
the line whose y-intercept is b and whose slope is m; it is also 
called the equation of this line. The y-intercept OB=b and 
the slope m =tan a together fully determine the line. 
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Every line of the plane can be represented by an equation of the 
form 

y = mx+b, 

excepting t/ie lines parallel to the axis Oy. When the line be- 
comea parallel to the axia Oy, both ita slope m aud its y-inter- 
cept b become infinite. We have seen iu % 22 that the equa- 
tion of a line parallel to the axis Oy ia of the f onn x^a. 

Reduce the equation Sa;— 2y=S to the form yssmx + b and 
sketch the line. 



I. Sketdi the lines whose y-intercept is 6 = 2 and whose slopes are 
n =' J, 8, 0, — I ; write down their equations. 

3. Sketch the lines whose slope is m = 4/3 and whose ^-intercepts are 
0, 1, 2, 6, - 1, — 2, — 6, — 12.2, and write down their equations. 

S. Sketch the lines whose equations are ; 
(a) y=2a;+3. (c) v=x-\. (e) ^-y=l. (ff) 7*-v+12=0. 

C6) jr=-li:+l. (d)a:+t'=l. (/)^-2v+2=0. (ft) 4a;+8j,+5=0. 

4. Do the points (1, 5), (-2, -1), (3,7) lie on the line y=2a+3 ? 

5. A cistern that already contained 300 gallons of water is filled at the 
rate of 100 gallons per hour. Show Uiat the amount A of water in the 
cistern n hours alter filling begins is.^ = lOOn+300. Draw a figure to 
represent this relation, plotting the values of A Terticallj, with 1 vertical 
space =: 100 gallons. 

fl. In experiments with a pnlley block, the poll p In lbs., required te 
lift a load tin lbs., was found to be expressed by the equation p=. 15 1+2. 
Draw this line. How much pull is required to operate the pulley with no 
load ((.e. when 1 = 0)? 

7. The readings of a gas meter being tested, r, were found in compari- 
son with those of a standard gas meter 8, and the two readings satisfied 
theequadon 2" = 300 + 1.2 5. Draw a figure. What was the reading 
T when the reading 8 was zero ? What is the meaning of the slope of 
the line in the flgnre ? 
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27. Parallel and Perpendicular Ijnes. Two lines 

y = tfi-iX + i>i , y = wt?c + ^ 
are obviously parallel if they have the same slope, t'.e. if 

(3) m, = m» 

Two lines y = w^x -f 6, , y = n^x + b^ are peTfiendicular if the 
slope of one is equal to minus the reciprocal of the slope of 
the other, i.e. if 

(4) m,mj = — 1. 

For if mi = tan (Ci , m, = taD oj , the condition that miWi, = — 1 
gives tan oj = — 1/tan O] = — cot a, , whence a, = oti + ^ w. 



1. Write down the equation of any liaa ! (a) parallel to y = 3 a — 2, 
(b) perpendicuIftT to j = 3i — 2, 

1. Show that the parallel to y = S x — 2 through the origin isy = 8x. 

S. Show that the perpendicul&r to y = 3 z — 2 through the origin is 
V=-ix. 

4. For what value of 6 does the line p = 3x + 6 pass through the 
point (4, 1)? Find the parallel to 1/ = 3 J - 2 through the point (4, 1). 

B. Find \he parallel to ^ = 5 z + 1 through the point (2, 3). 

«. Find the perpendicular to j = 2z — 1 through the point (1, 4), 

T. What is the geometrical meaning of b] = 63 in the equations 
y = raix + 61 , g = mil + 62 ? 

8. Two water meters are attached lo the same water pipe and the water 
is allowed to flow steadily through the pipe. The readings if 1 and Bi of the 
two meters are found to be connected with the time t hy means of the 
equations B, = 2.5{, .Sj = 2.5( + 160, 

where B\ and B% are measured in cubic feet and t is measured in seconds. 
Show that the lines that represent these equations are parallel. What 
is the meaning of this fact ? 

0, The equations connecting the pull p required to lift a load u la 
found for two pulley blocks to be 

Pi = .05ui + 2, pj = .05i^+ 1.6 
Show that the lines representing these equations are parallel Explain. 
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10. The equations connecting the pull p reqnired te lift a load w is 
found for two pulley blocks to bo 

|)i = .ISup + 1.6, pg = .06«i + 1.6. 

Show tbat the lines representing these equations ate not parallel, but 
that the Talues of p, and pi are equal wben ui — 0. Explain. 

38. Linear Function. The equation y = mx+b, when m 
and 6 are given, asaigna to every value of x one and only one 
definite value of y. Thia is often expressed by saying that 
mx + bia& function of x ; asd as the expression tox + 6 is of 
the first degree in x, it is called a. function of the first degree or, 
owing to its geometrical meaning, a linear function of x. 

Examples of functions of x that are not linear are 3 a? — 5, 
aa? + bx + c, x{x — l), 1/x, sinai, lO*, etc. The equations 
y = 3a? — 5, y =s aa? + bx + c, etc., represent, as we shall see 
later, not straight lines but curves. 

The linear function y !=mx + h, being the most simple kind 
of function, occurs very often in the applications. Notice that 
the constant b is the value of the function for a; = 0. The con- 
stant m is the rate of change of y with respect to x. 

89. lUustratioas. Example 1. A man, on a certain date, 
has SIO in hank; he deposits $3 at the end of every week; 
how much has he in bank x weeks after date ? 

Denoting by y the number of dollars in bank, we have 
y = 3x + 10. 
His deposit at any time a; is a linear function of x. Notice 
that the coe£Bcient of x gives the rate of increase of this de- 
posit; in the graph this is the slope of the line. 

Example 2. Water freezes at 0° C. and 32° F. ; it boils at 
100* C. and at 212° F. ; assuming that mercury expands uni- 
formly, i.e. proportionally to the temperature, and denoting 
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by X any temperature in Oeotigrade degrees, by y the same 
temperature in Fahrenheit degrees, we have 

If the line represented by this equation be drawn accurately, 
on a sufficiently large Bcale, it could be used to convert centi- ~ 
grade temperature into Fahrenheit temperature, and vice versa. 

£zAHPi.E 3. A rubber band, 1 ft. long, is found to stretch 
1 in. by a suspended mass of 1 lb. Let the suspended maas 
be increased by 1 oz., 2 oz., etc., and let the corresponding 
lengths of the band be measured. Plotting the masses as ab- 
scissas and the lengths of the band as ordinates, it will be 
found that the points (x, y) lie very nearly on a straight line 
whose equation is y = -^x + l. The experimental fact that 
the points lie On a straight line, i.e. that the function is linear, 
means that the extension, y — 1, is proportional to the tension, 
i.e. to the weight of the suspeuded mass x (Hooke's Law). 

Wotice that only the part of the line in the first quadrant, 
and indeed only a portion of this, has a physical meaning. 
Can this range be extended by using a spiral 8t«el spring? 

Example 4. When a point P moves along a line so as to 
describe always equal spaces in equal times, its motion is called. 
uniform. The spaces passed over are then proportional to the 
times in which they are described, and the coefficient of pro- 
portionality, i.e. the ratio of the distance to the time, is called 
the vdocity v of the uniform motion. If at the time ( = the 
moving point is at the distance Sg, and at the time t at the dis- 
tance B, from the origin, then 

S = 8„ + Vt. 

Thus, in uniform motion, the distance a is a linear function of 
the time t, and the coefficient of t is the speed : v = (s — %)A 
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Example 5. When a body falls from rest (in a vacuum) its 
velocity v is proportional to the time t of falling : v^gt, where 
g is about 32 if the velocity is expressed in ft./sec, or 980 
if the velocity is expressed in em./sec. 

If, at the time ( = 0, the body is thrown downward with an 
initial velocity v^, its velocity at any subsequent time ( is 

Thus the velocity is a linear function of t, and the coefficient g 
of t denotes the rate at which the velocity changes with the 
time, Le. the acceleration of the falling body, 

EXERCISES 

1. Draw the line represented by the equation y = \x + Z2 of Ex- 
ample 2, 5 20. Wtat is its slope ? What is the y-lntercept ? What ia 
the meaning of each of these quantities if y and x repreeent the tempera- 
tures in Fahienheit and in Centigrade measure, respectively ? 

1. Represent the eqimtion y ~ ■^x-'rl ot Example 8, % 29, by a figure. 
Wbat is tbe meaning of the ^intercept ? 

5. Draw the line s = so + ni of Example 4, g 20, tor the values S|> = 10, 
v = 8. What la the meaning of f? Show that the speed v may be thought 
of aa the rate of increase of s per second. 

4. If, in the preceding exercise, v be given a value greater than 3, 
how does the new line compare with the one just drawn ? 

fi. U, In Ex. 8, D is given the value 3, and »» several different values, 
show that tbe lines represented by the equation are parallel. Explain. 

6. In experiments on the temperatures at variouB depths in a mine, 
the temperature (Centigrade) T was found to be connected with the 
depth d by the equation 7" = 60 -|- .01 d, where A is measured in feet. 
Draw a figure to represent this equation. Show that the rate of increase 
of the temperature was 1° per hundred feet. 

7. In aiperimenta on a pulley block, the pull p (in Ih.) required to 
lift a weight ro (in lb.) was found to be p = .08 to-H 0.5. Show that thn 
rate of increase of j) is 3 lb. per hundred weight ii 
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30. General Linear Equation. The equation 
Jx + Bs + C=0, 
in which A, B, C are any real numbers, is called the general 
equation ofthejirst degree in x and y. The coefficients A, B, G 
are called the constants of the equation ; x, y are called the 
variables. It is assumed that A and B are not both zero. 
The terms Ax and By are of the iirst degree ; the term G is 
Baid to be of degree zero because it might be written in the 
form Cb*; this term Cis also called the constant term. 

Every ^tuUion ofthejirst degree, 
(6) Ax+By + C = 0, 

in which A and B are not boih zero, represents a straight line; 
and conversely, eaery straight line can be represented by such an 
eqtMiion. Foi' this reason, every equation of the first degree 
is called a linear equation. 

The first part of this fundamental proposition follows from 
the fact that, when B is not equal to zero, the equation can be 
reduced to the form y = mx + 6 by dividing both sides by B ; 
and we know that y = mx + b represents a line (§ 25). When 
B is equal to zero, the equation reduces to the form x = a, 
which also represents a line (§ 22). 

The second part of the theorem follows from the fact that 
the equations which we have found in the preceding articles 
for any line are all particular cases of the equation 
Ax+By + G=0. 

This equation still expresses the same relation between x 
and y when multiplied by any constant factor, not zero. Thus, 
any one of the constants A, B, O, if not zero, can bo reduced 
to 1 by dividing both sides of the equation by this constant. 
The equation is therefore said to contain only ttvo (not three) 
essentiai constants. 
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31. ConditioiiB foi Parallelism and for Peipendicularily. 

It is easy to recognize whether two lines whose equations are 
jiB + By+C=sO and A'x-i-B'y + C =0 a-re parallel or per- 
pendicular. The liuea are parallel if they have the same slope, 
and they are perpendicular (§ 27) if the product of their slopes 
is equal to —1, The slopes of our lines are — A/B and 
— A'/B" ; hence these lines are parailel if — A/B = — A'/ff, 
*■«•>* A:B = A':B'; 

and they are perpendicular if 

^.^ = -1, i.e.if AA' + BB-^O. 

32. Intercept Form. If the constant term C in a linear 
equation ia zero, the equation represents a line through the 
origin. For, the coordinates (0, 0) of the origin satisfy the 
equation Ae + B}/ = 0. 

If the constant term C is not equal to zero, the equation 
^ + By + C = can be divided by C; it then reduces to the 

If A and B are both different from zero, this can be written : 



or putting — C/A = a, — C/B = b : ^^ > [ 

w !+?='■ ""^^ ^~" 

The conditions .4 =^ 0, B =^ mean 
evidently that the line is not parallel to either of the axes. 
Therefore the equation of any line, not passing through the 
origin, and not parallel to either axis, can be written in the 
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form (6), With y = this equation gives x = a; with » = 
it gives y = b. Thus 



are the intercepts (Fig. 25) made by the line on the axes Ox, 

Oy, respectively (see § 25). 



BZBRCISBS 
1. Write down the equations of the line whose intercepts on the 
axes Ox, Oy are 5 and — 3, respectively ; the line whose intercepts are 

— } and 7 ; the line whose intercepts are — 1 and — j. Sketch each of 
the lines and reduce each of the equations to the form Ax+By + C=% ho 
thU A, fi, C are integers. 

1, Find the Interoepta of the lines; 3x — 2jr = l, z + 7ff + I = 0, 

— Sx + ly — 6^0. Try to read off the ralaes ol the intercepts directly 
from these equations as they stand. 

3. In £z. 2, find the slopes of the lines. 

4. l*roTe (6), g 32 by equality of areas, after clearing of fractions. 

B. What is the equation of the axis Oy ? of the axis Ox ? 

t. What is the value of S such that the line represented by the equa- 
tion 4x+B^— 11 = passes through the point (—6, 17] ? 

7. What is the value of A such that the tine Ax+ 7 y = 19 has Its 
x-intercept equal to — B ? 

8. Reduce each of the following equations to Ihe intercept form (6), 
and draw the lines ; 

(a) 3i-5!(-I6 = 0. (b) x + iy + l=0. 



zl3Lz 



(d) &x = 3x + y-lQ. 



t. Reduce the equations of Ex. 8 to the slope form (2), § 26. 
10. Find the equation of the line of slope 6 passing through the point 
(fl, - 6). 
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11. What relation exists between the (X>efficieat« at the equation 
Ax + By + = 0, If the line is parallel to the Una 4z-5y = 8? parallel 
to the axis Oy T 

U. Show that the pointa (- 1, -7), (J, -3), (2,2), (-2, -10) 
lie on the same line. 

18. Find the area of the triangle formed by the lines x-|-y=D, x—y=0, 
x~a = (i. 

14. Show that the lioe 4(x — a) + &(y — 6) = is perpendicular to the 
linefiic— 4y— 10=0 and passes through the point (a, b). 

IB. A line has equal positive intercepts and passes through (— 6, 14). 
What is its equation ? its slope ? 

IC If a line through the point (0, T) has the slope 4, what is its 
^intercept ? its a-intercept ? 

IT. The R^aumar thermometer is graduated so that water freezes at 
0° and boils at 80", Draw the line that represents the reading B of the 
Ti^aiuntir thermometer as a function of the oorresponding reading O of 
the Centigrade thermometer. 

15. What fnnction of the altitude is the area of a triangle of ^ren 
base? 

1». A printer asks 76 / to set the typo for a program and 2 ^ per copy 
for printing. Tbe total cost is what function of the number of copies 
printed ? Draw the line representing the function. 

Another printer asks 3 f per copy, with no charges for setting the type. 
For how many copies would both charge tbe same ? 

to. The sum of two complementary angles a and j3 Is ^ r ; draw the 
line representing {9 as a function of a. When a = j t, what ia p? 

XL Express the value of a note of $ lODO at Che end of the first year as 
a function of the rate of interest. At 6% simple interest its value is what 
function of the time in years ? 

U. Two weights are attached to the opposite ends of a rope that runs 
through a, double pulley block of which one block Is fastened at a height 
above ground. If x and f denote the dislancea of the two weights above the 
ground, determine a lineal relation between them if ;e = 40 ^ea y = 
and v = 10 when x = 0. 
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33. Line through One Point To find the line of given 
slope 1% through a given point P,(x„ y^), observe that the 
equation must be of the form (2), viz. 

since this line has the slope m,. If this line ia to pass thioi^h 
the given point, the coordinates a^, y^ must satisfy this equa- 
tion, i.e. we must have 

y, = m,a^ + ft. 
This equation determines b, and the value of b so found might 
be substituted in the preceding equation. But we can eliminate 
6 more readily between the two equations by subtracting the 
latter from the former. This gives 

y-y, = mi(x-xi) - 
as the equation of the line of slope m, through Pi{x„ j/i). 

The problem of finding a line through a given point paraltel, 
or perpendicular, to a given line is merely a particular case of 
the problem just solved, since the alope of the reqinred line can 
be found from the equation of the given line (§ 27), If the 
slope of the given line is m, = tan «,, the slope of any parallel 
line is also mj, and the slope of any line perpendicular to it is 

m, = tan (a,-f|ir) = — cot «[ = . 

34. Line tlirouf^ Two Points. To find the line through two 
given points, Pi(x„ yi), Pi(x^ 3/,)i observe (Fig, 26) that the 
slope of the required line is evi- 
dently 

x-i — Xi Aa 

if, as in § 9, we denote by Aa:, Ay 
the projections of P^P^ on Ox, Oy ; 
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aad a& the lice is to pass through (ic,, y{), we find its equation 
by §33 as 

or • 

The equation of the line through two given points (a^ y^, 
(Xf, y,) can also be written in the determina?it form 

la! y 11 

k Vi 1 =0, 

I «( SI* 1 I 
which (S 14) means that the point (a;, y) is such aa to form 
with the given points a triangle of zero area. By expanding 
the determinant it can be shown that this equation agrees with 
the preceding equation. A more direct proof will be given 
later (§ 49). 

EXBBCISES 

1. Find the equalioa of Cbe line through the pofnt (— T, 2) paisllel 
to the line y = 3 z. 

1. Show that the poinU (4, -S), (-6, 2), (6, 20) are the Terticea of 
s right triangle. 

8. Find the equation of tliE^tine.tbTongb the point (—6, —3) which 
makes an angle of 80° with the axis Ox ; 30° with the axis Oy. 

4. Does the line of elope ] through cbe point (i, 3) pass througli tlie 
point (-6, -4) ? 

B. Find the equation of the line through the point (—2, 1) parallel to 
the line tlirough the points (4, 2) and (-3, — 2). 

t. Find the equations of the lines through the origin which trisect 
that portion of the line Sx- Og = 60 which Ilea in the fourth quadtant. 

7. What are the intercepts of tlie line through the points (2, —3), 
(-6, 4) ? 
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S. Shon th&t the eqtution of the line through the point (a, b) per- 
peodicular to the line Ja: + flj + C = is (a: - a)/ A = (y - b)/B. 

B. Find the equations of the diagonalsof tlie rectangle formed by the 
lines x + a = 0,x — b =0, y + c = <i, y — d=<S. 

10. Elnd the equation of the perpendicular bisector of the line joining 
the points (4, —5) and (— 3, 2) . Show that any point on It Is equally 
distant from each of the two given points, 

11. Find the equation of the line perpendicular to the line 4 x— 8^+0=0 
that passes through the midpoint of (—4, 7) and (2, 2). 

IS. What are the coordinates of a point equidistant from the points 
(2, —3) and (—6, 0) and such that the line joining the point to the otlgln 
has a slope If 

13. If the axes are oblique with angle w, show that the slope of the 
line joining the points Pi(a!i, ji) and Pjfij, ya) fs 

(xi-xi) + (ya-Di)cos« 

14. If the axes are oblique with angle u>, show that the equation of the 

line through the point Pi{xi, yi) which makes with the axis Ox the 

angle ^, is 

,-„=-, ■'li-Cr.-.O. 
sin(u— #) 

Is the coefBoient of (x — Xi) the slope of this line ? 

IB. In an experiment with a pulley-block It Is assumed that the rela- 
tion between tbe load I and the pull p required to lift It is linear. Find 
the relation if p = 8 when I = 100, andp = 12 when I = 200. 

18. In an experiment in stretching a brass wire it is assumed that- the 
elongation E la connected with the tension t by means of a linear relation- 
Find this relation if ( = IB lb. when E = A in., and t = 58 lb. when 
E = .S in. 

17. A cistern is being Ailed by water flowing Into It at the rate of 30 
gallons per second. Assuming that the amount A of water in -the cistern 
is connected with the time f by a linear relation, find thi» n>iatiob if 
A = 1000 when ( = 10. Hence find A when e =: 0. 



c,q,z.<ib, Google 



CHAPTER III 

SIMULTANEOUS LINEAR EQUATIONS 
DETERMINANTS 

PART I. EQUATIONS IN TWO UNKNOWNS 
DETERMINANTS OF SECOND ORDER 

36. Intersection of Two Lines. Tlte point of intersection 
of any tino linen is found by solving the equations of the lines 09 
simtUtaneous equations. For the coordinates of the point of 
intersection muat satisfy each of the two equations, since this 
point lies on each of the two lines ; and it is the only point 
having this property. Find the points of intersection of the 
following pairs of lines : 

f4x-3y-H3 = 0, |3a!-5y = 0, 

*• ■' |3a! + Sy-34 = 0. *• "' \lx-\-2y = (i. 

(2x + y-\Z = 0, 
'••' l5ic-2!/ + ll=0. 

The solution of simultaneous linear equations is much 
facilitated by the nse of determinants. As, moreover, deter- 
minants are used to advantage in many other problems (see, 
e.g., §S 12, 14) it is desirable to study determinants systemati- 
cally before proceeding with the study of the straight line. 

36. Solutiim of Two Linear Equations. To solve two 
linear equations (g 30), 

^■' {oix + h^^k^, 

we may eliminate y to find x, and eliminate x to find y. The 

elimination of y is done systematically by multiplying the first 
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equation by b,, the second by &,, and then subtracting the 
second ftom the first j this gives 

Likewise, to eliminate x, multiply the first equation by a,, the 
second by a, , and subtract the first from the second : 
(O A — OA) y = «i*a - oA- 
If a,6s — aA=^0, we can divide by this quantity and thus 
find 

^ ' afii — tf A ' ^i>t — 'hbi 

Obserrfl that the values of x and y are quotients with the 
same denominator, and that the numerator of x is obtained 
from this denominator by simply replacing a by k, while the 
numerator of y is obtained from the same denominator by 
replacing b by k. 

This peculiar form of the numera,torB and denominators of 
X and y is brought out more clearly if we agree to write the 
common denominator afit — Ogfi, in the form of a determinant : 
la, 6,1 
[at 6,1' 
Thus 



(3) 



|7 5| 
-1 71 



= 2x5-7x3 = -ll; 
= -lx2-4x7=-30. 



With this notation, the values (2) of x and y are 



w 



*, 


6, 


I:, 


». 


o, 


*■ 


a» 


». 
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37. General Rule. If a, b, c, d are any four numbers, the 
ezpreasion |a ^i 

\g d\' 
vhich stands for ad — be, is called a determinant, more pre> 
cisely, a determinant of the second order because tioo Dumbers 
occur in each (horizontal) row, as well as iu each (vertical) 
ctaumn. (See g 12.) 

The determinaut (3) is called the determinant of the equa- 
tions (1), § 36. 

We can then state the following rule for solving the two 
linear equations (1) : If the determ,inant of the equations is not 
equal to zero, x as well as y is tlie quotient of two determinants; 
the denominator is the same, viz. the determinant of the equa- 
tions (J)y the numerator of x is obtained from this deruyminator 
by replacing the coefficients of x by the constant terms, the numer- 
ator of y it found from the same denominator by repj^ng the 
coefficients ofy by the constant terms.* 

EXERCISES 

1. Find the values of the following detenoinants ; 

'">r::i- «r^i- ">i:.ji- 



»i.^:i «ir 


--:i- <'A-ii\ 


S. Solve the following equations ; 


in writing down the solntion, begin 


^^ l8x-5v-15 = 0. 


<^> i:r//--r°' 



*ODe great adrantiige of thU rule is that the Mme rule applies to the solu- 
tion of any (flnlte) number ot linear equations with the same number of 
variables. (See { 74.) 
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38. Exceptions. The process of g 37 caunot be applied 
when the determinant of the equations (1) vanishes, i.e. when 

1°* '■1=0, 

I a, b,\ 
that is, when Oib, = a^b, . 

For the sake of simplicity we here aasiime that none of the 
four numbers a,, 6,, a,, ft, is zero- If any one of them were 
zero, we might solve the equation in which it occurs to obtain 
the value of one of the variables. With this assumption, the 
condition may be written in the form 



or, denoting the common value of these quotients by m: 

ai = rtLaj, &, = jn&„ 
so that the equations (1) become 

7na,x + mbiy = fcf 
We must now distinguish two cases, according &8 k, = wift, oi 
ki^mki. In the former case, i.e. if 
fcj = mfc„ 
the second equation reduces, upon division by m, to the first 
equation. Thus, the two equations represent one and the 
same relation between x and y, and are therefore not sufficient 
to determine x and y separately. We can assign to either 
variable an arbitrary value and then find a corresponding 
value of the other variable. The equations (1) can then be 
said to have an infinite number of solutions. 
In the other case, i.e. if 

the equations are evidently inconsistent, and there exist no 
finite values of x and y satisfying both equations. Thus the 
equations ^x — 2y = 2, 2x — 12y=15 are inconsistent. 
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39. Geometric Liten^etation. All tliese results about 
linear equations can be interpreted geometrically. We have 
seen (§ 30) that every linear equation represents a straight 
line, and (g 35) that by solving two such equations we find 
the coordinates of the point of intersection of the two lines. 
Now two lines in a plane may either intersect, or coincide, or 
be parallel. In the first case, they have a single point in com- 
mon ; in the second, th'ey have an infinite number of points in 
common; in the third, they have no point in common. The 
first case is that of S3 36, 37 ; the last two cases are discussed in 
I 38. Including the case of coincident lines with that of paral- 
lels, we may say that the relation 

is the necessary and sufficient condition of paralleliam of the 
two lines a,a; -(- % = fti, a^ + b-^^kj. 

40. ItHminflHnti If in the linear equations (1) of § 36 the 
constant terms Jc^, k^ are both zero so that they are 

the equations are called Jwrnogeneou^. Obviously, two homo- 
geneous linear equations are always satisfied by the values 
x= 0, y = 0. 
If the determinant of the equations does not vanish, i.e. if 

I flj Ol I 

this solution is also found from g 36, and it is the only solution. 
But if 1 "' ''' I A 

it is found as in § 38 that the equations have an infinite num- 
ber of solutions. Conversely, */ ttoo homogeneous linear egua- 
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thns are aatiiified hy values of x and y that are not both zero, the 
d^erminaTit of the equations mast vanish. For, multiplying the 
first equation by b^, and the second by bi, and subtracting, we 

Eliminating a; in a similar manner, we find 

(a,iij — a^i)y= 0. 

These eqoations show that unless x and y are both zero we 

mast hare 

a,6,-aA=0, i-e. P '\ = 0. 
\a, 6,1 

This relation is also the result of eliminating x and y between 
the two equations. For, if,e.g.,x=^0 we may divide both 
equations by x and then eliminate y/x between the equations 

X X 

by multiplying the former by &,, the latter by bi, and subtract- 
ing. The result is again Oi6, — O]6]=0. Thus t/ie result of 
eliminating the varieties between two homogeneous linear equa- 
tions is tlie determinant of the equations equaled to zero. We 
shall see later (g 75) that all the results of the present article 
are true for any number of homogeneous linear equations. 

Geometrically, two homogeneous linear equations of course 
represent two lines through the origin. The vanishing of the 
determinant means that the lines coincide so that they have an 
infinite number of points in common. 
EXERCISES 

L Evaluate the determinants : 

,.\ 1^ 61 ,., 17 -31 , , I 1 a{ 

t-^M* A' 'M* ip '"M-a ip 
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1. EipreSB x^ + y^ in the form of a determinant of the second order. 
8, Verify that 

and that 

|a«+6»+C aa' + bh' + ce']\b c I" |c a I" la 6 la 
\aa' + bb' + ce' o'» + 6'»+c'»l \b' e'\ W a'\ \a' b'\ ' 

4. Verify that 

\aa' + W ac'+bd'l_\a 61 Itf 6'| 
lea' +db' eel +dd'\~\c d\ ' \cf d'\' 
B. Find tlie coordjuates of the points of intersection of tbe following 
lines ; and check by a sketcli : 

I5x-1v + n = 0, lix+2y-7=0, J2^_6y = 3. 

,,, {ix + 2v=^9, I 8!t+2[,=0, \2Ax-i-S:iy=i.5, 

^ ' l2a;-5s = 0. ^ ' \fix-iy+i=<i. '"'■' [ .8^ + 2^=6.2. 

5. Do the fotloning pairs of liDes intersect, or are ihey parallel or 



j4x-2y-7 = 0, (,)f2»'-«i'-*=0-(nj ^ + J!' = 0, 

7. FornhatTaiuescf 8 do the following pairs of lines become parallel ? 
|4a; + «If-16 = 0, I 3kc-8i/-13=0, JTs - I4[( + 8 =0, 

•■ '' t2a;-7y+10 = 0. ^ -'l2z- 2*9+15=0. ^ ^fsi- 29+8=0. 

8. For what valnes of s do the following pairs of lines coincide f 

,, f5a;-7.!) + 6 = 0, |83; + 2v + 8 = 0, |3i + 6v-5 = 0, 

l6a;-7j,+ « = 0. '^ ■* l*^ - 2s + « =0. ■■ '' f 3! + «v-J = 0. 

9. Solve the following equations b; determinants : 

tr+ r=26, f .^+ 9' = 25, I 8 = ,6<" + 100, 
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PART II. EQUATIONS IN THREE UNKNOWNS 
DETERMINANTS OF THIRD ORDER 

41. Solution of Three Linear Equations. To solve three 
linear equations with three varialjes x, y, z, 

a^ + b^+c^^k^ 

Oi* + *iy + Ci« = ^11 
in a systematic way, we might first eliminate z between the 
second and third equations (by multiplying the second by c^, 
the third by c., and subtracting) ; and then eliminate z between 
the third and first equations. We should then have two linear 
equations in x and y, which can be solved as in § 36. This 
method is long and tedious. But we can find x directly by 
multiplying the three given eqaationa respectively by 

620,-5,01=' , 6aC,-6,c,= ' ' , 6,C2-6jCi= ,' 

and adding the resulting equations. For it is readily verified 
that, in the final equation, the coeflBcienta of y and z, viz. 

J.I''' M^h\^' '^l^i.l^' M .]''> "^I-L. I''* "^i-L I**' ^'\ 
'|6, c,| |6i c,\ '|6, CjI' '\bt c,] ^|6i c,] '16, c|' 

are both zero. We find therefore 
r l*« '^l-L., \^> <^I_L„ l'^ "'11, 

-ffe I**' *^1 -l-frP' '^\ ±.Tt 1^' '^11 
|_ |0, CjI |0i Ci) |6i CjIJ 

i.e. if the coefficient of a; is ^ 0, 

_ k,b^ — kfifii + fct6,C| — kjbiCj + fc,6,c, ~ h^h^i 
'^fiiP} — Ui^aCj + OjftjCi — Oj6|C, + ajfiiCj — Oj6;Ci 
Observe that the numerator ia obtained from the denomina- 
tor by simply replacing every a by the corresponding k. 
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It can be shown similnrly that ^ is a q'jotient with the same 
denomiQator, and with the numerator obtained from the de- 
nominator by replacing every 6 by the corresponding k ; and that 
z IB a quotient with the same denominator and the numerator 
obtained by replacing every c by the corresponding k. 



42. Determinants. The 

usually written in the form 



denominator of x, y, z is 



and is then called a deUrminant of the third order. The nine 
numbers a„ \, c„ a„ b^ c,, a,, h„ c, are called its elements ; the 
horizontal lines are called the rows, the vertical lines the 
columns. The di^onal through the iirst element a, is called 
the principal diagonal ; that through a, the secondary diagonal. 
By § 41 we have 



|ai 



\a, 6, c,l 






\b, c, 



+-a. 



b, cA 
bt Cjl 



= 0,6^ — a,6,tj + aj6,Ci — a^iCx + ajfeiCj 
Thus, a determinant of the third order represents a 
terms, ecuA term, being a product of 
three elements and containing one 
and only one element from each tow 
and from each column. 

The most convenient method for 
expanding a determinant of the 
third order, i.e. for finding the six 
terms of which it is the sum, is 
indicated by the adjoining scheme. 



a,6jc,- 

m of six 




,l'>^i-^' 
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Dt&w the principal diagonal and the parallela to it, as in the 
figure; this gires the terms with sign +j then draw the 
secondary dii^nal and the parallels to it ; this ^ves the terms 
with sign — . (Compare % 14.) 

43. General Rule. When three linear equations, like (1), 
§ 41, are given, the determinant (2), § 42, of the coefBcients of 
x,y,ziB called the determinant of the eguaiions. We can now 
state the rule for solving the equations (1) when their determi- 
nant is different from zero, by the following formulae (compare 
S36): 



h br C 




a, k, c. 




oi 5. ft. 




k, b, c 




a, k, c. 




<h b, k. 




ft, 6, c, 




a, K 'h 




«. 6i *. 




a, &i Ct 


1 y— 


«. \ c. 


' 


«,&,(!, 


' 


ot b, c. 




0, 6. C 




a, 6j c, 




a, 6, c 




a, h c. 




«■ &» <i 





i.e. each of the variables i« iAe quotiaU of two determinants; the 
denominator in each case is the detenAinant of the equations, while 
the numerator is obtained from this common denominator by re- 
placing the coefficients of tlie variable by the constant terms. 

It will be shown in solid analytic geometry that any linear 
equation in x, y, z represents a plane. Hence by solving the 
three simultaneous equations of § 41 we find the point (or 
points) common to three planes. 

EXERCISES 
1. Evalnale the detarminaDUi i 

11 2 11 11 2 SI 1-1 1 SI 
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B. Show that 

\a + b 



4. Solve bydetenninante: 








ax+is+ * =6. 




3x -in +7« 


{«») 


X- B- « =0, 


W 


2x +Sy +6« 




2X-81I- 2z =1. 




»; - y 




x + 2t- 3* = 7, 




a?+ ),»- I" 


(«) 


z + Sy = 4, 


(d) 


3ic»- p" + 3j» 




ax-Ox-lOz =-8. 




Sz'-ajfi-Sa' 




1_1_2 + 8 = 0, 




^— ?- = 




a^ p' i« 




2-(p y-« 


(«) 


l + l-i+ 9 = 0, 


(J) 


^ 5 _ 




«> K* ie= 




a + » a-!* 




l+*_i+16 = 0. 




^ + ^=0 




«« p« 8^ 




jf-z e + x 



44. Properties of Determinants. — The advantages of twag d»- 
termliuuits Instead of the longer equiTaleat algebraic expreaaioiiB of tlie 
usual kind will be apparent after studying the principal properties of de- 
tenuiuants and the geometrical applications that will follow. 

(1) A determinant it nero viheHever all the elemeTtU of any row, or all 
those of arts column, are zero. 

This follows from the fact that, in the expanded form ($42), eveiy 
teim contaiuB one element from each row and one from each column. 

(2) It follows, tor the Fame reason, that )/ aJl element* of any row (or 
of any 'Mtumn) have a factor in common, IhU factor can be taken ottt and 
placed btfore the ittermina<a; thus, e.g., 

I a\ m&t cA \a\ h\ C) I 

joi mbt Ct| Ids f>t Ctl 
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(S) The value of a determfHant U not changed by trantpotttioa ; i.e. 
\sj making the columns the rows, and vfce vena, preserving their order. 



for, by expanding the deterimaant on the right we obtain Uie same six 
terms, with the same signs, aa by expanding the determinant on the left. 

(4) The itUerchange of any t^J>o rotot {or of any tieo columna) reveraet 
the sign, but dooi not change the absolute value, of Ike determinant. 

This also foliows directly from the expanded form of the determinant 
(S 42). For, the interchange of two rows is equivaleu-t to iaterchanging 
two sabscripta leaving the lettera tlxed, and this changes every term with 
the sign + into a term with the sign — , and vice versa. The interchange 
of two columns is eqaivaletit to the interchange of two letters, leaving 
the subBcripts fixed, which has the same efiect. 

(5) A determinant Iniekich theelemenUofanyrovi (column) are equal 
to the corretponding elements of any other row (column) it zero. 

For, by (4), the sign of the determinant is reversed when auy two 
rows (colmnna) are interchanged ; but the interchange of two equal rows 
(columns) cannot change the value of the determinant. Hence, denoting 
this value by A, we leave In this case — A = A, i.e. A = 0. 

EXERCISES 



6-1 I 

1-10 7-1 

t. Evaluate without expanding: 



a. Without expanding show that 



i\ Igbc hca iab\ 
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4D. Expansion by Minors. The general t^pe of a determinant of 
the third order U ofteu written in the form 



SO that the fiist aabacript indicates the row, the second tlie column in 
which the element stands. An; one of the nine elements is denoted 

If In a determinant of the third order, both the row and the column in 
which any particular element Oit stands be struck out, the remaining ele- 
ments form a determinant of the second order, which la called the ndnor 
at the element on. Thus the minor of ojb is 

I On aul 

[Oil oai I 



Oil (Ik Oas ^ Oil +">' +i'ti ; 

\at3 au\ 013 "!> ":: agg 

I o» Ogi On I 

the ri^t-hand member is called the expaneton of the delerminant by 
minora of the (elements of the) first column. It should be nuticMl, how- 
ever, that, while the coefflcients of an and aji in this expansion are the 
minors of these elements, tlie coefficient of Oji is minus tlie minor of an- 
The determinant can also be expanded by minors of the second column ; 



On iiij ais 

Oil 121 <Ht\-- 
I lai ozi las I 



osi <m , ^ an Oh Oj, a,s 

\<hi Oaa Oil aa\ lOii «i» 



here the coefficients of au and rigj arentfnu» the minors of these elements 
while the coeFScient of oji is the minor of a^i itself. Tlils expansion fol- 
lows from the previous one because the value of the determinant merely 
changes sign when the first and second columns are interchanged. 

Let the student write out the similar development in terms of minors 
of the third column. 

As the value of (he determinant is not cliangpd by transposition (§ 44 
(3)), the determinant may also be expanded by minors of the elements of 
any TOW. 
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16. Cofactors. To sam np these rasolta briefly, let ua denote b; A 
the value of the determinant itself, and by An, the value of the minor of 
the element 0^*, multiplied by (— 1)*+*, i.e. the so-called ccfacUKr oi 0^*. 
We then have ; 

A = Oii^u + aji^ii + Oii^i , 
= itiiAit + aiiAa + a>t4ji , 
= ois^ii + Oao-Aai + ajj^ aa, 
and similarly for the eipanaion by minors, or rather cofactorg, of any row. 
At the same time it should be noted that if we add the elemenW of any 
column (row) each multiplied by the cofactoi-s of any other column (row), 
the reenlt is always sero. Thus it is readily verified tliat 
aii-^is + a%\A-ti + anAs% = 0, 
iiii'*ii + <Ui-is> + a>i-Ja! =0, 
3i*^u + '■ss-^si -I- Cn-An ~ 0, 
etc This property was used in § 41. 

47. Sum of Two Determinants, if all the eiemeiu* of anv 

column (or rovt) are mtm>, the determinant tan be resolved into a turn of 
determinants. Thus, if all elements of the flis. column are simis of two 
terms, we find, expanding by minora of the first column : 



»,+„, s, «|-(.,+™,)|j, ,.|+(".+*)|,, „,|+C+».)|, 

= .,1'- '•U 



■It, cl+^k J 

loi di ci| I mi hi Ci| 
= 0* 6j Ca + mj bj ea ■ 
loi bt Cgl Imj bs Cal 
Let the student show, by interchanging rows and colomni, that the 
same property holds for rows. 

As any row (column) can be made the flist by interchanging it with the 
first and changing the ^gn of the determinant, tliis decomposition into 
the sum of two determinants is possible whenever every element of anf 
one row or column is a som. 
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|Oi+6i 6i Ci j |«i 61 Ci I 1 61 61 ei I I «i 61 0|) 
Oi-f bi bi C] = O] bi Ci + 61 A] £1 = 0) b) Ct , 
|ai+6i 6t CjI Ui bi c,| |6» 61 Oil \a, b, et\ 
Bince tbe second determinant, which has two equal columns, is zero by 
(6), § 44. We conclude that (Ae value of a determinant is not changed 
by adding to each element of any row {column) the eurreepondtng element 
of any other rote (column). Indeed, owing to (2), § 44, we can add to 
each element of any row (column) the corresponding element of any 
otter row (coliuan) multiplied by one and tht tame factor. This property 
la of great help in redudng a given determinant to a more simple form 
and evalnating it. 

In tbe case of a nomerical determinant, it is often best after taking out 
the oommoa factors from any row or column Co rednce two elements of 
some row or column to zero, by addition or subtraction. Thus, tftking 
oot the factors 3 from the third column and 3 from tbe second row, 
we have 

I 2 3 -141 I 2 3-7! 
A = \ 3 18 -12=6 1 6 -2; 
1-4 8 is| 1-4 8 9I 
sabtraoting twice the second row from the first and adding 4 timee tbe 
second row to the third, we find 



EXERCISES 
1. Evaluate the determinants : 

11 8 71 127 26 271 

(a) 3 6 9 , (6) 31 S3 88 , 

[4 8 lel I43 44 4e| 

' I 6 33 9| I 7 17 291 

(4) 14 n 35 , (<) 11 10 31 , 

I26 39 42I |l3 23 S7I 
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S. i: 


;how that 








16 + e a 1 


1 a«-d* <i»-<i» 1 o» 


«•] 


{") 


c + a 6 1 =< 


»; (6) 1 ft'-d' 6«"ii" = 1 6» 


6*1 




U+6 c 1 


1 e»-(P c»-# 1 <j" 


c»i 




6i + ci 


ci + fli fli + fti (ii 6i ei 




(<!) 


6i + cj 


cj + at at + Bi = 2 oi 6t d ; 






6. + <^ 


C) 4 Oi Oi + 6i Ot 6) (^ 






a + 6 


a + 46 a + 76 




{■*) 


a + 26 


a + C6 a + 86 =0. 






+ 86 


+ 66 a + 06 




48. 




Eliminatioii. 


Three homogeneous linear equatioDS, 

0,3! + biH + CiK = 0, 

orfc + fiij + (V = 0, 





(8) 



are obviously satisfied by x=Q,y = <i, z=0. Can tfiey have 
other solutions? 

Solving the equations by the method of S ^% xaA denoting 
the determinant of the equations for the sake of brevity by A, 
we find since fc, = 0, ftj = 0, *, = 0: 

Ax=% Ay = 0, Az^O. 
Hence, if x, y, x are not all three zero, we muat have ^ = 0. 
Three homogeneous linear equations can therefore have sdlvtiona 
dial are not all zero only if the determinant of the eqiuttions is 
equai to zero. 

If X, for instance, is different from zero, we can divide each 
of the three equations by x and then eliminate y/x and x/x be- 
tween the three equations. The result is ^ = 0, i.e. 

\<h ft. til 
la, &, Cj =0. 
\a, b, cJ 
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Thus, tlie reaaU of eUminating the three variables bettwen three 
homogeneous linear equations is the determinant of the equations 
equated to zero. (Compare § 40.) 

Solving the first and second equations for y/x, z/x, we obtain 

X _^ y z 

|&[ c,[ lc[ a,| lai 6i| 
[b, c,| |cj Oil |a, 6,1 
provided the denominators are all different from zero. 

With the notation uf $ 4f1, this can be written x:y:z = Aai -.Aaj-.Jtt- 
If we solve the third and first or second and third equations for y/x, i/x, 
we find, respectively, i ; j : z = An : Asi : An, or x:y:z = Au : Aj^ : A^. 
Hence, whenever j1 = 0, we can Bnd the ratios of the variables unlea^ all 
tbe minots of A are zero. 

49. Geometric Applications. The equation of a Urn 
through two points P, (_x„ y,) and Pj (x^, y,) can be found aa fol- 
lows. The equation of any line must be of the form (§ 30) 
(4) " Ax + By+O=0. 

The question is to determine the coefficients A, B, C, so that 
the line shall pass through the points Pi and P^. If the line is 
to pass through the point Pi, the equation must be satisfied by 
the coordinates Xi, yi of this point, i.e. we must have 

Axi-^Byi+ = 0; 
this is the first condition to lie satisfied by the coefficients. In 
the same way we find the second condition 

We might calculate from these two conditions the values of A/C 
and BfC and then substitute these values in the first equation. 
But as this means merely eliminating A, B, C between the 
three equations, we can obtain the result directly {§ 48) by 
equating to zero the determinant of the coefficients of A, B, G. 
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Thus the equation of the line through two pointi Pi, P, is : 
\x y 1| 

(6) k y, 1 =0. 

Observe that this equation is evidently satisfied if ic, y are re- 
placed either by ie,, y, or by x^, y^ (see (5), S ^)- 

60. Area of a Triani^e. The area -i of a taiai^le PiPjP, 
in terms of the coordinates of its vertices P|(i>Si, y^, Pt(^ yt)i 

1*1 Si 1| 

^=ik ft 1 ; 
k y> A 

for, upon expanding this determinant, we find the value given 
before iu § 14. 

It will now be seen that the determinant equation (5) of the 
line through two points given in § 49 merely expresses the 
f&ot that any point (m, y) of the line forms with the given 
pointe (xu Si) and (z^ y,) a triangle whose area is zero. 



1. Write dowD the equation of the line through (2, 3), (— 2, }); ex- 
pand the determinant by minors of the first row ; determine the slope and 
the lnt«ioepi8 ; sketch the lioe. 

S. Find Ihe equation of the line through the points : (3, — 4) and 
(0, 2) ; (0, 6) and (a, 0) ; (0, 0) and (2, 1). 

3. Find the area of the triangle whose vertices are the points (1, 1), 
(2, -S), (6, -8). 

4. Find the area of the quadrilateral whose vertices are the points 
(3, -2), (4, -5), (-3,1), (0.0). 

B. If the base of a triangle Joins the points (— 1, 2) and (4, 8), on 
vrfaat line does the vertm lie If the area of the triangle is equal to 6 F 
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6. Find the coordinates ot the common vertex of the two trlanglee of 
eqaal area 3, whose bases join the poinls (3, 5), (6, — 8) and (8, — 1), 
(2, 2), respect! vety. 

T. Show that the area ot any triiuigle Is four times the area of the 
triangle formed by joinmg the midpoints of its aides. 

8. Show that the sum of the areas of the triangles whose vertices ara 
(a, d), (2 6, e), (5c,/), and (Sa.ti), (4 6, e), (3c,/) is given hy the 
determinant 

|2a d 11 
3b e 1 ■ 
Ue f li 

9. Show tliat the lines joining the midpoints of the tides of any 
triangle divide the triangle Into four equal triangles. 

10. Show that the condition that the three lines Jx + By+O =sO, 
A!x + B'y + C s= 0, A"x + B"y + C" = meet at a point is 



\A" B" C"\ 
11. Show that the strf^ght Unes Sx + y — l=0, x — Zy + 13 = 9, 
2z— p + 6 = have a common point. 
U. For what values of s do tlte following lines meet in a point: 

ix-Oy + s=Q,sx — Sa]i = 0,x + s—l = 0? 
1>. Sliow that the altitudes of any triangle meet in a point. 
U. Show that the medians of any triangle meet in a point. 
IS. Show that the line through the origin perpendicular to the line 
through the points (a, 0) and (0, 6) meett the lines through the points 
(0,0), (-6, h)and (0,6), (a, -a) in a common point. 

U. Show that the distance of the point Pi(xi, yi) from die line joining 
the points Pt(xi, yi) and Pt(_Xi, ys) is 

1*1 ffi 1| 
k Vi 1 

■ \xt Si l\ 

V(a!, - ie,)» + (Ks - p,)» 
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CHAPTER IV 



RELATIONS BETWEEN TWO OK MORE LINES 

SI. Angle between Two Lines. We shall luiderstand by 
the angle (I, I') = 8 between two lines I and I' the least augle 
through which I must be turned coun- 
terclockwise about the point of intef- 
section to come to coincidence with V. 
This angle 6 is equal' to the differ- 
ence of the slope angles a, it' (Fig. 27) 
of the two lines. Thus, if «" > «, we 
have $ = a' — a, since a' is the exterior ''"'■ ^ 

angle of a triangle, two of whose interior angle? are a and 0. 
It follows that 

no" — tan a 




m 



tan fl = tan (a' — a) = 



1 -I- tan a tan a! 
If the equations of I and f are 

y = mx + b, y = m'x + b', 
respectively, we have tan « = m, tan a' = m' ; hen. 



l + m 



(2) tan e 

If the equations of I and I' are 

Ax + By +C =0, 

A'x + B'y+C' = (i, 

respectively, we have tan « = — A/B, tan < 

tana = ^B'--" . 
AA'+ BB' 



- A' I IS ; hence 



(3) 
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52. It follows, in particular, that the two lines I and I', S 51, 
are parallel If and only if 

m' = m, otAB' -A'B=0; 
and they are peipendicular to each other if and only if 

m' = -i, or ^i4'+B£' =0. 

(Compare §§ 27, 31.) Hence, to write down the equation of 
a line parallel to a given line, replace the constant term by an 
arbitrary constant; to write down the equation of a line per- 
pendicular to a given line, interchange the coefficients of x and 
y, changing the sign of one of them, and replace the constant 
term by an arbitrary constant. 

. fiZBKCISES 

1. Determine whether the toUowing pairs of lines are parallel or per- 
pendicular : Sz + ig — = 0, 2i-3s + 4 = 0; 52 + 3^ — 6 = 0, 
\0x + 6j/ + i = 0;2x-i-by-U = l>,Sx — 3^ + 0=0, 

S. Find tbe point of Intersection of the line 5x + 8y-|-17=0 with its 
perpendicular through the origin. 

S. Find the point of intersection of the lines through the poinm (6, —2) 
and (0, 2), and (4, 6) and (- 1, -4). 

4. liind tJie perpendicular bisector of the line-segment joining the 
point (3, 4) to the point of iiitetaectlon of the lines 2x — j/ + ^ ~^ ^nd 
3 a: -I- y- 16 = 0. 

5. Find the lines through the point of interaection of the lines fix— ^=0, 
a! + 7ti — 9 = and perpendicular to them. 

6. Find the area of the triangle formed bj the lines Sx + 4y = S, 
fl X — 5 y = 30, and x = Q. 

T. Find the area of the triangle formed b; the lines x + y — 1 =&, 
2ic-|-v-(-5 = 0, andi-2p-10 = 0. 

8. Find the point of intersection of the lines 
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>. Find the cirea of the triangle fonned by the lines y = ntiX + bi, 
B = miX + bi and the axis Ox. 

10. .The vertices of a triangle are (6, -4), (-3, 2), (7,0). Fiodthe 
equations of the medians and their point of intersection. 

11. Find the angle between the lines 4 z— 3 jf~0=0 and x— 7 1/+6=0. 
U. Find the tangent of the angle between tlielinea(a) 4z— 3ii+e=0 

andea; + 2v-8 = 0i (6)33; + 8v-ll=0 and a! + 2y-3 = 0. 

13. Find tlie two lines throogh the point (0, 10) inclined at 4fi° to 
the line Sx~2y~12 = <i. 

14. Find the lines through the point (— 3, 7) such that the tangent of 
the angle between each of the«e lines and the line 6 x — 2fi + l\=0\a}. 

15. Show that the angle between tbf lines Ax + By + = and 
(A + B)z -{A ~B)y + D = 0\8 45°. 

IS. Find the lines which make an angle of 46° with the line 
4z — Ty + S=0 and bisect the portion of it Intercepted by the axes. 

17. The hypotenuse of an isoaceles right-angled triangle lies on the line 
Sx — 6y-n=0. The origin is one vertex ; what are the others ? 



63. Polar Equation of Line. The position of a line in the 
plane is fully determined by the length p = ON (Fig. 28) of tte 
perpendicular let fall from the origin on 
the line and the angle = xON made by 
this perpendicular with the axis Ox. 

Then p and /3 are evidently the polar 
coordinates of the point 2f (§ 16). Lpt 
P be any point of tlie line and OP=r, 
xOP=^ its polar coordinates. As tlie 
projection of OP on the perpendicular °' 

ON is equal to ON, and the angle NOP=it-p, we have 
(4) rco8(*-j8)=/). 

This is the equation of tlie line NP In polar coordinates. 
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SI. Nonnal Fonn. The last equation can be transformed to 
Cartesian coordinates by expanding the cosine : 

r cos <^ C03 ^ + p sin ^ sin ^ = p 

and observing (g 17) that r cos ^ = ai, r sin ^ = y ; the equation 
then becomes ' 

(5) xcosfi+painp=p. 

This equation, which is called the normal form of the equation 
of the line, can be read ofiE directly from the figure ; it means 
that the sum of the projections of x and y on the perpendicular 
to the line ia equal to the projection of r (§ 20). 

Observe that in the normal form (5) the number p is always 
positive, being the distance of the line from the origin, or the 
radius vector of the point ^. Hence a; cos /3 + y sin ^ is always 
positive ; this also appears by considering that x coa /3 + y sin ^ 
is the projection of the radius vector OP on 0^, and that this 
radius vector makes with O^an angle that cannot be greater 
than a right angle. 

The angle p = xON'iB, asa polar angle (§ 16), always under- 
stood to be the angle through which the axis Ox must be turned 
counterclockwise about the origin to mate it coincide with OiV; 
it can therefore have any value from to 2 w. By drawing the 
parallel to the line ^P through the origin it is readily seen 
that, if a is the slope angle of the line NP, we have 

p = a + ^ir or fi = a+iv 

according as the line lies on one side of the origin or the other, 
angles differing by 2 n- lieing regarded as equivalent. Thus, in 
Fig. 28, a =120°, ^=«-|- |jr = 120''+ 270'' = 390'', which is 
equivalent to 30°. For a parallel on the opposite side of the 
origin we should have ^ = a+^n- = 120° + 90' = 210°. 
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8B. Reduction to Normal Form. The equation 
Ax+Bp + C=0 
is Id general not of the form (5), since in the latter equation 
the coefBcientB of x and y, being the cosine and sine of an 
angle, have the property that the sum of their squares is equal 
to 1, while in the former equation the sum of the squares of 
A and B is in general not equfl to 1. But the general equation 

Ax + Bs + O=0 
can be reduced to the normal form (5) by multiplying it by 
a factor k properly chosen; we know (§ 30) that the equation 

kAx + kBi/+kC=0 
representB the same line as does the equation Ax+By-{- C=0. 
Now if we select k so that 

kA = cos p, leB = sin p, kC= —p, 
the equation ^ + Bi/-f-C = reduces to the normal form 
X cos p + yimfi — p^a. The first two conditions give 

fc*^' + fc^B* = cos' ^ + sin' ;3 = 1, 
whence A: = ± - 



Since the right-hand member p in the normal form (5) is posi- 
tive, the sign of the square root must tie selected so that TcC 
becomes negative. We have therefore the rule : 

To reduce the general eqitation Ax+B!/+C=0 tothenormai 
form 

xiios fi+y sm ff—p=0, 

divide by — V.4' + IP when is poaltire and by H-V.4'+B' 
when C M negative. 

Then the coefficients of x and y will be coa ^, sin ^, respec- 
tively, and the constant term .will be the distance p of the line 
from the origin, 
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Thus, to rednce 3a:-|-22/ + 6 = 0to the normal form, divide 
by -v'3' + 2' = -Vl3; this gives 

cos^ = %=,smp = ^,-p = ^; 

Vl3 Vl3 Vi3 

I.e. the normal form is 



V13 V13 V13 
The perpendicular to the line from the origin has the length 
5/Vi3 ; and as both cos ff and sin are negative, this perpen- 
dicular lies in the third quadrant I>t'aw the line. 
Reduce the equation 3a! + 2y — 5 = 0to the normal form. 

D6. Distance of a Point from a Line. If, in Fig. 28, we 
take instead of a point P on the line any point /^ {x,, ji) 
not on the line (Fig. 29), the expression \ ^^ 

Xi e03 P +iii sin ^ is Htill the projection on ' ' " 

Oy (produced if necessary) of the radius 
vector OP,. But this projection OS differs 
from the normal 0N= p to the line. The 
figure shows that the difference 

aicos0 + yisin^-p= OS- ON=NS 
is equal to the distance NiPi of the point Pi from the line. ■ 

Thus, to find'the distance of any point P, (x^, yj from, a Jine 
whose equation is given in the normal form 
IT cos j8 + y sin ^ — p = 0, 
it suffices to substitute in the leftr-hand member of this equa- 
tion for X, y the coordinates afi, yi of the point Pi- The expression 

iTiCoa ;8-|-y,sin/3 — J) - 
then represents the distance of P, from the line. 

If this expression is negative, the point P^ lies on the same 
side of the line as does the origin ; if it is positive, the point 
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Pi lies on the opposite side of the line. Any line thus divides the 
plane intu two regions which we may call the positive and nega- 
tive legions ; that in which the origin lies is the negative r^on. 
To find the distance of a point P, (z,, ^,) from a line given in 
the general form 

we have only to reduce the equation to the normal form (§ 56) 
and then apply the rule given above. Thus the distance is 
Axi+Bvi + C ^^ Axi+Bsi + 

- VA* + ff V^MTff 

according aa (7 is positive or negative. 

67. Bisector of an Angle. To find the bisectors of the 
angles between two lines given in the normal form 
X 003 p + y sin fi — p = 0, 
xcm fi' + y »iu ^' ~ p' = 0, 
observe that for any point on either bisector its distances from 
the two lines paust be equal in absolute value. Hence the 
equations of the bisectors are 

ai cos j3 + ff ain ;8 -p = ± (ireoB ^' + y sin ^ -p'). 
To distinguish the two bisectors, ob- 
serve that for the bisector of that pair ■ 
of vertical angles which contains the 
origin (Fig. 30) the perpendicular dis- 
tances are, in one angle both positive, 
in the other both negative j hence the - 
plus sign gives this bisector. 

If the equations of the lines are 
given in ihe genera) form 

Ax + By + C = 0, A'x+B'tf+C' = 0, 
first reduce the equations to the normal form, and then apply 
the previous rule. 




Pro. 30 
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EXERCISES 



1. Draw the lines represented by tlie following equaUoiu i 

(a) rco9C*-iT) = 6. (0 rcD9(* + l»)=a 

(6) rc«(*-x)=4. (/) ram(*-J,)=& 

(c) r COS* = 10. is) r8in(« + }T) = 7. 

(A) rain* = 6. (A) r coe (# - | ir) = 0. 

t. In polar coordinates, find tbe equations of tbe Hues: (a) paraUel to 
and at the distsJice 6 from the polar axis (above and below) ; (6) per- 
pendicular to the polar axis sJid at the distance 4 from the pole (to the 
right and left] ; (e) inclined at an angle of J r to the polar axis and at 
the distance 12 from the pole. 

S. Express in polar coordinates the sides of the rectangle OABOH 
OA = 6 and AS = S, OA being taken as polar axis. 

4. What lines are represented by (g) when p is constant, while & 
Taries from zero to 2 r ? Wttat lines when p varies while p ronu^ns con- 
stant? 

B. The perpendicular from the origin to a line Is 6 units in length and 
makes an angle Ian"' ^ wllh the axis Oz. Find the equation of the line. 

C. Reduce the equations of Ex. 8, p. 34, to the normal form (6). 

T. Find the equations of the lines whose slope angle is 160° and wliich 
are at the dlstimce 4 from the origin. 

8. What Is the equation of the line through the point ( — 8, 6) whose 
perpendicular from the origin makes an angle of 120' with the axis Ox / 

9. For the line 7x— 24^ — 20-0 find the Intercepts, slope, length 
of perpendicular from the origin and the sine and cosine of the angle 
which this perpendicular makes with the axis Oz. 

10, Find by means of wn ^ and cosf! the quadrants crossed by the line 
iz-&y = ». 

11. Put the following equations in the form (5) and thus find p, sin p, 
wafi: 

U. Is the paint (S, — 4) on the posltiTe or negative side of the line 
tliroogh the points (- 6, 2) and (4, 7} ? 
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13. 1b the point (— 1, — |) on the posiljve or negative side of the line 

U. Find by means of an altitude and a aide the area of tiie triangle 
formed by the lines 3ii; + 2y + 10 = 0, 4z-3y + 16 = 0, 2z + y-l 
= 0. Check the result with another altitude and side. 

1>. Find the distance between the parallel lines (a) 3x— 6y— 4sO 
and 6 X - 10 V + T =: ; (_b) 5 x -]- 7 y + 9 = and 1^ x + 21 y - 3 = 0. 

U. What is the length of the perpendicular from the origin to the line 
thmugb the point (— 5, — 4) nhoae slope angle is 60° ? 

IT. What are the equations of the lines whose distances from the 
origin are 6 units each and whose slopes are J ? 

18. Find the points on the axis Ox whose perpendicular distances from 
the line 24z — Ty— 10 = 0arei:6. 

19. Find tiia point equidistant from the points (4, — 3) and (— 2, 1), 
and at the distance i from the line 3x — 4^ — 6=0. 

U. Find the line parallel to 12x — 5y — 6 ^Oandnt the same distance 
from the origin ; farther from the origin bjr a distance 3. 

SI. Find the two Hues through the point (I, ^) such that the perpen- 
dicular let fall from the point (0, G) are of length 6. 

SS. Find the line perpendicular to4x — Ty— 10 = which crosses the 
alls Ox at a distance 6 from the point (— 2, 0). 

19. find the biaecton of the angles between the lines: (a) x—jf —4= 
andSx + 3^-1- 7 = 0; (&} Gx - 12^- 10 = and 24 x -)- 7y + 60 == 0. 

14. Find the bisectors of the angles of the triangle formed by the lines 
6x-1-12b + 20 = 0, 4x-3j-0 = 0,3a:-4j + 5 = and the center of 
the circle inscribed In the triangle. 

15. Find the bisecti^r "f that angle between the lines 3 x — v'Sy-f- 10=0, 
■v'2k + V — 6 =0 in which the origin lies. 

H. If two lines are given in tlia normal form, what is reproaented by 
tlieir sum and what by their difference ? 

ST. Show that the angle between the lines x + jr = and x — y = !■ 
00° whether the axes are rectangular or oblique. 
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68. Pendte of Lines. All lines through one and the same 
point are said to form a pencil; the point is called the center <^ 
the pencil. If 

f~. iAc + Bi, +0=0, 

^^ \a'x+B'i/ + C = ■ 

are any two different lines of a peucil, the equation 
(7) AX+BH+ C + k(A'x + B'j/ + C)=0, 

where ft is any constant^ represents a line of the pencil. For, 
the equation (7) is of the first degree in x and y, and the coeffi- 
cients of X and y cannot be txtth zero, since this would mean 
that the lines (6) are parallel. Moreover, the line (7) passes 
throiigh the center of the pencil (6) because the coordinates of 
the point that satisfies each of the equations (6) also satisfy 
the equation (7). 

All lines parallel to the same direction are said to form a 
pencil of parallels. It is readily seen that if the lines (6) are 
parallel, the equation (7) represents a line parallel to them. 

EZGRCISBS 

1. Find the line: (a) throagb the point of Interaection at the lines 
4it~7p + 6=0, 6x + Uy.-7 = and the origin; (6) through the 
point ol Intersection ol the linea ix — 2y~3=(i, z-(-p — 6 = and 
the point (—2, 3) ; (e) through the point of intersection oF the lines 
4a;— 5t( + fl = 0, p— a — 3 = 0, of slope S; (d) through the intersection 
of5x-6y+10 = 0, 23;-f3s-12 = 0, perpendicniar to 4 jf + a; = 0. 

S. Find the line of the pencil z—5 = 0,y + 2=0 that is inotined to 
the aiis Oi at 30°. 

9. Determine the constant 6 of the line j/^Sx+b So that this line 
shall-belong to thepencilSa -4 v + 6 = 0,a; = 6. - .-. 

4. Find the line joining the centers of the pencils x — 3y = 12. 
&z — 2y = 1 andx-l-y = 6, 4z— 5v = 3. 

tt. Find the line of the pencil ix- 5y — 12 = 0, 3x + 2y — lG=0 
thai makes equal Intercepts on the axes. 



c,q,z.<ib, Google 



68 PLANE ANALYTIC GEOMETRY UV, fi 59 

59. Non-linear Equatiotis representing Lines. When two 
lines are given, say 

Jx + By + C=0, 

A'x + B'y + C' = 0, 
then the equation 

{Jx + By+C){A'x + B'y + (r) = 0, 
obtained by multiplying the left-hand members (the right-hand 
members being reduced to zero) is satisfied by all the points 
of the first giren line as well as all the points of the second 
girea line, and by no other points. 

The prodact equation which is of the second degree is there- 
fore said to represent the two given lines. Similarly, by equat- 
ing to zero the product of the left-hand members of the equations 
of three or more straight lines (whose right-hand members are 
zero) we find a single equation representing all these lines. 
An equation of the nth degree may therefore represent n 
straight lines, viz. when its left-hand member (the right-hand 
member being zero) can be resolved into n linear factors, with 
real coefficients. 

EXERCISES 

1. Find the common equation of the two u«s of coordtnatefl. 

S. Show that n lines through the origin are represented br a htnrto- 
ffeaeovs equation (i.e. one in which all terms are of the same degree in 
X and y) of the nth degree. 

S. Draw the lines represented by the follo^ng equations : 

(a) ix-aXv-b-)=0. (f) zy-ax = 0. 

(6) 8 sc* - X9- 4 v» = 0. (i7) y* - 5 ji" -1- 6 J = 0. 

(c) i»3-9v» = 0. (A) a*y-a!tf = 0. 

(d) iM» -F 6y« = 0. (i) yf- 6 xf'+ 11:^ — 9 xf> = 0. 

(e) K= - * - 12 = 0. 

4. What relation must hold between a, ft, 6, if the lines tepresented 
by ax'' + 2 hxg + bj/^ = are to be real and distinct, coincident, imag- 
inary ? 
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HISCBLLAHEOOS EZBBaSBS 



1. Find the angle between the lines represented by the equation 
ax^ + 2 Axy + l>!f = 0, What is the condition for these lines to be per- 
pendicular ? ooinddent ? 

I. Beduce the general eqnatioQ Az+ Bt/ + G = Q to the normal 
form X cos ^ + P ^ ^ = p by considering that, if both equations lepreeent 
the same Une, the intercepts must be the same. 

S. Find the line through (xi , ^i ) makiDg equal intercepts on the axes. 

4. Find the area of the triangle fornjed by the lines y = "iiX + 6i * 
jf = mic + bt,v = b. 

f . What does the eqnation ^ = const, represent In polar coordinates t 

0. Find the polar equation of the Me through (0, r) and (4, j r). 

7. Derive'tlie determinant expreaaion lor the area of a triau^ ({ 14) 
by mnltdpljing one Bide by half the altitude. 

8. The weights te, W being suspended at distaaceA d, D, respectiTely, 
from tbe fulcrum of a lever, we have by the laiB of the lever WD = wd. 
If the weights are shifted along ilie lever, then to every valne of d cor- 
responds a definite value of i>; i.e. JDls a function of d. Represent ttils 
function grapliically ; interpret the part of the line in the third quadrant. 

t. A train, after leaving the station A, attains In the first minutes, 
1} milee from A, the speed of 30 miles per hour with which it goes on. 
How far from A will it he 60 minutes after starting f (Compare Ex- 
ample 4, § 29.) Illustrate graphically, taking i In tnlies, t in minutes. 

10. A tndn leaves Detroit at 8 hr. 2S m. a.m. and reaches Chicago at 

4 hr. 6 m. p.ic. ; another train leaves Chicago at 10 hr. 30 m. a.m. and 
arrives in Detroit at 5 hr. 30 m. P.M. The distance is 284 miles. Itegard- 
ing the motion as uniform and neglecting the stops, find graphloilly and 
analytically where and when the tndos meet. If the scale of distances 
(in miles) be taken 1/20 of the scale of times (in hours), bow can the 
relodties be found from the slopes f 

11. A stone is dropped from a balloon ascending vertically at the rate 
of 24 ft. /sec; express the velocity as a function of the time (Example 5, 

5 20) . What is the velodty after 4 sec. 1 

11. How long will a ball rise if thrown vertically upward with an 
initial vekKdty of 100 ft./sec. r 
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CHAPTER V 



PESHUTATIONS AITD COMBINATIONS. 
NANTS OF ANy ORDER 



60. IntroductiOB. In using determinantB of the second and 
third order we have seen how advantageous it is to arrange 
conveniently the symbols of an algebraic expression. Before 
proceeding to the study of the general determinant of the nth 
order, we must discuss very briefly that branch of algebra 
which is concerned with the theory of arrangements and 
changes of arrangement (permutations and combinations). 
The results are important not only for determinants, but are 
used very often, even in the common affairs of life ; they form, 

■ moreover, the basis of the theory of " choice and chance," or of 
probabilities. 

The "things" to be arranged or combined need not be num- 
bers {as they are in a determinant), but may be any what- 
ever, provided they are, and remain, clearly distinguishable 
from each other ; we shall call them elements and designate 
them by letters a, b, c, etc. 

61. Permutatioiis. Any two elements, a and 6, can obvi- 
ously l>e arranged in a row in 2 ways : 

od, ba. 
Three elements a, b, c can be arranged in a row in 6, and only 
6, ways: 

abc bdc aib 
acb bca cba 
The question arises:- in how many ways can n elements be 
arranged in a row ? 

TO 
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Any arrangemeDt of n elements ia a row is called a permu- 
tation. It is found by trial that the number of penuutationa of 
n elemeuta lucreases very rapidly with their nnmber n. Thus 
for 4 elements it is 24, for 5 elements 120. It will be shown 
that for n elements the number of permutations is 1 ■ 2 ■ 3 ■■• n. 
This expression, the product of the first n positive integers, is 
briefly designated by n !, or [n^ and is called factorial n : 

»! = l-2-3-n. 

If we denote by P^ the numbei of permutations of n ele- 
ments our proposition is 



62. Mathematical Induction. The proof of the proposition 
that P, = n I is obtained by an important method of reasoning 
called mathematical induction. 

By actual trial we can readily find that Pi = l, P, = 2, 
P, s 6, and with sufficient patience we might .even ascertain 
that P, = 720, But to prove the general proposition that 
P^ = nl we must look into the method by which in the 
particular cases we make sure that we have found all the pos- 
sible permutations. This method consists in proceeding step 
by step : 

Seeing that 2 elements have 2 permutations, we form the 
permutations of 3 elements by taking each of the 3 elements 
4nd associating with it the 2 permutations of the remaining 
two; we thus find that P, == 3 . 2 = 6. 

Similarly, to form the permutations of 4 elements we asso- 
ciate each of the 4 with the 6 permutations of the remaining 3 ; 
this gives P4 = 4.3I = 4! 

This leads ua to expect that P. = m ! The actual proof rests 
on two facta : (a) the special fact, found by actual trial, that 
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e.g. /•, = 2 1 ; (6) tlie general law that the aambet ot permuta- 
tions of n + 1 elements is found by associating each of the 
M + 1 elements with the P, permutations of the remaining n, 
i.e. that 

P,n = (n + l)P,. 

Knowing from (a) that /*, = 2 ! we find from this formala that 
P, = 3 . P, = 3 ■ 2 ! = 3 ! ; in the same way that P^ = 4 • 3 ! = 4 ! 
etc. 

Notice that mathematical induction is not merely a method 
of trial and experiment. It requires that we should know not 
only one special case of the general formula to be proved, but 
also the law by which we can proceed from every special case to 
the next, i.e. from n to n + 1 whatever the value of n. This law 
la a result, not of trial or induction, but of deductive reasoning. 
In our case it is expressed by the formula /*,+, = (n + 1)P,- 
The method of mathematical induction is therefore often called 
reasoning from n to n + 1. 

63. Permutatioiis by Groups. A somewhat more general 
problem in permutations is suggested by the following exam- 
ple: In an office there are two vacancies, one at $1000, the 
other at S800. There are 5 applicants for either of the 2 
positions; in how many ways can the positions be filled? 

The first vacancy can be filled in 5 ways, and then the sec- 
ond can still be filled in 4 ways ; hence there are 5 - 4 = 20 
ways. Denoting the applicants by a, b, c, d,e the 20 possi- 
bilities are : 



ab 


ac 


ad 


ae 


ha 


be 


bd 


be 


ca 


cb 


cd 


ee 


da 


db 


do 


de 


ea 


eb 


ec 


ed 
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The general problem here suggested is that of finding the 
number of permutations ofn dementa k at a time, where k ■^n. 

Each permutatioa here contains k tileiaeuts; and we have to 
fill the k places in all possible ways from the h given elements. 
The first place can be filled in n ways. The second can then be 
filled in n — 1 ways ; hence the first and second places can be 
filled in n(n — 1) ways. The third place, when the first two are 
filled, can still be filled in n — 2 ways, so that the first three 
places can be filled in n{n — l){n — 2) ways. Proceeding in this 
way we find that the k places can be filled in n (n — l)(n — 2) ••■ 
(n — k + 1) ways. 

Thus the namber of permatations of n elements, % at a time, 
which is denoted by .P^, is 

■ .P, = «(»-l)(»-2)-(n-* + l). 
Notice that in .Pj, there are as many factors as places to be 
filled, viz. ft; the first factor being n, the second « — 1, etc, the 
fcth will ben — (ft-l)=n-A; + l. 

If ft = n we have the case of § 61 ; i.e. .P, = P.. 
As nl = n(n-l) — (n-k + l)-in.-k)(,i-k-l) ..2.1 
s=n(n — 1 ) ...(» — ft + 1) . (re — ft)!, the expression for .P^ can 
also be written in the form 

P.= "' ■ 

64. Cconbinations. If, in the problem of § 63, the 2 
vacancies to be filled are positions of the same rank (as to 
salary, qoalifications required, etc.), the answer will be differ- 
ent. We have now merely to select in all possible ways 2 out 
of 5 applicants, the arrangements ab and ba, ac and ca, etc., 
being now equivalent. Therefore the answer is now 20 divided 
by 2, i.e. 10, as can readily be verified directly : ab, ae, ad, ae, 
be, bd, be, od, ce, de. 
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If there were 3 Tacanoies, the number of ways of filHi^ 
them from 4 applicants, when the positioas are different, is 
^Pg = 4 . 3 ■ 2 = 24 ; but when the positions are alike, the 
number is 24 divided by the number of permutations of 3 
^things, i.e. 24/6 = 4. 

A set of k elements selected out of n, when the arrangement 
of the k elements in each set is indifferent, is called a combina- 
tion. The numbei of combinations of }c elements that can be 
selected from n elements is denoted by „0t ; to find this num- 
ber we may first form the number ,P^ of permutations of n 
elements ft at a time, and then divide by the number P^ = ft I 
of permutations of ft elements. Thus 

^ ^(n-l)-(n-ft + l) ^ ^! 
" * 1.2 -ft ft!(M-ft)!- 

The number of combinations of n elements that can be 
selected from » elements is clearly 1 ; indeed, for ft = n our 
first expression gives ,C, =1. 



(«) ^=6. (6) ^ = 20. (c) P. = 40320. 

I. Show that 

(_a) ,C»=,0,_t. (6) „C,+„Ct-,=,+iO'fc (c) fc,+iC,=(n+l).Ot-t 
S. Prove by mathematicail induction that ; 
(a) 1+2 + 8+ •..+n = in(»+l). 
(6) l» + 2a + 3"+ ... +n' = Jn(n + l)C2n + l). 
Cc) l> + 2» + S»+ - +n»=[in(n + l)]» = CH-a + 3+ - + n)*. 
(d) 1 + S + IJ+ - +(2n-I)=n«. 
(«) 2 + 4 + 8+ ... +2n=:nCw + l). 
(/) 1.2 + 2.3 + 8.4 + ..- +nCn + l) = in(n + l)Cn + 2). 

^^■' TT2''"2T8''"8T4"'' '" '^n(n + l)^» + l' 
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i. A pile of Hhot forms a pyramid with n shot on a side at the base. 
How many shot in the pile If tt)e base Is a square ? an equilateral triangle ? 

5. Three football teams plan a series of games so that each team will 
play the other two teams 4 times. How many games in the schedule? 

S. In how many ways caa a committee of 3 freshmen and 2 sopho- 
mores be chosen from 8 freshmen and 6 sophomores ? 

7. Id how many ways can the letters of the word equal be arranged 
in a tovt four letteis at a time ? 

8. From the 26 letters of the alphabet, in bow many ways can four 
different letters, one of which is <i, be arranged in a row P 

9. How rou)y numbers of three digits each can be formed with 1, 
2, 3, i, 5, DO digit being repeated ? How many of the«e numbers are 
even? odd? 

10. Ii^m a company ot 00 men, how many guards of 4 men can be 
formed? How many times will one man (A) serve? How many times 
will A and B serve together ? 

11. Which is the largest of the Dumbera .d, .Cj, .Ci, ■- ,0,.i, 
when n la even ? odd ? 

U. How many straight lineB are determined by 12 points, no 8 of 
which are in a Une ? 

Tuined by 10 points, no 3 of whldi 



66. loverstons in PennUtations. When n elements oi 
<li, '•■ a,, distinguished by their subscripts, are given, their 
ment, with the subscripts in the natural order of increasing numbers, 

liatOi ■■■ a„-io, , 
is called the principal p<>miuli(/on. In every other permutation of tliese 
elements It will occur that lower subscripts are preceded by higher ones. 
Every such occurrence is called an inversion. Any pi-rmulation U called 
cwn or odd aceoTding im the number 0/ inversions occurring in it is even 
or odd: The principal permutation, which has no inversion, is classed as 
«ven. To count the number ot iDTersions in a given permutation, take 



i;.C00^;[c 



76 PLANE ANALYTIC GKOMETRY IV, § 65 

eacb subscript in order and see by how nutnj bigfaer subecripts it is 
preceded. 'Ilius, in the permutation 

the subscript 1 ia preceded by tlie higher subscripts 2, 3, 5 (3 inTersions) ; 
2 ftnd S are preceded by no higlier sutHoripts ; i ia preceded by 5 (1 in- 
Tersion); 6, 6, 7 are not preceded by any liigher subscripts, ilence there 
are 3 + 1 = 4 inversions, and the permutation is evea. The permutation 

of the same elements has 3 + 8 + 2 + 3 + 2 = 13 inversions, and is, there- ' 
fore, odd. 

66. If in a permaiatlon any (loo a^aeeiit elements are interchanged, 
tA« immber of inversion* is changed by 1 ; hence the class to which the 
permutation belongs is changed (from even to odd or from odd to even). 

Let the two adjacent elemenifi be oi,, aj, and suppose that ft<jt. 
Two cases arise according as the original arrangement is ai,ak or oio,, 

(a) If the original arrangement is ai,a^ , the new arrangement is a^Ut ; 
as A < yfc, and as all otlier elements of the permutation remain unchanged, 
the number of inversions is increased by 1. 

(b) If the original arrangement is atOi, , the new arrangement is ai^a^ 
BO that the number of inversions is diminished by 1. 

$7. If in a permutation any tmo elements whatever be interchanged, lAe 
number of invergiong is changed by an odd number, and hence the class 
of the permutation is changed. 

For, the interchange of any two elements a^, a^ can he effected by a 
number of successive interchanges of adjacent elements. If there are m 
elements between a^ and at, we have only to interchange «« with the first 
of these elements, then with the next, and so on, finally with ah and 
then oi, Willi the last of the m elements, with the nest to the last, and so 
on ; thus in all »i + l + ni = 27n + l interchanges of adjacent elements 
are required, i e. an odd numtier. 

68. 0/ the, n 1 permulationii of n elements jast one half are even, tA« 
oWier half are odd. 

This follows by observing tUsf. if in each of the n 1 permutations we 
interchange any two elements, the same in all, every even permutatiou 
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becomes odd and every o.ld periDutation becomes ema, and no two differ- 
ent permutations are ch-inged iato the naioe periDutatiuii. After thia 
interchiuge we raust bave exactly tbe Bame n t permutations as before. 
Hence the number of ereo permutations must equal that of the odd 
permutations. 

The propoBitionB abont inversions are important for the theor; of de- 
termtn&nts of tbe nth order to which we now proceed. 

69. General Definition of Determinant. When n' numbers are 

{^ven (e.p. the coefficients of the variables in n linear equations), arranged 
in a sqaore array, we denote by the symbol 



and call determinant of the nth order the a1gel)ralc sum of the n I terms 
obtained as follows ; tbe first term Is the product of the n numbers in tbe 
principal diagonal ana^iiia -- <t„„ ; the other terms are derived from this 
term by permuting in all possible ways either the second subscripts or 
the first subscripts, and multiplying eauh t«rm by -f- 1 or — 1 according 
as it is an even or odd permutation (i.e. contains an even or odd number 
ofliiY.r.lon«). 

It follows at once that every term contain* n factors, viz. one and onlg 
one from eacA row. and one and only one from eocAeoiaron. 

It Is readily seen that tbia deflnitlon gives in the case of determinants 
of the second and third order the expi'esslouB previously used as defining 
snob determinants. For a determinant of the fourth order, 

Oil «U "U "11 



aa ta "u Au 
we obtain the 1 ■ 2 ■ 3 ■ 4 = 24 t«rma from the prii^ipal diagonal term 



by forming all the permutations, say of the second eubacripu 1, i, 3, 4 
and assigning tbe + or — sign according to the number of inversions. It 
ttieae permutations ai« derived by successive interchanges of .two gub- 
sialptB tbe terms will have alternately the + and — sign. 
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70. The properties of the determinant of the ntb order ore eaaeatiAll; 

the same aa thoae of the delermlnant of the third order (§{ 44-47), 

(1) The determinant is zero vilienever ail the elements of any roto, or 
all those of any column, are zero. 

For, ever; term contains one element from each row and one from 
each column. 

(2) It follows from the same observation that ^ all eleiutnU of any 
rote {or of any column) have a factor in common, this factor can be taken 
out and placed before the determinant. 

(3) The value of a determinant ia not changed by transpotiUon ; i.e. 
bj making the columns the tows, and vice versa, preserrhig their 

For, this merely interchanges the subscripte of every element, i.t. the 
first aeries of subscripts becomes the second series, and vice versa. 
Hence any property proved for rows is also true for columns. 

(4) The interchange of any tteo rotes (colamni) reverses the sign of 
the determinant. 

For, the interchange of any two rows gives an odd number of inver- 
Bions to the first series of subeoripte in the principal diagonal <S 67), and 
does not alter the second series. Hence the signs of all the terms are 
reversed. 

Cob. 1. A delerminaM in which the elements of any rote (eolunin) 
are equal to the corresponding element of any other rote (column) is zero. 

For, the sign of the determinant is reveised when any two rows 
(columns) are interchanged ; but the interchange of two eqtial rows 
(oolumiis) cannot change the value of the determinant. Hence, denot- 
ing this value by A, we have In this case — A = A, i.e. A — 0. 

(6) ff all the elements of any rote (column) are turns of tteo terms, the 
determinant catt be resolved into a sum of tteo determinants. 

For, in the expansion of the determinant every term contains one bi- 
nomial factor ; therefore it can be resolved into two terms. See g 47 for 
an illustration. 

By means of this property, prove the following corollaries ; 

Cor. 1. If all the elements of any row (column) are algebrate 
sttms nf any number of teTmf, the determinant can be resolved into a 
corresponding number of determinants. 

Cor. 2. The value of a delermfnanl U not changed bg adding to the 
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tlemenU of any rota (^column) thote of any other row {column) mv&iplied 
by ang common factor. 

Thia oorollar; furnishes a method (see g 72) b; which all the elements 
but one of any rovf (column) can be reduced to zero. 



1. How many 
(a) a]at(i>at<iTi)i<i«- 



there in the following permutations ? 
(b) aiataidsatatat' (c) aiiitaia4agatai. 



t. In the expansion ol the determinant below, what dgn most be 
placed before the tenns eeln, agjp ? 



f a h 



t. Show that 



a\x + biy + mz «i 6] Ci 

«»»; + 6jj + ci« a» 6i ci 

aaz + bsj) + c»s Og bt Ci 

a^ + 6iy + c<z oi 6( ct 



4. Reduce the following determinant to one in which all the dements 
of tbe first column are 1 : 

2 4 1 31 

8 7 6 8 

2 6' 

1 2 3| 

5. ShowtLat 



(a) b" (c + a)a 6> = 2 lOeia + 6 + e)* j 

I c" c* (a + 6)'l 

166' + ec' 6a' ca' I 

(6) aft* ed + aa' c6' =4oa'66'ee'. 



(Hint. Multiply the rows b; n, 6, c, respectively.) 
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71. ' Minors and CofactOIS. U in a determinuit, both the row 
and column in wbich an; panicuUr element oa occdth be struck oat, the 
remaining elements form a detenninint of order n — 1, which is called 
the minor of the element oo. 

From the definiUon (§ 69), we observe that the ezpaneion of any de- 
terminant is linear and homogeneous in ibe elements of any one row 
(column). The tenaa which contain on as factor are ttiose terms whose 
other elements bare all possible permutations of either the first or second 
subscripts 2, 3, .- n. Hence the sum of the terms that contain an >* 
factor can be ezpressed aa an multiplied by Its minor, i.e. 
I On ■■■ au\ 



By interchanging the first and second rows ( (4 ) § TO) we ohserve rimilarljr 
thift the sam of those terms which contain on as factor can be written 



n Oil as factor are given by 



and so on. Hence the expansion o/ a determinant fig manors of the first 

Iqm ■■■ *!«[ laii ■■■ *u| I On ■■■ ail. I 

aJ . . . _a„ . . ■ + - C- l)"+'aM • ■ ■ 

|o.s-" ami \<ha-- chm\ |a»-i,i---a,i-ii«l 

Let All, denote the cofaelor of oa ; that is, (— 1)'+' timea the minor o/Oai 
and A the original deterninanC ; ne can then writo this expanidon in the 

A = aii^ii + aji^ii + oji^i + ■■■ + OntA^i- 
Bimllarly by cofactore of the elements of any colomn, 

A = aitAit -f auAu + ouAst + ■■■ + <hnAnt, for i = 1, 2, 8, ... n, 
and by cofactors of the elements of any row, 

A = onA 1 + aii^i + OaAii + ■■. + OmJ*,, for ( = 1, 2, 8, .-. n. 
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Tlie evaluation of a delerminant nC order n iM thus reduced to tbe 
evaluation of n detenu inanta oE order n — 1. To each of these tlie same 
process is applied until determinants of order 3 are obtained which can be 
evaluated by the rule of §42. 

72. In case of numerical deMrmiiiantB this proceas of auccessive reduc- 
tion is very mucb aimplifled by reducing to zero all the elements of any 
one row (column) with the eiception of one element, say o^. This can 
always be done by addition or subtraction of multiples of rows (columns), 
by Cor. 2, g 70. The expansion by cofactora of the elements of ttiis row 
(column) then reduces to a single term, viz. oaAu^ 

The sign (~ 1)*+* to be afSxedto the minor of oi* to obtain thecofactor 
Aa is readily found by counting plus, minus, plus, minus, etc., from the 
first element an down to the itii row and then to the ;fcth column until 
ou is reached. 

73. The sum of the ettmeula of any row {cohmn) multiplied reapeo- 
tively bp (he eofaelon of the elements of any other row (column) U zero. 

For, this corresponds to replacing the elements of any row (column) by 
the elements of another row (column). Hence tbe determinant vanishes 
(S '"• (*). Cor. 1). For example, if in the expansion by cofactors of the 
flrstrow 

ail^lu + lU'llI + ■■■ 4 dlnJin 

we replace the elementsof ihefirst row by those of anyother row we find 
aiiAti + eujAij + ... + Oi^Ai, = 0, for ( = 2, 3, -■ n. 

74. Linear Equations. We write n equations in n variables 
Zi> Xt, Xt, — Xn as follows, 

011*1 + (lusj + ■- + ai,A. = A|, 
(ttiXi + fluj:, + ... + ojiue, = ki, 

ffl-iKi + 0,^1 + - + awK. = *W. 
Tbe determlnint formed by the ooefBcienls of the variables is called lie 
determinant of the equations (§§ 87, 43) and ia denoted by A. To solve 
the eqnalions tor any one of the variables, say Xj, we multiply the first 
equation by the cotactor of oy in A, i.e. by Ay, the aecond equation by 
Ay. the third equation by At/, etc., and add. This Bum is by § 71 

(aijA^ + at/Ay + ■■■ + a^A^)xj = Axj = kiAn + kiAy+ ■■■ + k.A^, 
as tlie coefSclenta of all tbe other variables vu li ti ($ 7S). Hence if 
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A ^0,ve have tbe following rule : Each eariable is the guotient of two 
determinant*, the denominator in each casi ie the determinant of the 
equations, white the numerator in obtained from the denominator by re- 
placing the eoefflcientt of the variable bj/ the constant tema (§§37,48). 

76. EliminatioiL If the n linear eqiutlons are bomogeneous, i^. if 
ki, Jti, ■' 'fc, are all zero, we have 

OiiEi + OiiXi + .-. + oije, = 0, 



0-1*1 + O-liBl + — + "m.*- = 0- 

These equAtlona are evidently autisfied by tbe valuee 

x, = 0, a:2 = 0, -- «, = 0. 
Other values of the variablea can satiHty the equations only If the deter~ 
minant of the equations is zero. For, tbe method of { 74 ^ves in the 
case of homogeneous equations 

ACi =0, Axj= 0, ■■■ JXn = 0. 

Hence if xu xt, ■•■ x, are not all zero wo must have 



This result may also be stated i 
tariablea bettaeen n homogeneou. 
the equations equaled to zero. 

If, for 
solve any n — 
thus appears 



i follows : The re»ult of eliminatinff a 
linear equations in the determinant of 



divide each equation by %■ and then 

tquations for the quotients Xi/x„ x^/Xn, ■■■ Xk-i/x^. It 

% 46 that when J. ^ the raUoa of the variables can 



be found UDlesB all the cofactors A,] a 



1. Show that 



1. Write the expansion of 



_iv,Goog[c 



V, § 76] DETEaiMINANTS OF ANY ORDER 

8. Express OtfT* + diH? + afi? + am + m as a determinant 
4. Find the valae of 



S. Showtti&t 



1 



1 



..i^i^i^i^n. 



6. Solve Uie oquatloiiB : 

I8« + j^-s-2io=-8, 
2x-if + 6*-3M=e, 
f,x + ly-z + v) = l. 



x-y +z-Am = i, 
3a; + y-4« + 3u)=— 6. 

7. Are the following eqnationa satisfied by otber values of the variables 
lian 0, 0, 0, ? 



-4i/+6b + m = 0, 
4-2y-3z-w = 0, 



'' a;-y + * + ie = 0, 

l2a; + 2j-82 + 3Ki = 0. 
8. The relations between the sides and coslnea of 



3i + 2j) + «-5w 
fla; + 0y + 6z-10 

2i + t(-a + 3w = 



« angles of a trl- 



find the relation between the cosines of the angles. 
76. Special FonnS. in any determinant 



two elements are called conjugate when one occupies the same row and 
column that the other does column and row respectively ; thus the 
element conjugate to au is an. The elements with equal subscripts an, 
OH) --- (in> u^ called the leading elementt; the; are their own conju- 
gates. 
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A detenaintiDt in which each element is etiual to its conjugate (f.«. 
dfi = Oh) u called symamtrie. 

A deMrminant in which each element is ci|UaI and opposite in sign to 
its conjugate (i.e. aa = — ati) is called ^ap-tjpnntetric ; the condition 
Implies that the leading elemenia are alt zero. 

A aktto-tj/mfitetrie determinaat of odd order it always equal to zero. 

For, if we change the rows to columtis (5 70, Prop. 3) and multiply 
each column by — 1, the determinant reeumee its original form. But 
since the determluant is of odd order we have multiplied by ^ 1 an odd 
number of times, which changes the sign of the determinant [(4), J TO]. 
Hence denoting the value of the determinant by A, we hnve — A = A, 
U. A = 0. 

77. MultiplicatioiL It can easily be verified for determinantn ot 
the second order that the product of any two such determinants 

[ail aiil [ftii ''III 

|aii In I \l>it b2i\ 

can be expressed as a determinant of the second order in any one of the 

four following forms : 

I "iiftii + "n^i] "ii^ii + aiifti! I . I Ouftii + Oiiftii aiiftu + oij6ii j , 

I a»i6n + Oiiftii aiiftii + aiiftw I ' | infeu + aabii aii6ii + 022611 1 ' 

|<iii6ti + otiftii aiiftii +a2i62i|. laiiSu + ("iiftii nii&2i + aii6»i| 
loiiBii + aii6ji anftit + <i))6is|' \anhii + 022611 auftii + 022612! 



Thus the first of these forms is, by (5), 


1 70, equal 


to the 


ram of four 
















|«ii6„ 011611 


+ [o,[6„ 


0>262> 


1 01261 
lo«6, 


..11621 1 


10,261 


011611 1 


Uji6„ a,,6„ 


a„6,j 


I02.6, 


0226^1 


of which the first and fourth are 


ero. while the sum 


of the second and 


third reduces to 















|oii Ojil |oji nitl 1121 «2!| 16116221 

For determinants ol higher order the same nu'ihod can be shown to 
hold. Without giving the general proof we here confine ourselves to 
iUastmtJng the method for determinanle of the third order > 



C,q,-Z.-dbvGOOg[C 



V, S 77] DETERMINANTS OF ANY ORDER 



On dti oji ' 
la»i Oil Hal I 



ClI Cii C]|| 



6jl 6]I 6lJ : 
I i*!! 6jl 6» I 



Oil = Infill + Infill + Oljfilit Ctt — lll&ll + Ollftll + Ollfiui 

Cit = diifiii + oiifiai + <ii»6j(, cii = otifiu + oiifiij + awfiui 



etc. The product determiDant can here also be 
forma, according as we combine rows with ro 
columns with rona, or columns with columns. 

H the two determiiianta to be multiplied are 
the; can be made of the same order by adding ti 
columns and rows consisting of zeros and a one ; 

, .. |l 01 



written in four different 
KB, rows with columns, 

not of the same order, 
) the lower determinant 



EXERCISES 

1. ,8how that (a) The minors of the leading elements of a symmetric 
del«rminant are symmetric, (fi) The minors of the leading elements of 
a skew-symmetric determinant are skew-symmetric, (c) The square of 
any determinant ia a symmetric determinant. 

t. Expand the symmetric determinants : 



\A H Q\ 
(a) \b B, f\. 



%. Show that 



111 



» « 



1111 



1 1 I 1 



(State this property in words.) 
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t. Show th&t any determlnuit nbose elements on eitlier side of i^e 
principal diagoaal are all zero, is equal to the product of the leading 
elemeule. 

S. A STmmetric determinant in wliich all the elemenW of the firet 
ran and first column are 1 and sncb that eveiy other element ia tlie som 
of the element above and the element to the left of it, has the value 1. 
Illustrate this proposition for a determinant of the fourth order. 

«. Show that any skew-epn metric determinant of order 2 or 4 is a 
perfect square. This is true for any skew-sym metric determinant of 

7. Expand the following determinants : 



8. Express as a determinant 



*. Show that 



/Md' «' r\-. 

k\ \g' ft' i'l 
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CHAPTER VI 
THE CIRCLE. QUADRATIC EQUATIONS 



defined as the locus 




78. Circles. A circle, in a given plane, i 
of itU those points of the plane which are 
at the same di^ance from a fixed point. 

Let C (h, k) be the center, r the radius 
(Fig. 31); the necessary and sufficient 
condition that any point P (x, y) is at 
the distance r from C Qi, k) is that 

(1) (a!-ft)*+(»-ft)a=:f^. 

This equation, which is satisfied by the coordinates x, y at 
eveiy point on the circle, and by the coordinates of no other 
point, is called the equcUion of the circle of center C (h, k) and 
radius r. 

If the center of the circle is at the origin (0, 0), the equation 
of the ciicle is evidently 

(2) ^ + f^'>'. 



BZERCISBS 
Write down the eqaations of the following circles :. 
(o) center (3, 2^, radios 7 ; 
(6) center at origin, radius 3 ; 

(c) center at (— a, 0), radius a ; 

(d) circle of any radius touching tlie axis Ox at tiie origin ; 

(e) circle of any radius touching the axis Oy at the origin. 
lUostrate each case hy a sketch. 



87 



_iv,Goog[c 



88 PLANE ANALYTIC GEiOMETRY [VI, § 79 

79. Equation of Second Degree. Expanding the equation 
(1) of § 78, we obtain the equation of the circle in tlie new form 

x> + y>-2lix-2k!/ + h'' + J^-t^=0. 
This is an equation of the second degree in x and y. But it is of 
a particular form. The general equation of the second degree 
in X and y is of the form 

(3) Ax> + 2 Hxy -\- Bf + 2Qx + 2Fy + C=(i; 

' i.e. it contains a constant term, C; two terms of the first de- 
gree, one in x and one in y ; and three terms of the second de- 
gree, one in ^, one in xy, and one in y*. 
If in this general equation ve have 

it reduces, upon division by A, to the form 

.,,,-.,-,.^ = 0, 

■which agrees with the form (1) of the equation of a circle, ex- 
cept for the notation for the coefflcieuts. 

We can therefore say that any equation of the second degree 
which contains no xy-term and in which the coefficienia of a? and 
y* are equal, may represent a circle. 

80. Determination of Center and Radius. To draw the 
circle represented by the general equation 

(4) ^a^ + Ay^ -H2Gi» + 2*V-|-C = 0, 

where A, Q,F, G are any real numbers while .-4 ^ 0, we first 
divide by A and complete the squares in x and y; i.e. we first 
write the equation in the form 

The left-hand member represents the square of the distance of 
the point {x,y) from the point (~0/A, ~F/A); the rigbt- 
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hand member is constant. The given equation therefore repre- 
sents the circle whose center has the coordinates 

* A-"- A' 
and whose ladius is 

This radius is, however, imaginary itCP + F*< AG; in this 
case the equation is not satisfied by any points with i-eal co- 
ordinates. 

If ff" + JP' = AQ, the radius is zero, and the equation is satis- 
fied only by the coordinates of the point ( — OjA, — F/A). 

If GP-i-F' > AC, the radius is real, and the equation repre- 
sents a real circle. ^ 

Thus, the general equation of the second degree (3), S 79, repre- 
aenta a circle if, and only if, 

A = B^O,H=0, CP + F^>AC. 

81. Circle determined by Three Conditions. The equation 
(1) of the circle contains three constants A, k, r. The general 
equation (4) contains four constants of which, however, only 
three are essential since we can always divide through by one of 
these constants. Thus, dividing by A and putting 2 G/A = a, 
2 F/A = b, C/A = c, the general equation (4) assumes the form 
(5) i>? + y' + ax + bf, + c=0, 

with the three constants a, b, c 

The existence of three constants in the equation corresponds 
to the pOBsibility of determining a circle geometrically, in a 
variety of ways, by three conditions. It should be remembered 
in this connection that the equation of a straight line contains 
two essential constants, the line being determined by two 
geometrical conditions (§ 30). 
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EXERCISBS 

1. Draw the circles represenUd b7 the following equationa: 
(a) 23^+2^-8a; + 6y + l=0. (6) S:^ + 3y^ + n x -18y-5 = 0. 
(c) 4a!* + 4v»-8a;-10jf + 1 = 0. (d) i? + i^ + »!-4y = 0. 
(e) 2a? + 2j>-7ie = 0, (/) i* + y» -3z- 6 =0. 

t. What Ih the equation of the circle of center (A, k) that tonches the 
axis Ox ? that touclies the axis On? that passes through t|ie origin ? 

3. What in the equation of au; circle whose center lies on the axis 
Oz? on theaiifl Oy? on the line y= a? on the line y = 2x? on the line 

4. Find the equation ot the circle whose center is at the point (— 4, 6) 
and which passes through the point (2, 0). 

E. Find the circle tliat has the poinlB (4, - 3) and ( — 2, — 1) as ends 
of a diameter. 

C A swing moving in the vertical plane of the observer is 48 ft. airar 
and is suspendea from a pole 27 ft. high. If the seat when at rest is 2 ft. 
above the ground, what is the equation of the path (for the observer as 
origin)? What is the distance of the seal from the observer when the 
rope is inclined at 45° to the vertical ? 

7. Find the locuB of a point whose distance from the point (o, 6) is * 
times its distance from the origin. 

Let P (x, y) be ang point of the locus ; then the condition is 

^/(x - ay + ([( - by = K^/^Tt; 

upou squaring and rearranging this becomes : 

(1 - i.')a" + (1 - i!»)y' - 2 ai - 2 6;/ + a" + 6> = 0. 
Hence for an; vaiue of k except < = 1, the locus is a circle whose center la 
0/(1 - ■'), 6/(' - «*) and whose radius is < Va^ + 6^/(1 - k"). What 
is the locus when it = 1 ? 

8, Find the locus of a point twice as far from the origin as from the 
point (8, - 3). Sketch. 

V. What is the locus of a point whose distances from two points Pi, 
Pi are in the constant ratb k P 
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10. Determine the locus of tbe points which are k times as faf from 
the point (—2, 0) as from the point (i, 0). Assign to < tb« values 
v^, VS, 'v^, i V5, i V3, \ V2 and illuetraW with sketches drawn with 
respect to tbe same axes. 

11. Detennine tbe locos of a point whoae diatance from the line 
Sx— i jf+ 1 = is equal to the square of its diatance from the origin. 
Illustrate with a sketch. 

11. Detennine ihi locus of a point if the square of its distance from 
the line x + jf — a = is equal to the product of ita diBtaoGes from tbe 

82. Circle in Polar Coordinates. Let ua now express the 
equation of a cirde in polar coordinates. If C(»*i, ^^i) is the 
center of & circle of radius a (Fig. 32) 
and P(r,'j>) any point of the circle, 
then hy the cosine law of trigo- , . - 

nometry q^'-A^^,.} 

»* + r,' — 2 r,r cos (<f> — ^i) = a*. Fio. 3a 

This is the eqiiation of the circle since, for given values or r„ 
4>i, a, it is satisfied by the coordinates r, ij> of every point of 
the circle, and by the coordinates of no other point. 

Two special cases are important : 

(1) If the origin Obe taken on the circumference and the 
polar axis along a diameter OA (Fig, 33), 
the equation becomes 

f* + a' - 2 ar cos * = a', . 
i.e. r = 2 a cos *. 

This equation has a simple geometrical 
interpretation : the radius vector of any "^^ "" 

point Pon the circle is the projection of the diameter OA = 2 a 
on the direction of the radius vector. 

(2) If the origin be taken at the center of the circle, the 
equation is r^a. 
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EXBRaSBS 
1. Draw the tollovring circles in polar cooi:din&i«s : 

(a) r=lOco80. (6) r = -ia cos (« - J t). (c) r = 8m«. 

(d) r = 6. (e) r = 7 Bin (* - J w). (/) r = 17 c« #. 
1. Wriu the eqnatlun of the circle in polai coordinateB ; 

{a) with center at (10, Jir) and radius&; 

(b) with center at (0, J r) and touching the polar axia ; 

(e) with center at (4, } r) aDd passing through the origin ; 

((i) with center at (3, t) and paaaing through the point (4, ^ t). 

8. Change the equations of Ex. ( ] ) and (2) to rectangulur coordinates 
with the ori^n at the pole and the axis Oz coincident with the polar azia. 

4. Determine in polar coordinates the lociis ol the midpoints of the 
chords drawn from a filed point of a circle. 

63. Quadratic Equations. The fundamental problem of 
finding the intersections of a line and a circle leads, as we shall 
see (§ 86), to a quadratic equation. Before discussing it we 
here recall briefly the essential facts about quadratic equations. 

The method for solving a quadratic equation consists in com- 
pleting the square of the terras in a^ and x, which is done most 
conveniently after dividing the equation by the coefficient of a?. 
The equation 

a? + 2px + q = 
has the roots 

x = — p± -vV — g. 

The quantity p* — 9 is called the discriminant of the equation. 
According as the discriminant is positive, zero, or negative, the 
roots are real and different, real and equal, or imaginary. In 
the last case. i.e. when i*" < g, the roots are, more precisely, 
conjitgate complex, i.e. of the form a '+ hi and a— bi, where a 
and b are real while s = V— 1. 

As remarked. above, any quadratic equation may be thrown 
into the form here discussed, by dividing by the coefficient 
of a?. 
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81 Relatitms between Roots and Coefficients. If we de- 
note the roots of the quadratic equation 

by Xi and x^ , we have 

whence 

3^ + a^j = — 2 p, XiXj = q ; 
i. e. tke sum of the, roots of a quadratic equation in which the 
coefficient of 3^ is reduced to 1 is equal to minus the coefficient of 
X ; tlie product of the roots is equal to tke constant term,. 
With the values of ie,, x^ just given we find 

(« — xi){x ~Xs) = a? + 2px + q, 
so that the quadratic equation can be written in the form 

(a; - Xi)(x - a!j) = 0, 
which gives 

a? — (xi + Xi)x + XiX3 = 0. 

These properties of the roots often make it possible to solve 
a quadratic equation by inspection. 
EXERCISES 
1. 8olve Uie quadratic equations ; 
-(a) K*- 6a! + 8 = 0. (6) a^ + 6a;~ 14 = 0. 

(_c) 2^-x-m = 0. (d) 53?-7x~0 = 0. 

(e) 3T> + 2i«-a»+6« = 0. (/) a^^ - (0^ + 6»)* + 6' = 0. 

(p) ax^ 4 61 = 0. (A) 12 i3 + 8 a; - 15 = 0. 

t. Show that the solutions of tlie qoadratic equation ox^ + &x + e = 
may be written in the form x= — — ± ~ — —■ 

When are these solutions real and unequal ? equal ? imaginary ? 

9. Write down the quadratic equation that has the following roots : 
(a) 8, - 2. (b) - 8, 0. (c) 5, - 5. 

(J) 8-5,0 + 6. («■) 3-2-v^, 8 + 3v'3. (/) 1+ v'S, l-vl_ 

(J7) c. -i. (ft) i,-i. (1)8, V^. 
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4. Wltboat solving, determine the nature of tbe roots of the follow- 
ing equationa ; 

(a) 5i>?~6!e~2 = 0. (6) fi3^ + 6k + 1 =0. 

(c) 2**-a: + 3 = 6. (d) 20i» + 6i-5 = 0. 

5. For whftt valneH of k are the roota ot the following equatione loai 
and difierent ? real and equal ? conjugate compleK ? 

(a) j:"-4i + i = 0. (6) 3^+2ti + 3« = 0. 

(c) 9*i' + iM+25 = 0. (d) <c£*4 6*-l-i = 0. 
(e) fce»-5a; + 6 = 0. {/) aie« + fee + e = 0. 

C. Solve the following eqaatJoas ae qnadratic equationa : 
(a) y»-3j(^-4=0. (Let^=z.) (6) 2i-» + Sz-i -2 = 0. 

,,-, . J, vrXq„o (d) — ^+?-+-? = 2. 

(e;* + va + 3 = 3. ^-^1 + 8 2 

. (e) m" + 18 m»- 243=0. (f) 2 xri + x'i - 16 = 0. 

7. If Xi and Xj are the roots of x^ + 2px + 9 = 0, find the valuee of 
(o) «i^ + xix^. (6) a!i» 4- «i«- (c) (*i - X,)*- 

(d) i + 1. (d) i--i--L (/Jx,« + »^. 
ail xt ii' It' 

and apply these results to the case z* — 3^-1-4 = 0. 

8. Without Holvii^, form the equation whose roots are each twice 
therootsof a5'-3*47 = 0. i:See§84.] 

9. What is the equation whose roots are in times the roots of 
3? + 2px + q = 0? 

10. Form the equation whose roote are related to the roots of 2 a^ — 
8 X — 5 = 0, in the following ways : 

(a) less by 2 ; (ft) greater by 3 ; (e) divided by 6. 

85. Simultaneous Unear and Quadratic Equations. To 
solve two equations in x and y of which one is of the first 
d^ree (linear) while the other is of the second degree, it is 
generally most convenient to solve the linear equation for eUker 
xor y and to substitute the vcUtie so found in the equation of the 
second degree. It then remains to solbe a quadratic equation. 

An equation of the first degree represents a straight line. 



_iv,Goog[c 



VI, §86] THE CIRCLE. QUADRATIC EQUATIONS 95 

If the given equation of the second degree be of the form 
described in §79, it will represent a circle. By solving two 
such simultaneous equations we find the coordinates of the 
points that lie both on the line and on the circle, I'.e. ifie points 
of intersection of line and circle. 

86. IntersectfOD of line and Citcle. Let us find the in- 
tersections of the line 

with the circle about the origin 

Substituting the value of y from the former equation into the 
latter, we find the quadratic equation in z; 

or (1 + mV + 2 mbx + b'- r' = 0- 

The two roots a\, a^ of this equation are the abscissas of the 
points of intersection ; the corresponding ordinates are found 
by substituting x„ a:j in y = mx + 6. 

It is easily seen that the abscissas x^, Xj are re^ and differ- 
ent if (l-|-mV-^>0> 

te.if -p^=<r. 

VH-m' 

Since m = tan cc, and hence 1/ VI H- m' = cob a, the preceding 
relation means that b cos a < r, i.e. the line has a distance from 
the origin less than the radius of the circle. If 

(l + 7a')r'-b' = 0, 
the roots x^ Xj are real and equal. The line and the circle then 
have only a single point in common. Such a line is said to 
touch the circle or to be a tangent to the circle. If 

(l-HTO*)T*-6'<0, 
the roots are complex, and the line has no points in common 
with the circle. 
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87. ' The General Case. The intersections of the line and 
circle 

Jx+B!/ + 0=i}, 
3? + i/' + ax+bp + c=0, 

are found in the same way : substitute the value of y (or x), 
fouad from the equation of the line, in the equation of the 
circle and solve the resulting quadratic equation. 

It is often desired to determine merely wiAetfeej- the line is 
tangetU to the cirde. To ansver this question, siibstitute y 
(or x) from the linear equation in the equation of the circle 
and, viUkoiU solving the quadratic equation, write down the con- 
dition for equal roots {p' = q, % 83), 



t. Find the intersections of the line 3x4y— 5 = and the circle 



S. Find the intereections of the line 2x — 7^ + 5=0 and the circle 
23^ + 2y' + 9x + 9y~n=0. 

i. Find the equations of the tangents to the circle i^ + ^ = 16 that 
ai« parallel to the line ji = — 3 z + 8. 

H. Show that the equationa at the tangents to the circle x' + ^ = r' 
with slope m are y = mx ± r Vl + m". 

S, For what value oE r will the line 3x — 2f — 5— Obe tangent to the 
circle 3^ + jf" = H ? 

7. Find the equations of the tai^ents to the circle 2x^ + 2y*—3x 
+ 6y — 7 = that are perpendicular to the line x +2y + S = 0. 

a. Find the midpoint of the chord intercepted by the line 6k — v + 6=0 
on the circle x^ + i/'^ 18. (Use g 84.) 

9. Find the equations of the tangents to the circle x^ -f y^ = 68 that 
paaa through the point (10, 4). 
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88. The Tangent to a Circle. The tangent to a circle (com- 
pare § 86) at any point P may be defined as the perpendicular 
through P to the radius passing through P. To find the equ& 
tion of the tangeut to a circle whose center is at the origin, 

a)S + y> = r", 
at the point P {x, y) of the circle (Fig. S4), observe that th* 
distance p-ot the tangent from the origin 
is equal to the radius r and that the 
angle ^ made b; this distance with the 
axis Ox is such that 

substituting these values in the normal 
form X cos ^ + Y sin ff =p of the 
equation of a line (§ 64), we find as equation of the taugent 

xX + yY=r', 
where x, y are the coordinates of the point of contact P and 
X. Fare those of any point of the tangent. 

89. The Gwieral Case. To find the equation of the tangent 
to a circle whose center is not at the origin let us write the 
general equation (4), g 80, vie. 

(4) Ai^ + Ajf> + 2 Ox + 2 Fy + C =0, 

in the form 






(-!)'K-3"=^ 



where — G/A, — F/A are the coordinates of the center and 
GP/A^ + F^jA?— CIA is the square of the radius r (§ 80). 
With respect to parallel axes through the center the same circle 
has the equation 

^^ Af A' A ' 
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ajid the tangent at the point P(x, y) of the circle is (§ 88): 

^ J? A 
Hence, transferring back to the original axes, we find as 
equation of the tangent at P(x,y) to the circle (4) : 

AxX + AyY+G{x+X)+F(i/+ r)+C = 0. 
This general form of the tangent ia readily remembered if we 
observe that it can be derived from the equation (4) of the 
circle by replacing a? by xX, y* by yY, 2 a; by x+ X, 2 y by y+ T. 



1. Find the tangent to the given circle at the giren pointi 
(a) a^ + v« = ll, (5, -4). 
(6) 2' + :/5 + ea4-5!/-16 = 0, (-2,8). 
(c) 3i> + 3sr' + 10i+nj/ + 18=0, (-2, -6). 
(,d) XT' + s" - ax- by =0, (a, b). 

5. The equation of any circle through tlie origin can be written in the 
form {^Sl) x'' + y" + ax + by = ; show tliat the line ai + 6v = ia the 
tangent at the origin, and find the equation of the parallel tangent. 

8. Derive the equation of the tangent to the circle (x—h)'+(y—k)*=r*, 
4. Show that the circles x^ + jfi — 0x + 2y + 2 = and sfi + y' — iy 

+ 2 = touch at the point {1, 1). 

B. Find the tangents to the circle a^ + s«-23:-10j/ + 9 = 0atthe 

eztremiUes of the diameter through the point (— 1, 11/2). 

6. The line 2x + ]/ = 10 Is tangent to the circle i? + j^ = 20; what is 
the point of contact ? 

7. What is the point of contact \lAx + By+C = Oia tangent to the 
circle a^ + ^ =: r« ? 

8. Show that x~y — l — ia tangent to the circle i^ + y + ix 
— 10 !/ — 3 = 0, and find the point of contact. 

9. By § M, the line y = mx + b has but one point in common with 
the circle a? + j/' = r' if ( 1 + ni^jr" = 6" ; show that In this case the radiua 
drawn to the conunon point is perpendicular to the line y = mx + b. 
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90. Circle throu^ Three Points. To find the equation of 
Ike circle passing through three points Pi(_Xi,y^, -Pj(*i, yi), 
P,(x, , ^,), observe that the coordinates of these points satisfy 
the equation of the circle (g 81) 

(6) af + i^ + ax + by + c = 0; 

hence we must have 

From the last three equations we can find the values of o, 6, 
and c; these values mnst then be substituted in the first equa- 
tion. 

In general this is a long and tedious operation. What we 
actually wish to do is to eliminate a, b, e between the four 
equations above. The theory of determinants furnishes a very 
simple means of eliminating four quantities between four 
homogeneous linear equations (g 75). Our equations are n<a 
homogeneous in a, b, c But if we write the first two terms in 
each equation with the factor 1 : («• + j/*) ■ 1, (ar,* + y/) ■ 1, etc, 
we have four equations which axe linear and homogeneous in 1, 
a, 6, c; hence the result of eliminating these four quantities is 
the determinant of their coefficients equated to zero. Thus the 
equation of the drcie through three points is 

3h'+ti,' «t y-. 

Compare g 49, where the equation of the straight line through 
two points is given in determinant form. 
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1. FiuJ Che equations of the circles that pass throogh the points : 
(a) (3,3), C-1.2), (0.-8). 
(6) (0,0), (1,-4), (5,0). 
(c) (0, 0), (a, 0), (0, 6). 

S. Find the circles through the points (3, — 1), (— 1, — 2) whicb 
touch the aziB Ox. 

3. Find the oinJe tbroi^b the points (3, 1), (— 1, 3) with center on 
the line Bx — i/ + 2=0. 

4. Find the circle whose oenKir ia (8, — 2) and which touches the 
line 3 z + 4 V - 12 = 0. 

5. Find the circle through the origin that touches the line 

4a:-6y-14 = Clat (fl, 2). 
C. Find the circle inscribed in the triangle determined by the lines 
24ae-7i/ + 3=0, 31-4^-9 = 0, 6a; + 12y-50 = 0. 

7. Two circles are si^d to be orthogonal if their tangents at a point of 
intersection are perpendicular ; the square of the distance lietweeu their 
centers is then eqnal to the anin of the Bquares of their radii. If the 
eqaations ol two Intersecting circles are 

z' -I- ff' + aix + biy + e, =0, and s^ + y^ + aix + b^ + C3 = 0, 
show that the circlesare orthogonal when 0102 4 bi&j = 2(ei + c,). 

8. Find the circle that has its center at (— 2, 1) and is orthogonal to 
the circle as* + ti^—Ox + S = 0. 

9. Find the circle that has its center on the line y = 3 x + 4, passes 
through the point (4, — 8), and is orthogonal to the circle 

a^ + V" + 18x + 6v + 2 =0. 

91. Inversion. A circle of center O and radius a being give 
(Pig. 35). we can find to every point P of the plane 
(excepting the center 0) one and only one point P* 
on OP, produced beyond P if necessary, such that 

0POP'= a». . y 

The point P' is said to be iiwtru to P wilh respect X„ / 

to the circle (0, a) ; and as the relation is not Fia. 36 



rtwiiua a oeing given 
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changed by interchanging P and P\ the point P is inverse to P. The 
point is called the center of invertion. 

It is clenr th&t (1) the inverse bt a point P within the oirde is a point 
P' without, and ei^ vena; (2) the iaverae of a point of the circle Itself 
coincides with it ; (3) as P approaches the center 0, its inveise V moves 
oS to infinity, and vice versa. 

The inverse of ang geomelrieal figure (line, curve, area, etc.) ts the 
figure formed by the points inverse to all the points of the given figure. 

92. Inverse of a Circle. Taking rectangular axes through 
(Fig. 36), we find for the relations between the coordinates of two in- 
verse points P(x, t), P* (*', V'}, tt we put OP = r, OP* = r* : 



and similariy 

These equations enable US to find to any carve whose equation is given the 
equation of the inverse curve, by simply sutisiituting for u, y their values. 

Thus it can be shown that by inversion any circle is transformed into 
a circle or a straight line. 

For, If in the general equation of the circle 

we Bubatitate for x and y the above values, we find 




2Ga'- 



4-2JW- 



r^ + <^ = 



I that is, -la* + 2 ea^x' + 2 PnV + £■(*" + !/"> = •> , 

which Is again the equation of a circle, provided C ^ 0. In the special 
case when C= 0, the given circle passes through the origin, and its in- 
verse is a straight line.bjTbus evfrg circle through the origin is trana- 
formed by inversion into a straight line. It is readily proved conveisely 
that every straight line is tr.tnsformed Into a circle passing through the 
origin ; land in particular that every mfe through the origin is traosformed 
into itsel/, as is obvious otherwise. 



L_. 
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EXERCISES 

1, Find the coordinates of the points inverse to (4,8), (2, 0), (-6, 1) 
with respect to the circle a^ + jf = 25. 

I. Show that by inveraion every Uae (eicept a line through the centet*} 
1b translormed into a cirola paaaing through the center of inversion. 

S. Bbow tLat all circles with center at the center ol inversion are 
transtoimed by inversion into concentric circles. 

4. Find the equation of the circle about the center of inversion which 
Is Ifanslormed into itself. 

B. With respect to the circle x*+ j^=: Id, find the equations of the 



(a) 11=5, (6) x-v=0, (e) x'+y«-6ai=0, (d) 3?+v>-l0v+l=0, 
(e)3i-4v+e=0. 

6. Show that the circle A^ + A^ + 2 OH- 2 jy + "*-^ = is trans- 
formed into itself by inversion with respect to the circle a' + y" = a*. 

T. Prove the statements at the end of $ 02. 

93. Pole and Polar. Let P, P' (Fig. 37) be fneerse points with 
respect to the circle ( 0, o) ; then the perpen- 
dicular I to OP through P' is called the polar of 
P, and P the pole of the line I, wltb respect to 
the circle. 

Notice that (1) if (as In Fig. 87) Plies withhi 
the circle, its polar E lies outside ; (2) if P lies 
outside the circle, its polar intersects the circle 
in two points ; (3) it P lies on the circle, ite 
polar is the tangent to the circle at P. 

Referring the circle to rectangular axes through it 
that its equation is 

x? + j^ = a^, 
we can find the equation of the polar I of 
any given point P(x, y). For, v 
HB equBlJon of the polar the normal - 
form X cos p+ Y sin p =p, we have 
evidentjy, if P' la die point inverse 




Fio. 37 
■s center (Fig. 38) s 
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therefore the equation becomes 



or simply 

TbiB tlien is the equation of the polar I of the point P(z, y) with re- 
gpeet to the circle of radius a about the origin. If, in particalar, the 
point F(x, s) lies on the circle, Wie same equation represents the tan- 
gent to the circle 3? + ^ = a' at the point PQt,y), as shown preTionsly 
in §88. 

91 Chord of Contact The polar l of any outside poita P with 
respect to a given circle passes through the points of contact C\, Ci of 
the tangents drawn from P to the circle. 

To prove this we have only to show that if Oi is one of the points of 
intersection of the polar I of P with the circle, then the angle OOiP 
( Fig. SO) is a right angle. Now the triangles 
OCiPand OP'Ciaresimilar since they have 
tbe angle at In common and the including 
tddes proportional owing to the relation 

OP- 01* = o», 




FiQ. 39 



a OP"' 
where a= Oft. It folloira that Of OCiP = 
OP'Ci=iw. 

The rectilinear segment GiCi is sometimes called the chord of eoTitaet 
of the point P. We have therefore proved that the chord of contact of 
any outside point P lies on the polar of P. 

It follows that the equations of the tangents that can be drawn from 
any outside point P to a ginen circle can be foand by determining tiie 
intersections Ci , Oj of the polar of P with the circle ; the tangents are 
then obtained as the linee joining Ci , Cj to P. 
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96. The G«ieral Case. The eqaatdon of the polar ot a. point 
P(_x, v) with respect to any circle given lu the genenil form (4), 
S 80, viz., 

(4) Asfi + Ai/* + 2eix+2Fi/ + G = 0, 

U found by the same method that wbb uaed in g 89 to generalize llie 
equation of the tangent. Thus, with respect to parallel aiea through the 
center the equation of the drc1e Ih 



the equation of the polar of P(x, y) with 



respect to these axes is by 



xX+gT: 



Ql + El-Q. 
' A^ A'^ A 



Hence, transterring back to the original axes, we find as equation of the 
polar of P {X, y) with VMpeU to the eirele (4) : 

AxX+AyY+a(x + X)+F{y+ r)+ C = 0. 

If, In particular, the point P (x, y) IIbb outside the circle, this polar 
cont^ns the chord of contact at P; it P lies on the circle, the polar be- 
comes the tangent at P (§ 8»). 

96. Construction of Polars. if a poita P, desrribes a line I, tu 
polar h with reject to a given circle (0, a) furns about a fixed point, 
viz,, the pole Pof the line I (Fig. 40). 
Conversely, if a line li turns about one 
of ila points P, Us pole Pi leith reject 
to a given circle { 0, o) describes a line I, 
viz. the polar of the point P. 

For, tbe line ( is Iranafonned by in- 
version with respect to the circle (0, a) 
into a circle passing through and 
through the pole P of /; oa this circle 
mnstobviously be aymmetrio with respect 
to OP it must have OP as diameter. Any 
point P[ of ( is tranatonned by inversion 
into that pnint Q of the circle of diameter OP at which this circle is in 
teraected by OPi . The polar of P, is the perpendicular throngfa ij ti 
OPj ; it passes therefore through P, wherever Pj bo taken on I. 

The proof ot the converse theorem is similar. 




Flo. 40 
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Tlie pole i*i of any line ii can therefore be constructed as the intersec- 
tion of the polais of an; two points of Ii ; this is of advaJttage when the 
line Z[ does not meet the circle. And the polar li of any point Pi can be 
constructed as the line joining the poles of any two lines through Pi ; this 
is of advantage when the poimt Pi lies Inside the circle. 

EXERCISES 

1. Find the equation of the polar of the given point with respect to 
the given circle and sketch if possible ; 
(a) (4,7),i^ + j^ = 8. 
(6) (0,0),a^ + i/2_8j_4_0. 

(c) (2, 1), asa + !/= - ia: - 2 p+ 1 = 0. 

(d) (2, -3),a!= + i(= + 3*+10[( + 2 = 0. 

S. Find the pole of the given line with respect to the given circle and 
HbeUh if possible : 

(a) x + 2y-^ = 0,3i' + j/» = 2O. 
(6) St + y + 1 = 0, z" + y' = 4. 

(c) ix-y = 19, x^ + ifl=25. 

(d) Ax + By + C=0, i2 + ys = T«. 

(e) s = i»x + b,3^ + y^ = i^. 

S. Find the pole of the line joining the points (20, 0) and (0, 10), 
with reaped to the circle a^ + j/* = 26. 

1. Find the tangent to the circle a^+B^— 10 K+ 4 !/+9=0 at (7,-6). 

S. Find the intersection of the tangents to the circle 2 x^ -(- 2 j^— 16 x 
+ V - 28 = at the points (3, 5) and (0, - 4). 

S. Find tbe tangents to the circle or' + s=-flx-10y + 2 = that 
pass through the point (3, — 3). 

7. Find the tangents to the circle z> + ^^ — 3z-f-y — 10=0 that pass 
through the point (— J, — ^). 

S. Show that the distances of two points from the center of a circle 
are proportional to the distances of each from the polar of the other. 

9. Show analytically that if two points are given such that the polar 
of one point passes through the second point, then the polar of the second 
point passes through the first point. 

10. Find the poles of the lines x — jr — 3 = and x + g + 9 = widk 
respect to the circle a? + y*-»x+4y-i-3 = (i. 
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97. Power of a Point. U in tbe lelt-hand member of the equa- 
tion o( tliB circle 

(x-hy + (9-lr)'-t'=0, 

we subatjtute for x and y the coordinsteB xi , j/i ol t, point Pi not on the 
circle (Fig. 41), the eipresBion (xi — 'i)' + (Vi — fc)* — r* Is diSerent 
from zero. Its value is called the power 
of the point Pi (x,, gi) teilh respect to 
the circle. As (xi — A)' + (ji — k)" is 
tbe square of tbe distance PiO = d be- 
tween tbe point Pj (zi, ^i) And the 
center C(h, k), the power of the point 
Pi (^1- yi) with reapect to the circle is 
(P — r" ; and this is positive for points 
without the circle (d > r), zero for points Fio. 41 

OQ the circle (d — r), and negative for points within tlie circle (d < r). 
If the point lies without the circle, its power has a simple interpretation ; 
it is the square of the segment P| T = f of tbe tangent drawn from Pi to 
tbe circle ; 

Hence the length t of the tangent that can be drawn from an outside 
point Pi (Ki , ifi) to a drcie 3fl + y^ + ax + by + c = 0ia given by 

f = I," + yi" + axi + byi + c. 
Notice that, tbe coeCBclents of x> and ^ must be 1. Compare tbe similar 
case of the distance of a point from a line (S 66). 

98. Radical Axis. The locus of a point whose powers with respect 
to any two circles 

*» + V* + Oia + 6iy + ei = 0, 
)?+^ + <hX +baSi-i-et = D, 
are equal Is given by the equation 

0? + V + aix + b,y + ci = x' + y'' + Osx + b^ + et, 
which reduces to 

(ai- a,)x+ibi~bi)y +Cci- ct) = 0. 
This locus is therefore a straight line ; it is called the radical turn of tbe 
two circles. It always exists unless Oi = oi and b\ = 5;, l.e. unless the 
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Tbren circles taken in pairs hav; three radical axes wbich pass through 
a common point, called tbe radical center. Por, if the equation of the 
third circle is 

a!* + y2 + a,! + 6ai/ + cs = 0, 

the equations of the radical axes wiU be 

(a» - as)« + (6s ^ 6e)» + (cj - Cj) = 0, 
(tts-ai)«+(6s-6i)y+(Cs-c,) = 0, 
(oi - ai)x + (6i - 6))!) 4-(ci - Cj) = 0. 
These lines interBect in a poiut, since the determinant of the coefScieuts 

In these equalionsto equal to zero (Ex. 10, p. 57). 

99. Family of Circles. The equation 

(8) (a^ + y' + a.?4-% + c,) + «(a^+y' + aiX + ft^+c,) = 
represents a family, or pencil, of circles each of which passes 
through the points of intersection of the cirdea 

(9) ■ ic' + i/* + a,a: + 6^+c, = 0, 
and 

(10) a)= + i/* + a^ + % + Ci = 0, 

if these circles intersect. For, the equation (8) written in the 
form 

(1 + „)a!' + (1+ Ky + (a, + Kfl,)* + (6, + «6,)y + C -f «c, = 
represents a circle for every value of k except « z= — 1, as the 
coefBcients of a? and j' are equal and there is no xy-term (§ 79). 
Each one of the circles (8) passes through the common points 
of the circles (9) and (10) if they have any, since the equation 
■ (8) is satisfied by the coordinates of those points which satisfy 
both (9) and (10). Compare § 58. The constant « is called the 
parameter of the family. 

In the special case when « = — 1, the equation is of the first 
degree and hence represents a line, viz. the radical axis (g 98) 
of the two circles (9), (10). If the circles intersect, the radical 
axis contains their common chord. 
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1. Find the pomera of the following points with respect to the circle 
'^ +V* — 3a; — 2^=0 and thus determine Uieir positions relative to tha 
circle: (2, 0), (0, 0), (0, -4), (3, 2). 

». What ia [be length o( the tangent to the circle : (a) ie= + j/^ + ai 
+ 6p + e = Ofrora the point (0,0), (6) (z- 2)'+(i/ -3)"- 1 = OIrom 
tbepolnt(4, 4)? 

». By 5 87, (S = iP-r»=(d + r)(d-r); interpret this relalJon 
geometrically. 

4. Find the radical axis o( the circles i« + v2 + (Ec+6^ + e = 0aiid 
I* + K* + 6a; + aj) + c = and the length of the common cliotd. 

B. Find the radical center of the circles a;S + v'-Sn-4y-7=0, 
ie» + y" = lfl, a(a;i' + ji')4-6x + l = 0. Sketch the circles and their radi- 

«. Find the circle that passes through the intersections of the circles 
a;' + y=+5i = 0anda;i +If^ + 3;-2if-5 = 0, aiid(a) passes through 
the point (—5, 8), (ft) has its center on the line 4a — 2^ — 15 = 0, 
(c) has the radius 6. 

7. Sketch the family of circles a' + ^ — 6 j + it(i» + V* + S y) = 0. 

8. What family of circles does the equation Ae + By + C + «(** 
+ »' + <M + 6^ + c) = represent ? 

9. Find the family of curves inverse to the family of lines y = ma + 6; 
(a) with m constant and 6 variable, (6) with n» variable and 6 conslant. 
Draw sketches for each case. 

n be drawn orthogonal to three circles, pro- 
I aBtiaightliiie. 

11. Find the locua of a point whose power witli respect to the circle 
2a:i'-f-2j^-6a; + llj( — 6=0 is equal to the square of its distance from 
the origin. Sketch. 

IS, Show that the locus of a point tor which the som of the squares of 
its distances from the four aides of a square is constant, is a circle. For 
what value of the constant is the circle real ? For what value is it the 
inscribed circle ? 
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13. Find the locus of a point it tbe sum of tlie Bquarea of its diatancefi 
from the sidea of au equilateral Iri&ngle of side 2 a is consunt. 

14. Show that the circle through tbe points (2, 4), (— 1, 2), (3, 0) ia 
orthogonal to the circle which is the locus of a point the ratio of whom 
disUmces from the points (2, 4) and (— 1, 2) is 3. Sketch. 

15. Show that the circles through two fixed points, saf (—a, 0), 
(a, 0), form a family like that of Ex. 6. 

18. The locus of a point whose distances from the fixed points (—a, 0), 
(a, 0) are in the constant ratio « (^t^ 1) is the circle 
ai? + »» + 2 i-±-^ as + a> = 0. 

Compare Ex. 9, p. 90. Show that, whatever k (^ 1), this circle later- 
sects every circle of the family of Ex. 16 at right angles. 

Parameters, in problemH on loci it is often convenient to express 
the coordinates x, y of the point describing the locus in terms of a tbird 
variable and then to eliminate this variable. Thus, for any point on a 
circle of radius a about the origin we have evidently 
(a) a; = acos^, if = asin*; 

eliminating ^ by squaring and adding we find 

The variable ^ is called the parameter; the equations (a) are Ihe 
parameter equatioru of a circle about the origin. 

17. The ends A, B ot& straight rod of length 2 a move along two per- 
pendicular lines ; find the locus of the midpoint of AB. 

18. One end X of a straight rod of length a describes a circle of radius tt 
and center 0, while the other end B moves along a line through 0. Taking 
this iine as axis Oz and O as origin, find tbe locus of tbe intersection of 
OA (produced) with the perpendicular to the axis Ox through B. 

19. Fom' rods are jointed so as to form a paiallelogram ; if one side is 
fixed, find the path descril>ed by any point rigidly connected with the op- 
posite side. 

M. An iaversor Is any mechanism tor describing the inverse of a given 
carve. Peaucellier's cell consists of a linked rhombus APBP attached 
by means of two equal links OA^ OB to a fined point 0. Show that thla 
linkage is an inversor, with as center. 
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CHAPTER VII 

COMPI£X NUMBERS 

PART I. THE VARIOUS KINDS OF NUMBERS 

100. Dltrodoctioil. The process of finding the points of in- 
tersection of a. line and a circle (S 86) involves the solution of 
a quadratic equation. The solution of such a quadratic equa- 
tion may involve the square root of a negative number. Thus 
therootsof a:" — 2a!-f-3 = 0are ii! = l ± V^^. 

The square root of a negative number is called an vmaginary 
number; and an expression of the form a -H V— 6 in which a 
is any real numlter and b any positive real number is called a 
con^ltx manber. 

We shall first recall briefly the successive steps by which, in 
elementary algebra, we are led from the positive integers to 
other kinds of numbers. 

101. Fundamental Laws of Algebra. The so-called natural 
numbers, or positive integers 1, 2, 3, 4, ■ - ■ form a class of 
things for which the operations of addittmi and multiplication 
have a clear and well-known meaning. These operations are 
governed by the following laws : 

(a) the commutative law for addition and for multiplication : 

a + h = h ■\-a, ab = ha; 

(b) the associative taw for addition and for multiplication : 

{a + b)+c=a+ib + c), (ab)c =: a(bc) ; 

(c) the distributive law, connecting addition and multiplication : 

(a + b)c = ac + bc, a{b + c)=(d> + ac. 

110 
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102. Inverse Operaticms. The result obtained by adding 
or multiplying any two or raore positive integers is always 
again a positive integer. 

This is not true for the ao-called inverse operations: subtrac- 
tion, the inverse of addition, and division, the inverse of multi- 
plication. To make these inverse operations always possible 
the domain of positive integers is extended by introducing : 

(a) the negative numbers and the number zero ; 

(b) the (positive and negative) rational fractions. 

The relation between these various kinds of numbers is best 
understood by imagining -s i -t i -t i [» if | g >» , 
the positive integers repre- yio. 42 

sented by equidistant points on a line, or rather by the distances 
of these points from a common origin {Fig. 42). 

Negative numbers are then represented by equidistant points 
on the opposite side of the origin; zero is represented by the 
OT^in ; and fractions correspond to intermediate points. 

103. Saticmal Numbers. The positive and negative inte- 
gers, the rational fractions, and zero, form the domain of ra- 
tional numbeTS. By adopting the well-known ndes of signs the 
operations of addition and multiplication and their inverses, 
subtraction and division, can be extended to these rational num- 
bers; and all four of these operations, with the single exception 
of division by zero, can be shown to be always posaible in the 
domain of rational numbers, so that any finite number of such 
operations performed with a finite number of rational numbers 
produces again a rational number. 

In the domain of positive Integers such linear equations as 
a;-|-7 = 0, 5x— 3 = cannot be solved. But in the domain of 
rational numbers the linear equation nx + b = ii can always be 
solved if a and h are rational and u is not zero. 
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101 Laws of E^toneiits. In the domain of positiTe inte- 
gera, we pass from addition to muJtiplication by denoting a 
sum of 6 terms each equal to o by the symbol ab, called the 
product of a and b. Similarly, we may denote a product of 
b factors each equal to a by the symbol (£• ; this operation is 
called raising a to the bth power, or involution. By this defini- 
tion, the symbol a^ has a meaning only when the exponent b is 
a positive integer. But the base n may evidently be any 
rational number. The laws of exponents, or of indices, 

a' ■ a" = (V^, a' •b'^{ahy, (a'Y = ar, 
follow directly from the definition of the symbol o*. The re- 
sult of raising any rational number to a positive integral power 
is always a rational number. 

106. The Inyerses of Involution. It should be observed 
that the symbol a* differs from the symbols a-\-b and o6 in 
not being commutative (§ 101) ; i.e. in general a and b cannot 
be interchanged: 

a'gfcft*, if b4=a. 
It follows from this fact that while addition and mnltiplieation 
have each but one inverse operation, involution has two : 

(a) If in the relation 

6 and c are regarded as known, the operation of finding a is 
called extracting the bth root of c, or evolution, and is expressed 
in the form 

a = Vc. 
(ft) If in the same relation a and c are regarded as known, 
the operation of finding 6 is called taking the logarithm of cto 
the base a and is indicated by 

b = log. c. 
Logarithms will be discussed in Chapter XII ; for the present 
we shall consider only the former inverse operation. 
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106, Inational ITumbers. Even when a, b, and therefore c 
are poBitive integers, the extraction of roots is often impossible, 
not only in the domain of positive integers, but even in the 
domain of rational numbers. Thus, in so simple a case as 
b = 2, c = 2, we find that a = V2 is not a rational number, ie. 
it is not the quotient of any two integers, however large. For, 
suppose that V2 = h/k, where A and k are integers and the ra- 
tional fraction A/k is reduced to its lowest terms ; then squaring 
both sides, we find 2 = A'/fc*. But the rational fraction A'/ft* 
is also reduced to its lowest terms and consequently cannot 
be equal to the integer 2. 

We are thus led to a new extension of the number system 
by including the results of evolution : any root of a rational 
number that is not a rational number is called an irrational 
number. The rational and irrational numbers together form 
the domain of real numbers. 

If numbers are represented by points on a line as in § 102, 
the number V2 has a single definite point corresponding to it 
on the line ; for, the segment representing it can be found as 
thehypotenuseof a right triangle whose aides have the length 1. 
It can be shown that a single definite point corresponds to 
any given irrational number. 

It thus appears that althoi^h the rational numbers, "crowd 
the line," i.e. although between any two rational numbers, how- 
ever close, we can insert other rational numbers, they do not 
" fill " the line ; i.e. there are points on the line that cannot 
be represented exactly by rational numbers. 

107. Extension of Laws. A rigorous definition and dis- 
cussion of irrational numbers requires somewhat long and com- 
plicated developments/ It will here suffice to state the result 
that irrational nwrnfters are subject to the same rules of operation 
as are rational numbers. 

1 
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The fundamental lawa of addition and multiplication (f, 101) 
hold therefore for all real numbers, and so do the laws of signs 
of elementary algebra. As regards the laws of exponents 
(5 104), they can be shown to hold when the bases are any real 
numbers. Moreover, it can be shown that the symbol a* has 
a definite meaning even when the exponent b is any real num- 
ber, and that the laws of expocents hold for such powers, pro- 
vided only that the bases are positive. It is known from 
elementary algebra how this can be done for rational exponents 
by defining the symbols a" and a~" as 

and it is shown in the theory of irrational numbers that the 
latter definition can be used even when m is irrational. 

Thus the laws of exponents (§ 104) hold for any reai ex- 
ponents provided the bases are positive. 

108. Measurement. Historically, the gradual introduction 

of rational fractions, of negative numbers, of irrational num- 
bers, was determined very largely by the applicatioiw of arith- 
metic and algebra. Any magnitude that can be subdivided 
indefinitely into parts of the same kind as the whole, and 
hence can l>e "measured," leads naturally to the idea of the 
fraction. Magnitudes that can be measured in two opposite 
senses, like the distance along a line, the height of the ther- 
mometer above and below the zero point, credit and debit, the 
height of the water level above or below a fixed point, suggest 
the idcaof negative numbers. The incommensurable magnitudes 
that occur frequently in geometry lead to the introduction of 
irrational numbers. One of the principal advantages of algebra 
consists in the remarkable fact that all these different kinds of 
numbers are subject to the same simple laws of operation. 
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' 109. Imaginary Humbers. As mentioned in g 107, there is 
still a restrictiou, in the domain of real (i.e. rational and 
irrational) numbers, to the use of the laws of exponents (§ 104) : 
the square root of a negative number has no meaning in this 
domain. 

Thus, V— 2 is not a real number ; for, by the definition of 
the square root, the square of V— '^ is — 2; but there exists 
no real number whose square is — 2. In other words, such 
simple equations a8a!* + 2 = 0, a;'— 2!c+3 = have no real 
solutions. It has therefore beeu found of advantage to give one 
further extension to the meaning of the term " number," by 
including the square roots of negative numbers, under the name 
of imaginary numbers. 

110- The Imaginary Unit. The square root of any negative 
(rational or irrational) number is defined aa an imaginary 
number. Every such number can be reduced to the form 
± V— a, where a is positive. It is customary to denote V— 1 
by the letter i and call it the imaginary unit. Any imaginary 
number ± V — a can therefoi'e be written in the form 

that is, every imaginary number is a real multiple of the imag- 
inary unit i. Notice that as * = V— 1 we always have 
t^ = -l. 
The algebraic sum of a real number and an imaginary num- 
ber, i.e. the expression a + bi where a and 6 are real, is called 
a complex number. Notice that the domain of complex num- 
bers includes both real and imaginary numbers. For, the 
complex number a + bi is real in the particular case when 
6 = 0, it is an imaginary number if a = 0. The great advan- 
tage of complex numbers lies in the fact that all the seven 
fundamental operations of a^ebra (viz. addition, subtraction, 
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multiplication, diTision, involutioD, evolution, and logarithmi- 
zation), with the single exception of division by^zei-o, can be 
performed on complex oumbers, the result being always a 
complex number ; i.e. if we denote by a, p any two complex 
numbers, then « + ^, a — ft aji, a/p, «*, ^vc, log^ a can all be 
expressed in the form a + hi. It can then be shown that every 
algebraic equation of the nth degree has n complex roots. 

HI. Lnaginary Values in Analytic Geometry, in elemen- 
tary onalytlc geometry we are cnncerned with "real" points and lines, 
{.«. with poiiiiB whOHe coord Inaies are realniid with lines whose equatlitiis 
have real coefficients. But it should be observed that point* with com- 
plex coordinates may lie on real lines and that lines with complai ooeffi- 
cienle may contain real points. Thae, the coordinates of ilie point 
(2 -H 3 t, 1 — 20 satisfy the equation of the real line 2x + Sy—T=0, 
and the equation (1 +'ii)x— (2 + 3 Q y + J = is satisfied by the point 
(3, 2). Calculations with imaginary points and llnea may therefore lead 
to results about real points and lines. 

A rather striking example is afforded by the the theory of poles and 
polars with respect to the citcle. We have seen (§§ 93-06) that with 
respect to a given circle every line of the plane (excepting those throng 
the center) has a real pole and every point (excepting the center) has a 
real polar. If the line I inteisects the circle In two points Qi, ^,ltA 
pole Pc&D be found as the intersection of the tangents at Qi, Qi. If the 
line I does not intersect the circle, this geometrical construction is im- 
possible. But the ttiialytic process of flnditig the points of intersection of 
the line I with the circle can be carried through. The coordinates of the 
points of intersection will be imaginary ; and hence the equations of tbe 
tangents at these points will have imaginary coefficients. But the point 
of intersection of these imaginary lines will be a real point ; viz, the pole 
P of the line I and its real coordinates can be found in this way. 

Thus to find the pole of the line y = 2 with respect to the circle 
a^+j' = l we obtain the imaginary points of intersection (VSi, 2) and 
{— VSf, 2) ; the imaginary tangents at these points are therefore; 
VSix +2j/ = l, —V3 (1+2^ = 1; these imaginary lines intersect in the 
realpoint (0, i); it is easy to show that this is the required pole. 
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112. Representation of Imagioaries. The meaning of com- 
plex Qumbera will best be understood from their graphical 



We have seen (S 102) that every real number a can lie repre- 
sented by a point ^ on a straight line on which an origin 
and a positive sense have been selected. 
We shall call this line (Fig. 43) the 
axi» of real numbers, or briefly the real 




To represent the imaginary numbers 
we draw an axis through at right 
angles to the real axis and call it the 
oasts of imaginary numbers, or briefly "°' *■' 

the imaginary axis. The point A' on this axis, at the distance 
OA' = a from the origin, can then be taken as representing 
the imaginary number ai. 

113. Representation by Rotation. This representation is 
also suggested by the fundamental rule for dealing with im- 
aginary numbers that P = — l. For, if o be any real number 
and A its representative point on the real axis, the real num- 
ber — a has its representative point A" situated symmetrically 
to A with respect to on the real axis ; in other words, the 
segment OA" which represents —a can be regarded as ob- 
tained from the segment OA that represents a by turning OA 
through two right angles about 0. Thus the factor — 1 = i' 
applied to the number a, or rather to the segment OA, turns 
it about O through two right angles. This suggests the idea 
that the factor V— 1 = i, applied to a, may be interpreted as 



c,q,z.<ib, Google 



118 PLANE AKALYTIC GEOMETRY [VII, § 113 

turning the segment OA through one rigid angle in the counter- 
dockwiae sense ao as to make it take the position OA'. Indeed, 
if the factor i be now applied to at, i.e. to the segment OA', it 
will turn OA' into OA" and produce ai' = — a. 

Turning OA" counterclockwiae through a tight angle, we 
obtain the point A'" on the imaginary axis which ropreeents 
a*' = — ai ; and finally, turning OA'" counterclockwise through 
a right angle we regain the starting point A which represents 



114. Representation of Con^tex Numbers. A complex 
numOer, i.e. an expression of the form 

z=x + yi, 
where x, y are real numbers while i is the imaginary unit 
V— 1, is fully determined by the two real numbers x and y, 
provided we know which of these is to be the real part. If 
we take the real axis as axis Ox, the imaginary axis as axis 
Oy, of a rectangular coordinate system 
(Fig. 14), the numt>ers x, y determine 
a definite point of the plane, and only 
one. This point P{x, y) can therefore 
be taken as representative of the com- 
plex number z = a; + yi. 



This representation also agrees with the idea (g 113) that the 
factor i turns through a right angle. For if we lay off on the 
real axis, or axis Ox, OQ^^x, and on the same axis QR = y 
we obtain 0B= 0Q+ QR = x+y; and if we turn QR about 
Q through a right angle into QP we obtain x + yi and reach 
the point P. 

To every complex number z := x -\- yi thus corresponds one and 
only one point P(x, y); to every point P{x, y) of the plane cor- 
responds one aiid only one complex number z = x + yi. 
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The r4al numbeis, and only these, have their representative 
points, on the axis Ox; the imaginary numbers have theirs on 
the axis Oy. The origin (0, 0) represents the complex num- 
ber + lO = 0. 

116. Correqioiidence of Complex Numbers to Vectors. It 
should be recaDed that strictly speaking (§ 102) a real number x 
is represented, not by a point A of the real axis, but by the 
segment OA = x. Similarly the complex number z = x + yi is 
represented, strictly speaking, not by the point P (Fig. 44), but 
rather by the radius vector OP, taken with a definite direction 
and sense. Thus the complex number z = x + yi represents a 
vector (see §§ 19-20), whose rectangular components are x 
and y. It will be shown below that the addition and subtrac- 
tion of complex numbers follow exactly the laws of the com- 
position of (concurrent) forces, velocities, translations, etc., in 
the same plane. 

116. Equality of Complex Numbers. Two complex num- 
bers sij = X, + yii and Zj = ar, + y^i are coiled equal, if, and only 
if, their representative points coincide, i.e. Zi = z^if 

Xt = xj and j/i = y^, 
just as two forces are equal only when their rectangular com- 
ponents are equal respectively. 

If we apply the ordinary rules of algebra to the equation 

Xi + yii = xt + 3/ii 
we obtain 

«1 - i«2 = O/l - ViY- 

Now the real number Xi — x^ cannot be equal to the imaginary 
number {yi — y^i unless 04 — iit = and ^2 — ^1 = 0; whence 
again we find a;, = ar„ j/, == y,. 

It follows in partiCTilar that the complex number z = x-\-yi 
is zero if, and only if, « = and y = 0. 
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le, n being any poaitiTe 



1. Locate the pcdnts which represent the tollowing complex numbera : 
(a) 4 - 8 i. (&) 2 i. (0) -I- t- (<*) *■ 

(O-i + .U. CO»-!i- (i?)-lo-i(. (A) -*<■ 

S. Find the values of m and n ia the following equations : 
(a) (m-«) + Cn. + «-2)i=0. (6) (m'+n'-25) + (m-«-l)(=0. 
{e) m + ni = 3-2i. (d) mni = m' - n* + 4(, 

1. Show that 

(a) p =-i, (B) i* = i', (c) (• + C = 0, (d) i* - (• = 2. 

1. Show th&t Ihe following relatione 
integer: 

(tt) 1*" = ]. (6) i*^'=-i, 

S. ShowthM 

(a) t(- 1 + VS i) ia a cube root of 1, 

(6) i(+ 1 - V3 is a cube rootof - i. 

117. Addition of Complex Numbers. The sum of two 
complex numbers % = jCj + jji and :^ = % + ya* ia defined as tite 
complex number X = (Xi+ x^ + (j/i+yi)i; in other words, if (Fig. 
45) P, 13 the point that represents Zi and P, the point that rep- 
resents Zf, then the point P that repre- 
sents the suni z = Zi + Zi has for its ab- 
scissa the sum of the abscissas of Pi 
and Pj and for its ordinate the snm of 
the ordinates of Pi and P^ It appears 
from the figure that this point P is the 
fourth vertex of the parallelogram of 
which the other three vertices are the origin and the points 
Pi, P^ 

118. Analogy to Parallelogram Law of Vectors. Py com- 
paring %% 19, 20 it will be clear that the addition of two com- 
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plex numbers conBtsts in finding the resultant OP of their 
representative vectors OPu OPj. The vectors may be thought 
of as forces, velocities, translations, etc. In the case of trans- 
lations this composition of two successive translations into a 
single equivalent translation is particularly obvious. 

While a real number x= OQ represents a translation along 
the axis Ox, an imaginary number yi a translation along the 
axis Oy, a complex number x = x + yi can be interpreted as 
representing a translation OP in any direction (Fig. 44). The 
succession of two such translations Zi = Xi + j/,f represented by 
OPi (Fig. 45) and 2, = a^ + i/,t represented by OP^ is equivalent 
to the single translation z= (x, +x^ + (ih +yt)i represented 
by OP. 

It follows that the addition of any number of complex 
numbers (Fig, 46) whose 
representative vectors axe 
0/\, 0P„ OP^ OP^ can be 
effected by forming the 
polygon OPiPi'Pt'P; the 
closing line OP is the rep- 
resentative vector of the 
sum ; precisely as in finding 
the resultant of concurrent 
forces (S 20). 

119. Subtraction. The difference 
2i = 3!, + yii and 2, = aii + 3/,i ia de- 
fined as the complex nvmbeT z = (xi 
— i^) + (2/1 — ys)'- Its representative 
point P is found geometrically by 
laying off from Pi (Fig. 47) a seg- 
ment PiP equal and opposite to 
OPi, i.e. equal and parallel to PtO. 
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120. Multiplication. The product of two wmptex numbert 
Zi=Xj+ y^i andz) = Xj + y^ is found bff muUii^ying these two 
expressions according to the ordinary ruiea of algebra and observ- 
ing thai f = — 1. We thus fiud : 

= (^i^ - yiji) + (3^iy> + ay/0»> 

which is a complex number. A geometric constnictioii will 
be given in % 124. 

121. Conjugate Imaginaries. Two complex mimbers that 
differ only in the sign of the imaginary part are called con- 
jugate complex iiumbera. Thus, the conjugate of S + 2i is 
5 — 2 i ; that of — 3 — t is — 3 + t, etc. The radii vectores rep- 
resenting two conjugate numbers are situated symmetrically 
with respect to the real axis. 

2%e product of two conjugate complex numbers is a i-eal 
number; for 

(x + yi){x -yi) = x'+f. 

Notice that the roots of a quadratic equation are conjugate 
complex numbers. 

122. Division. To form the quotient of two complex num- 
bers we may render the denominator real, by multiplying both 
numerator and denominator by the conjugate.of the denomi- 
nator. Thus : 

^ _ '"i + yfi -, (i"! + ?/iO(j^ - yap ^ XjXi—XiVji + XaVit + yiyi 

*i ?i + y>> (asj -I- y,t) (xt - yS ^ + Vt 

\ ^+yi J \ ^ + y^ ) 

Here also the result ia a complex number. A geometric con- 
struction is indicated in § 125. 
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1. Simplify the following expressions and Illustrate by geometric 
const rue lion : 

(a) (3-6i) + {4-20. (6) (4 - 3()-(2 + i). 

(c) (fl+i) + {3-20-{0- (d) {2-;Ji)-(-l+0-(3 + 60- 

(e) (4)-(3i). (/) {0 + {8-2.)_(6). 

I. Write the tollowiDg products as complex numbera and locate the 
corresponding points ; 

(a) {V^ + iV6){VS+iV5). (6) (S-iVaXv^ + iv^).' / 

(c) (vT?T-vr^)'. m (v^-v:^)». 

3. Show that . 

■^ •' i + ( i_( ' ic) {x+yi)*+^x-yi)i^2(x^ + y*}-i2x^■ 
4. Write the following quotienta aa complex jDumben and locate the 
corresponding points: 

> ^-^■ 

i ^ ' 5 + 3i 

_7+2i ^■'^ 3-ii 

S. Verify by geometric construction that the sum of (wo conjugate 

complex nnmbets is a real number and that tha difference is an imaginary 

number. 

S. Evaluate the following expressions for Zi = 3 + 4 1 and zs = — 2 + 5 { 

and check by geometric construction : 

(a) Bi-6. (6) 2zs + 3. (c) 6-6^,. (d) 3i + 2ii. 

(«) 2(-i«,. (/) 2_2ia. , (3) i((-2i). (ft) -3i-^,. 

(0 ei+22s. CJ) 3zi + sa. (J;)«i-2*2. (Z) Zj-iei- 

(n.)z, + 525-4J. (n) z^-^zi + S. (o) 5 - zi - 23. (p)2j-6-iz,. 

7. Let Xi and Fi represent the projections of a force F^ on the aices 
of X and y, respectively, and Xi aud Fj those of a second force Fj. Show, 
by the paraltelogrnm law. that the projections on the axes of the result- 
anC (or sum) of Fi and Fa are X, + Xs and Y, + Yi. 

8. From Ex. 7, show that the correct results are obtained if F, is 
represented by Xi + Yii, F2 by Xj + Y^i, and tlipir resultant by 

Fi + Ft= (Xi + FiO + (Xj + TaO = (X, + X,) + f Fi + F,)i. 



(d) ! 
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123. Polar Repiesentatioil. The use ol tbe polar coordinate r, 
# of the representative point P(x, tf) leads to simple 

Interpretations of multiplication, dlvldon, InvoluiJon, 
and evolution. 

The dUtance OP = r (Fig. 46) is called the modulus 
or absolute value of the complex number ; the vec- 
torial angle ^ is sometimes called the argument, phase, 
oj ampHtudt. 



'J 
Fiu. IH 



Since a: = r cos ^ and v = r sin 0, 

we can write z = x -|- y< = r(coB ^ + (sin*). 

The right-hand member of 1^ equation is the pcbtr form of the complex 

number z = x ■^yL 

124. Products In Polar Fonn. The product of two complex 

numbers zi = ri<coH^i -I- (sin ^i) and «i = rj(COB ^ + i sin ^) is 
ziZi=n(cos^i+isin#i)riCco8«i + i8in*i) 

= rirs[(cos ^i cos ^i-sin #i sin #,) +iCBia ^ cob ^i+coe *i sin ^,)] 

=r,ri[cD8(*i4*0+'ai"C*i+*j)]- 
Hiis shows that the niodulna of the proelutt of tmo oamplex numbers it 
the product of the miidiill, the amplitude of the product is the sum of the 
amplitudet, of the factors. 

The point P that represents the product of the complex numbers repre- 
sented by the points Pi and Pi (Fig. 49) can be constructed as follows ; 
Let Po be the point on the axis Ox at unit distance 
from the origin O and draw the triangle OPoPi ; 
on OPi constmct the similar triangle OPiP. The 
point P thus located is the required point For, 
by construction the angle PjOP = #i, hence the 
angle AOP=0]+4t]. Moreover, as the triangles 
OPflPi and OPjP are similar, their sides are pro- 
portional, i.e. 

1 ; fi = fi : OP, whence OP = rirj. 

125. Quotients in Polar Form. For the quotient of the two 
oomplei numbers zi = ri(co8^[ + lain^i) and zt = ri(coB ^i -f t aln #i) 
we And by making the denominator real : 
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, rifcM*,+iBln*0 nfco8«, + <9ii.*,>fct 


»*,- 


iBin*0 















Henoe tAe modutus of the quoHeiU z = zi/zt u tA« 
fuotfent o/ the moduli, the amplitude i3 the dilfer- 
enee of the amplitudes ofZ\ and Zi. Evidently tbe 
point P LhaL represents the qnotient z — Z\/z% 
Fig. SO) can be located by reversing tbe geometric 
coDBtruction given in § 124 ; i.e. by constructing 
on the unit segment OPo the triangle OPoPsimilaf 
to die triangle OPtPi. 




1. Write (he following complex numbers In polar form : 

Ca)2 + 2v'3i. (6) -a + Sv^f. (c)6-fli. ((0-6(. 

(e) 7. (/) -8. (ff) 6V8-5i. (ft) -10-lOi. 

1. Write the following complex numbers in the form x -^yi: 

(a) 3(co8 30» + (aln80"). (6) 5(oob J » -|-isin i*-). 

(c) 10(C0«|*' + tsbjv). (d) 4(cosJr +iBtnfr). 

(e) V^(cosii + t8inir). (/) v^CcosJr + f dnjT). 

Cff) 7(co80+isinO). (A) 6Cc08t +i8inT). 

(0 2V5(co9jT + f^i»). (J) 6V5(coajT + isln}T). 

(t) n(co9l» + <Bini*). (0 8(00875° -|-iwn76°). 

S. Put tbe following complex numberH in polar form, perform the 
indicated mnltlplication or division, and write tbe reeult in the form 
X + irj. Check by algebra and lUuatr3t« by geometry. 

(a) C2V^ + 2 (8 + 3VS 0. f'J (l + i){2 + 20- 

(e) (-2-20(5 + 50. W (-4 + 4V30(-8-8y50. 

(«) (l+v^0(l-V30- (/) (-2)(-80. 

,„, 2-v^-2i . (K\ *f.,.. ,ji , ■ -7 _ ^ 
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4. Show that tlie modulus o[ the product of the complex namben 
o + 6( and c + di Lb V(a* + 6^)(C + d*). 

J. Show by geometric construction that the product of two conjugate 
complex numbers is a real number. 

C. Show how lo locale by geometric construction the point which 
repreBeuts the reciprocal of a complex number. 

7. Show tliat tlie point F tbat represents a complex number z and 
tlie point P that represents the conjugate of ibe reciprocal 1/z are inverse 
points with respect to the unit circle about the origin. 

B. With respect to the unit circle about the or^in, find the complex 
numbera representing the points inverse to 

(a) 8 + 4(. (6) S + V^a. (c) -6 + 3(. (d) 1-6*. 

9. Show that the ratio of two complex numbers whose amplitude* 
differ by ± J r ia an imaginary number. 

10. Show that the ratio of two complex numbers whose amplitudes 
are equal or differ by ± t is a real number. 

126, De Moivre'S Theorem. The rule for multiplying two com- 
plex numbers (5 124) gives at once for the square of a complex number 
« = rtco8* + isin*): 

c^ = [f-(co8 ^ + f sin ^)]i = r>(cos 2 $ -{■ Jsin 2 ^). 
Multiplying both members by « = r(cOH^ + iBin0) we And for tbe 

«" = [r(oos * + ( sin #) ]> = r«{coB 3 * + i sin 8 *) , 
This suggests that we have generally for the nth power of x, n being 
any podtiTe integer ; 

a- = [r (cob * + ( sin *)]■ = r"(cos » * + i sin n #). 
This Is known as de Mmart^s formula. 

To complete the formal proof we use mathematical Induction ({ 63). 
Assoming the formula to bold for some particular value of tt, it Is at onoe 
shown to hold for r+ 1, by multiplying both members by 

z = r(cos* + isin*) 
which gives 

«■+» = [r(cos * + i sin ^jj'+i = r+i[co8 (ti+ l)#+i sin (n + 1)#]. 
As the formula ho1dsforn = 2, it holdBfor» = 3, andhenoefor n = 4, eto., 
I.e. for any positive integer. 
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12T. Generalization of De Moivre's Theorem. De Moivre'e 

formula can be abown to hold for any real espunent ». Tbat it holds for 
a negative integer ia seen ae tollone : 

If in the formula for tbe quotient z = Zi/zi (g 125) we pat n = 1, 
^1 := 0, we find 

or dropping tbe aubscript 2 : 

i = i(cos*-*8in*). 

If we ntise this complex number to tbe nth power (n being a poeit^ve 
int^er), which can be done by g 126, we And 

f M' = z-' =^(C08 n* - (Bin n*), 

which proves de Moivre's formula for a negative inlegral exponent. 
If Id de Moivre'H formula (§ 126) we put 

>i^ = fl, r" =p, and hence * = -, )•= Vp, 

where y/p is tbe positive ittb root of the real number p, we obtain 

rVprcos- + (sin^'\T = p{oostf + isin#), 

U. [p(co3« + i8in«)]-=?/^(cosJ + f8iniy 

Tbis shows tliat de Moivre's formiilB holds wben tbe exponent Is ot the 
form 1/n. The extension to Che case wben the exponent is any rational 
f Taction is then obvious. 

128. Imaginaiy Roots. The last forjuuln gives a means of finding 
an »ih root o/ any real or complex number. To find all tbe roots of a 
complex number z = p(cos # -|- i sin ff) we must observe that as 

cosfl = oofl(# + 2xm), sin « = sin (fl + 2irm), 
where m is any integer, the number z can be written in tbe form 

z = p[coa(S4 2«n) + isin (9 + 2 5rm)], 
■0 that bf % 127 its roots are given by 
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If In this expression tre give to m Bucceaaively all integral raluea, It tahei 
just n diSereat values, viz. thoeefor m =::0, 1, 2, -■ , n- 
eomplex number z = p(oos S + i sin B) ha» n roolt, tIz, ; 



, '-K''-')''' + i,li.'-H''-')'M, 



Theae n roots all have the same modulos v^, while the tunplitodes diifer 
by 2 r/n. Hence the points rapresenUi^ them n 
roots lie on a circle of radius y/p about the origin 
and divide this circle into n equal parts. 

For example, the three cntie roots of 8 f are found 
Bs toUons. In polar form 



+ 8 


i = 8{oc 


«ir+i8lni»); 


l)y de Moivre's 


tonnnU 


{§ 127) we have 


[8(008 iT 


fiBini 


.)]» 


arcosi- 


r + 2irm , ^.,_-i»-+2«» 


L 


8 


3 


=2[co8a 


» + !«■ 


™)+i8in(i, + Jr 


t» = gives the 


root: 






m = 2 gives the n 



: 2(cosJir +(HlnJx)=2(-iv'3+ii)=-V8 + i; 
; 2(cos|^+iBinJx)=2(0 + i(-l))=-2i. 



If we put m = 3, we get the first root again, m = 4 gives the second root, 
and so on. Thus there are three distinct cube roots of 8 1, viz. VS + t, 
— V3 + i, — 2 i. These roots are represented by the points Pi, Pt, Pa, 
respectively (Fig. 61). 
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129. Square Roots. The puticnlitr problem of finding Oke tquare 
root of a complex number a + M can also be solved b; obeerring that the 
problem requires ns lo find a. complex number x -f- yf Bticb that 

a + bi = (x + yiy. 
Expanding the nquare and equating real and imagiiuuy parts, ne And tor 
the detennination ot x and y the two equations 

a:' — y*= a, 2a;j( = 6. 
Eliminating y between these two eqoatione, we obtain 

4i» 



it IB, x* - aa? - J 6' = J 



whence n* = \(a + Va"+ &=), a^" = i(a - Vo* + 6'). 

Since X Is to be a real number aud hence x^ must be positive, and as 
a<v'a'+6* (unless 6=0, which would mean that ihe givennumber a-i-bi 
is real), we must take Xi^ and not n». Hence 



niese values of X are zero only when 6=0 and «<0; for then V^ = — a. 
In this particnlar case we find v = ± v'— a, and hence 

In the genera) case, when b =^0, we find from the equation 2xy = b for 
each of the two values of x one value of y. 

EXERCISES 

1. Show how to locate the square of a complex nnmber by geometric 
oonstrnctlon. Locate the cube. 

S. Show geometrically that Si (Fig. 61) is the product of the numbers 
represented by the points Pi, Pj, Pg. 

3. FOT ii = l + 2i,ti = 2~i show that V - zi" =(2i + «i)C*i-Zi) 
and illustrate geometrically. 

4. For the same numbers verify and illustrate geometrically that 

(»l — «i}* - 21* — 2 ZlZj + Zl'. 

5. Show how to locate the points that represent the square roots of a 
complex number. 

S. Locate by geometric construction in two ways the points which 
represent [r(cos^ + isin^)]!. 
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7. Hut the following complex numbers in polar form, pertorm tbe in- 
dicated operalions, aad ctieck by geometric ci 
(a) (l + VSiy. 
fd) (V¥+i)'. 
Cff) Vl + VSi. 

(ni) V-l(((. 

S. Find tbe square roou of each uf the following complex numben 
by using ttte method oJ 
(a) 7 + 24t (6) 4(. (c) -2(8 + 150. 

id) -Ifl. C«) ,'a(6-120. (/) 4o6 + 2(ai'-6")i. 

(ff) - 2[2 06 + (a* ~ 6»)i]. (A) - * a'6» + aCo* - 6')f. 

9. Find the three cube roots of unity and show that either complex 
root is the square of the other, i.e. if oneoomplezrootof unity ig denoted 
by w, tbe other is w^. The three cube roots of unity then are 1, u, iJ'. 

10, If 1, u, a^ are the cut« roots of unity (see Bz. 9) show that : 

(a) I = u' = ufi = io»", n being an integer. 
(6) 1 + u + 0.2 = 0. 

(c) (l+u.^)<=«. 

(d) (_wp + i^)(<Jp + i^)(p + q)=f'> + ^. 

(e) {]-„+„>)(l + <.-^)=4. 

(/) (1- w + <.^){l-<rf' + iB'){l-t.i' + f»)=-8«. 

11. Prove de Moivre's formula for n any rational traction, i.e. show 
Qiat, if p, q, m, are integers, 

[r(cos»+fsin»)]' = r'rcos y^ + ^""' + isin P» + ^"" 1. 

IS. Show by geometric construction that the sum of the three cnbe 
iDotB of any number Ie equal to zero ; that the sum of tbe four fonrOi 

IS. Solve the following equations and locate the points which repre- 
sent the roots : 

'_a) x''-\=0. (6) »^ + l=0, (c) j^-l = 0. (0) ^-1 = 0. 
(e) 3^-1=0. (f)3*-27=0. (ff)i2 + l=0. (ft)K* + ia = 0. 
(0 a!» + 82 = 0. U) x' + a* = 0. (*j3* + a>=0. (I) *»-l = 0. 
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CHAPTER yill 

POLTNOMIALS. HUMERICAL EQUATIONS 

PART I. QUADRATIC FUNCTION— PARABOLA 

130. Linear Function. As mentioned in § 28, an expression 
of the form mx + b, where m and b are given real numbers 
(m ^ 0) while x may take any real value, ia called a linear 
function of x. We have seen that this function ia represented 
graphically by the ordinates of the straight line 

b is the value of j/ for a; = 0, and m is the elope of the line, i.e. 
the rate of change of the function y with respect to x. 

131. Quadratic Function. Parabola. An expression of 
the form aa? + bx + cia which a :^ is called a quadraiic func- 
tion of X, and the ourve 

p=a»?-\-bx + c, 
whose ordinates represent the function, is called a parabola. 

If the coeffieienta a, b, c are given numerically, any number 
of points of this curve can be located by arbitrarily assigning 
to the abscissa x any series of values and computing from the 
equation the corresponding values of the ordinates. This 
process is known as plotting the ctvrve iy poiniit ; it is some- 
what laborious; but a study of the nature of the quadratio 
function will show that the determination of a few points ia 
sufficient to give a good idea of the curve. 
181 
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132. The Form IT = (U*. Let ns first take &^0, c — 0; the 

resulting equation 

(1) y = air* 

represents a parabola which passes through the origin, since 
the values 0, satisfy the equation. Thi» parabola is symmet- 
ric with respect to the axis Oy ; for, the values of y correspond- 
ing to any two equal and opposite values of x are equal. Tliis 
line of symmetry ia called the axis of the 
parabola ; its ioteisection with the parab- 
ola is called the vertex. 

We may distinguish two cases accord- 
ing asa>0 or a<0; ifa = 0, the equa- - 
tion beoomes ^ = 0, which represents the 
axis Ox. ««■ «• 

(1) If a > 0, the curve lies above the axis Ox. For, no matter 
what positive or negative value is assigned to x, y is positive. 
Furthermore, as a; is allowed to increase in absolute value, y 
also increases indelinitely. Hence the parabola lies in the first 
and second quadrants with its vertex at 
the origin and opens upward, i.e. is con- 
cave upward {Fig. 52). 

(2) If a < 0, we conclude, similarly, 
that the parabola lies below the axis Ox, 
in the third and fourth quadrants, with 
its vertex at the origin and opens doum- 
vMrd, i.e. ia concave downward (Fig. 63). 

Draw the following parabolas: 

133. The General Equation. The c 
more general equation 




represented by the 



(2) 



soji^ + hx + c 



differs from the parabola y = aa? only in position. To see this 
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ve use the process of completing the square in a 
write the equation in the equivalent form 



If we put 




tlie equation becomes 

I y-k = a(x-ky, 

and it is clear (S 13) that, with reference to parallel axes 
Oi^ 0^1 through the point 0, (A, ft) the equation of the 
curve is Ji = oas,' (Fig. 54). The parabola (2) has therefore 
the same shape as the pai-abola y = (a?; but ita vertex lies at 
the point (h, ft), and ita axis is the line x = h. The mi-vs 
opens upward or downward according as o > or a < 0. 

131 Nature of the Curre. To sketch the parabola (2) 
roughly, it is often sufficient to find the vertex (by completing 
the square in a;, as in § 133), and the intersections with the axes. 
The intercept on the axis Oy ia obviously equal to c. . The in- 
tercepts on the axis Ox are found by solving the quadratic 
equation 

CO? + bx + c = 0. 

We have thus an interesting interpretation of the roots of any 
quadratic equation ; the roots of a3? + bx + c = are the 
abscissas of the points at which the parabola (2) intersects 
the axis Ox. The ordinate of the vertex of the parabola 
is evidently the least or greatest value of the. Function 
y = ca^ + bx + o according as a is greater or less than zuro. 
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EXBRCISES 

1. With respect to the same coordinati; axes draw the curves j/ = im^ 
lor a=2, i, 1, i, 0, — }, — 1, — I, — 2. What happens to the parabola 
g = 03? as a changes ? 

3. DetermiD^ !□ each of the following examples the value of a so that 
the parabola y = iw" will pass through the given point : 
(a) (2,3). (6) (-4,1). (c)C-2,-2). (<() (S, - 4,). 

3. A body thrown vertically upward in a vacaom with a velocity of e 
feet per secODd will just reach a height of h feet such that h = ^x^. 
Draw tJie curve whose ordioates represent the height as a function of the 
initial velocity. 

(a) With wh^ velocity moat a b^ be thrown vertically npward to rise 
to a height of 100 ft. ? - 

(b) How high will a bullet rise if shot vertically npward with an Ini-- 
tial velocity of 800 ft. per sec, the reaistance of Uie air being neglected ? 

4. The period of a peJiiluluni of length I {i.e. the time of a. small 
back and forth swing) is T^^rVl/g. Take p = 32 ft. /see. and draw 
the curve whose ordinates represent tlie length I of the pendnlum as a 
function of the period T. 

(a) How long is a pendulum that beats seconds (i.e. of period 2 sec) f 
(V) Row long is a pendulum that makes one swing in two seconds f 

(c) Find the period of a pendulum of length one yard. 

5. Draw the following parabolas and And Iheir vertices and axes : 
(o) i^ = j3!»-a; + 2. (6) y = -\ofi + x. (c) v = 5i" + ISic + S. 
(d) !( = 2 ■- a - *". (e) y = 3^ - 9. (/) y = - 9 _ k». 

(jf) y=3»;'-6a; + 6. (h) y = \i? -irix-Q. {i) ^ -'ix-y = <i. 
•. What is the value of b if the parabola y = a" + ftx — 6 passes 
through the point (1, 5) ? of o if the parabola y = i^ — ^x + c pasMS 
through the same point ? 

7. Suppose the parabola y = aa? drawn ; how would you draw y = 
o(a; + 2)«? y = o(a-7)^? p = iM^ + 2? y = (Kt'-7? y = iu^+2z.(-8r 

8, What happens to the parabola y — ax^ -i- bx ■\- c as o changes f 
For example, take the parabola y = x^ — x + c, where c = — 3, ~2, — 1, 

0, 1, 2, a 
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8. What happene to the parabola g = (w" + fcs; + c as a changes ? 
For esampte, Uke y = aa^ - a: - 8, where a = 2, 1, \, 0, - J, - I, - 2. 

10. (a) It the parabola y = ax^+bx ia to pass through the points 
(1,4), (—2, 1) what aitut be the values of a and 6 ? (6) Determine tiie 
parabola v = az*4-I>x-fc soasto pass through the points (1, \), (3, 2), 
(4, \) ; sketch. 

11. Ilia path of a projectile in a Tacuura is a parabola with vertical 
axis, opening downward. With the starting point of the projectile as 
origin and the axis Ox horizontal, the equation of the path mutit be of the 
form y = aa? -)- bx. If the projectile is observed to pass through the points 
(30, 20) and (50, 30), what is the equation of the path? What is the 
higb^ point reached 7 Where will the projectile reach the ground ? 

IS. Und the equations of the parabolas determined by the following 



(a) the axis coincides with Oy, the vertex is at the origin, and the 
oorve passes through the point (— 2, — 3) ; 

(6) ihe aiis is the line x = 3, the vertex is at (8, — 2), and the curve 
passes through the origin ; 

(c) the axis Is the line x=-4, tbe vertex is (-4, 6), and the curve 
paBses through the point (1, 2). 

IS. Sketch the following parabolas and lines and find the coordinates 
of their polute of intersection : 

(a) j( = 6x', j( = 7x + 3, (6) y = 2^~Sx,y = x + 9. 

(e) V = 2 - Sa;', p = 23; + 3. (d; y = 8 + « - a*, x + y - 4 = 0. 

U. Sketch the foUovring curves and find their inleraectlons : 
(o) x^ + ^ = 26,if = )x". (6) x''+i/'-6if = 0,p = tx»-2»! + 6. 

IB. The ordinate of every point of the tine y = jx + 4 Is the sum of 
the corresponding ordinates of the lines y = Jxand y = 4. Draw the last 
two lines and from them construct the first line. 

It. The ordinate of every point of the parabola y = \7i*-\-\x—l Is 
tbe snra of the corresponding ordinates of the parabola y = \^ and the 
line p = J X — 1 . From this fact draw the former parabola. 

17. The ordinate of ever; point of tbe parabola y = \x^ — x + Sw the 
■difference of the corresponding ordinates of tbe parabola y = \sfi and the 
line y = x — i. In this way sketch tbe former parabola. 
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18. Snppoae the paraboln y = <a? + bx + c drawn, how would yoa 
sketch tbe following curves 7 Are these curves also parabolas ? 
(u) y^aix + hy + b{x + h)+ch>0. 
(6) i> = aCi-2)» + 6(a;-2)+c. 
(e) y = a(2x)» + b{2x) + c. 

IB. Find the values of x tor which tbe following ralaUons are troo : 
(a) K»-i-12<0. (6) U^x-3^>0. 

(c) 32" + 6a;-2^0. ■ (d) 5 + lSa:-6ji*^0. 

(e) i"-6>3a; + 6, {/) *»-6<3* + 6. 

SO. Show that the equation of tbe parabola y = mfi + bx + e that 
passes through tbe points (xi , yi), (x^ , vt). (^ < Vi) i^if^y be written in 
Ukefoim 

1 
Vi Ki" xi 1 _^j 



(d) Show that If the minor of xi vanishes, the three given polnbi He on 
a line. 

(ft) What coDclusion do jou draw if the minor of y vanlahee ? 

(e) To what does this determinant reduce it the origin is one of the 
given points ? 

136. Synmietry. Two points Pi , P^ are said to be situated 
symmetrically with respect to a line I, if I is the perpendicular 
bisector of PiP^ ; this is also expressed by saying that either 
point is tbe reflection of the other in the line I. 

Any two plane figures are said to be symmetric with respect 
to a line I in their plane if either figure is formed of the reflec- 
tions in I of all the points of the other figure. Each figure is 
then the reflection of the other in the line (. Two such figures 
are evidently brought to coincidence by turning either figure 
about the line I through two right angles. Thus, the lines 
y = 23! + 3 and y = — 2x — 3 are symmetric with respect to 
the axis Ox. 
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A line I is called an dMS of symmetry (or simply an aa?t«) of 
a figure if the portion of the tigure on one side of I is the 
reflection in / of the portion on the other side. Thus, any 
diameter of a circle is an axis of syininetry of the circle. 
What are the axes of symmetry of a square ? of a i-ectaugle ? 
of a parallelogram ? 

In analytic geometry, symmetry with respect to the axes of 
coordinates,andto thellnesy=±a!,isof particular importance. 

It is readily seen that if a figure is symmetric with respect 
to both axes of coordinates, it is symmetric with ref*pect to the 
origin, i.e. to every point Pi of the figure there exists another 
point Pi of the figure such that the origin bisects PiPj. A 
point of symmetry of a figure is also called center of the tigura 



1. Give the coordinates of the reflection oi the point (a, 6) in the 
axis Ox; in the axis Oy; in the hne V = x; in the line y-2x\ in the 

S. Shon that when x la replaced by — x in the equation of a given 
curve, we obtain the equation of the reflection of the given curve in the 

S. Show that when x and y are replaced by y and x, respectively, in the 
equation of a given cnrve, we obtain the equaUon of the reflecUon of the 
given curve in the line y = x. 

4. Sketch the linea j = — 2 e + 5 and x = — 2 y + 5 and find their 
point of intersection. 

5. Skelch the parabolas y = ^ and x = y'' and Qud their points of in- 
tersection. 

6. Find the equation of the reflection of the line 2a! — 3j + 4 = Oin 
the line v = x; in the axis Ok; in the axis Oy \ in theline j=— x. 

7. What is the reflection of the line x = a in the line y = x7 In the 
aies? 

8. Find and sketch the circle which is the reflection of the circle 
x*+y» — 3x — 2 = 0intha line y = x, and find the points in which the 
two drdea inteisect. 
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9. Find th« circle wbich le the reflection of the circle z* + j^ —ix+3 
= in the line y = x; in the coordiDMe axes. Sketcfa all of these 

10. What is the general equation of a circle which is its own reflection 
hi the Une y = xt in the axis Ox ? In the axis Og ? What circle is iia 
own reflection in all three of these tinea t 

11. What Is the equation of the reflection of the parabola j/ = —j? + 4 
in tlie line y = x? in the line y = — xt Are these reflections parabolas ? 

13. What is the reflection of the parabola ^ = 3 x> — 5 x -f 6 in the axis 
Ox ? in the axis Og t Are these reflections parabolas ? 

IS. By drawing accurate]; the parabolas g + x' = T,x + jl^= 11, find 
approximately the coordinates of their points of intersection. 

14. If the Cartesian equation of a curve is not changed when x is re- 
placed by — z, the curve is symmetric with respect to Og ; ii it is not 
changed when y is replaced by — g, the curve is symmetric with respect 
to Oz ; if it is not changed when x and y are replaced by — x and — y, 
respectively, the curve is symmetric with respect to the origin ; if it is 
not ctianged when x and y are interchanged, the curve is symmetiic with 



136. Slope of Secant. Let P(at, y) be any point of tlie 
parabola 

(1) y = a^. 
If P\i_x^, y{) be any other point of 
this parabola so that ' 

(2) 3/1 = ax^, 
the line /*/*, (Fig. 65) is called a 
86ca,nt. 

For the alope tan % of this secant 
we have from Fig. 55 ; 

or, substituting for y and y, their values : 

(4) tan «, = «('»i' - <^ = a{x + a;,). 
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137. Slope of Tangent. Keeping the poiot P (Fig. 55) 
fixed, let the point Pj move along the parabola toward P; the 
tiiDiting position which the secant PPi assumes at the iustont 
when Pj passes through P Is called the tangent to the parabola 
at the point P. 

Let us determine the dope tan a of this tangent. As the 
secant turns about P approaching the tangent, the point Qi ap- 
proaches the point Q, and in the limit OQ( = ir, becomes OQ=x. 
The last formula of g 136 gives therefore tan a if we make 

tan a = 2ax. 

The slope of the tangent at P which indicates the "steep- 
ness" of the curve at P is also called the sl<^ of the parabola 
at P. Thus the slope of the parabola y = ax* at any point 
whose abscissa is x is =2 ax; notice that it varies from point 
to point, being a function of x, while the slope of a straight 
line is constant all along the line. 

The knowledge of the slope of a curve is of great assistance 
in sketching the curve because it enables us, after locating 
a number of points, to draw the tangent at each point. Thus, 
for the parabola y = J x* we find tan a = \x; locate the points 
for which a; =3 0, 1, 2, — 1, — 2, and draw the tangents at these 
points ; then sketch in the curve. 

138. Derivative. If we think of the ordinate of the parab- 
ola y = aa? as representing the function ox*, the slope of the 
parabola represents the rate at which the function varies with 
X and is called the derivative of the function ax*. We shall 
denote the derivative of y by y'. In g 137 we have proved 
that the derivative of the function 

y = aa?, 
is y' = 2aas. 
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The procesa of finding the derivative of a, functiou, which is 
called differentiation, consists, accarding to §§ 136-137, in the 
following steps: Starting with the value y=(U!' of the func- 
tiou for Home particular value of x {say, at the point P, Fig. 65), 
we give to x an increment a^ — a: = Aat (compare § 9) and 
calculate the value of the corresponding increment y^— y = Ay 
of the function. Then the derivative y' of the function y ia the 
limit that iy/Ao! approaches ae ^x approaches zero.' In the 
case of the function y = aa^ we have 

Aj/=y,— ff = a{x^ — a?) = a[(a! + Ax)' — 3?']= a\2 x^x + (Aa;)'] ; 
hence — =s a(2 x + Aar). 

The limit of the right-hand member as Ax approaches zero 
gives the derivative : 

y'=2ax. 

TbuB, the area if of a circle In terms ol its radios x Is 

Hence the derivative y', that Is tbe slope of the tai^ent to the curve that 
lepreaentB the equation y = tx\ is 

y' = 2 m. 
This represents (§ 137) the rate of increase of the area j with respect toa^ 
Since 2 rx is the length of the circumference, we see that the rate of in- 
crease of the area y with respect to tbe radius x is equal to the circumfer- 
ence of tbe circle. 

139. Derivative of General Quadratic Function. By this 
process we can at once find the derivative of the general quad- 
ratic function y = aa? + bx + c (§ 131), and hence the slope of 
the parabola represented by this equation. We have here 
Ay = a{x + Axy + b(x + Ax) + c— {aa? + bx + 6) 
= 2 axAx + a(Ax)^ + bAx ; 
hence ^^2ax + b + aAx. 
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The liiDit, as Ax becomes zero, is 2nx+b; hence the dertoa- 
Hve of the quadratic fanfiion y =00;' + &j! + c is 

y'==2ax+b. 

UO. Maximuin or Minimum Value. It follows both from 
the definition of the derivative as the limit of Ay/Ax and from 
its geometrical interpretation as the sl<>pe, tauoe, of the curve 
that if, for any value of x, the derivative is positive, tlte function, 
i.e. the ordinate of the curve, m (aUfebraically) increasing; if 
the derivative is negative, the function is decreasing. 

At a point where the derivative is zero ihe tangent to (he curve 
is paraUel to tlie axis Ox. The absoissas of the points at which 
the tangent is parallel to Ox can therefore be found by equat- 
ing the derivative to zero. In this way we find that the 
abscissa of the vertex of the parabola y^aaf + bx + cis 

which agrees with § 133. 

We know (§ 133} that the parabola y= asx^+bx + c opens 
upward or downward according as a is > or < 0. Hence the 
ordinate of the vertex is a minim-um. ordinate, i.e. algebraically 
less than the immediately preceding and following ordinates, if 
a > ; it is a maximum ordinate, i.e. algebraically greater than 
the immediately preceding and following ordinates, if a < 0. 

We have thus a simple method for determining the max- 
imum or minimum of a quadratic funotion a3? + bx + c; the 
Talue of X for which the function becomes greatest or least is 
found by equating the derivative to zero ; the quadratic func- 
tion is a maximuin or a minimum for this value of x according 
as o < or > 0. 

Thus, to determine the greatest rectangular area that can be inclused 
tif a boaudar; (e.ff. a fence) of given length 2 k, let one side of th^ 
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rect&ngle be oalled z ; then Uie other side nk—x. Hence the area A <A 
the rectajule is 

Conaequentlj the derintive ot A \a k — 2x. If we set this equal to 
zero, we have2x = l:, whence x = £/2. It follows that k — x = k/2; 
hence the rectaogle of greatest, area is a squam 

EXERCISES 

1. Locate the points of the parabola v = x^ — 4x + { whose abacUsas 
are — 1, 0, 1, 2, 3, i, draw the tangenta at tlieae points, and then sketch 
in the curre. 

S. Sketch the parabolas ij/ =^ 3? + ix and ^ = x*~ 3 by locating 
the vertex and the inteiHactloDS with Oz and drawing tlie tangents at 
these points. 

8. la the function y = 6(^ — ix + S) increasing or decreasing as x 
increases from * = J ? from a; = j ? 

1. Find the least or greatest value of the quadraUo functions : 

(a) 2a!«-3* + 6. (6) 8- 61-1". (c) i*-5i-5. 

(d) 2-2a;-i«. (e) 4+i-i»*. {/) 5a^ - 20i + 1. 

B. Find the derivative of the linear function y ~ mx + b. 

t. The curve of a railroad track is represent«4 by the equation 
y = } 1^, the axes Ox, Oy pointing east and north, respectively ; in. what 
direction Is the train going at the points whose abscissas are 0, 1, 2, ~) f 

T. A projectile describes the parabola y = ^x— Sz*, the unit being the 
mile. What is the angle of elevation of the gun ? What is the greatest 
height ? Where does the projectile strike the ground ? 

8. A rectangular area is to be inclosed on three sides, the fourth side 
being bounded by a straight river. If the length ot the fence is a con- 
stant k, what is the maximum area of the rectangle ? 

9. Let e denote the error made in measuring the side of a square of 
100 S(|. ft. area, and E the corresponding error in the computed area. 
Draw the curve representing .^ as a function of e. 

10. A rectangle surmounted by a semicircle has a total perimeter of 100 
inches.' Draw the curve representing the total area as a function of the 
radius of the semlctrele. For what radios is the area greatest T 
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PART II. CUBIC FUNCTION 

141. The Cubic Fimction. A function 
of tlie form aoz" + OiX* 4- d^ + a» is called 
a cubic Junction of x. The curve repre- 
sented by the equation 

J/ = Oosc' + a,a;* + a^ + a, 
can be sketched by plotting it by points 
(§131). 

For example, to draw the curve repre- 
sented by the equation 

y = a^ — 2ai* — 5ic4-6, 
we select a number of values of x and com- 
pute the corresponding values of y ; 

a!= - 3 -3 -1 1 2 3 4 - • • 

y= -U 860-4018..- 
These points can then be plotted and connected by a smooth 
curve which will approximately represent the curve corre- 
sponding to the given equation (Fig. 56). 

142. DeiivatiTe. The sketching of such a cubic curve is 
again greatly facilitated by finding the derivative of the cubic 
function; the determination of a few points, with their tan- 
gents, will suffice to give a good general idea of the curve. 

To find the derivative of the function y = a,fi? + aiof + a^ 
-J-Oj the process of § 138 should be followed. The student 
may carry this out himself ; he will find the quadratic function 

143. Maximum or Minimum Values. The abscissas of 
those points of the curve at which the tangent is parallel to 
the axis Ox are again found by equating the derivative to 
zero; they are therefore the roots of the quadratic equation 
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3a^ + 2a,x + at = 0. 
If at such a point the derivative passes from positive to nega- 
tive values, the curve is concave downward, and the ordinate 
is a maximum; if the derivative passes from negative to posi- 
tive values, the curve is concave upward, and the ordinate is 
a minirmtm. 

IM. Secood Derivative. The derivative of a function of 
X is iu general ^ain a function of x. Thus for the cubic 
function y = a^ + a,3? + Oja; + a, the derivative is the quad- 
ratic function y< = Za^ + 2ayx + a^ 
The derivative of the first derivative is called the second deriva- 
tive of the original function ; denoting it by y", we find (§ 139) 

As a positive derivative indicates an increasing function, 
while a negative derivative indicates a decreasing function 
{i 140), it follows that if at any point of the curve the second 
derivative is positive, the first derivative, t'.e, the slope of the 
curve, increases ; geometrically this evidently means that the 
curve there is concave upward. Similarly, if the second de- 
rivative is negative, the curve is amcave downward. Wo have 
thus a simple means of telling whether at any particular point 
the curve is concave upward or downward. 

It follows that at any point where the first derivative van- 
ishes, the ordinate ia a minimum if the second derivative is 
positive; it is a maximum if the second derivative ia negative. 

146. Points of Inflexiou. A point at which the curve 
changes from being concave downward to being concave up- 
ward, or vice verm, is called a point of inflexion. At such a 
point the second derivative vanishes. 

Our cubic curve obviously has but one point of inflection, 
viz. the point whose abscissa is x = — ai/{3 a^. 
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EXERCISES 

I. Find the first and Becond derivatives of y when : 

(a) j) = 8a^-7x!-3; + 2. (6) p =20 + ia;- 6a? - a*, 
(c) 10!/ = a^-6*» + 8z + 9. (d) y = (x - l){x- 2Kx-Z). 
(e) B = >:'Cx+3). (/) 7^ = 3»- 2a:(^«_ 1). 

1. Skettih the curve If = (a:-2)(x+ 1) (a + 3), observing the sign of j 
between tlie iatereections with Ox, and determining the minimum, maxi- 
mum, and point of inOection. 

S. In the carve y = oo^ +ai9? + a^ + Oa, irluit is the meaning of otT 
*. Sketch the curves : 

(«) 5p=(a;-l)(i + 4)». (6) y=(x^3)». 

(e) es = 8 + z + a!>-iB>. (d) s = x«-4a!. 

(e) 8ti = 5a;^~K». ■ {/) j/ = x«- 8x" + 4 *- 5. 

B. Drsw the curves y — x, y = ^, V —^^ ^'th their tangents at the 
points whose abscissas are 1 and — 1. 

8. Find the equation of the tangent to the curve \iy = i3? — 2}? 
-f X ~ 20 at the point whose abscissa Is 2. 

T. At what points of the curve ]/ = z' — 5 x* + 3 are the tangents 
parallel to tlie line y =— 3x-f 6? 

8. Are the following curves concave upward or downward at the 
Indicated points? Sketch each of them. 

(a) v = 4i'-aa. atz = 3. (6) 3]/ = 6*-3»«, at a=- 2. 

(e) y = *'-2«a + 6, ata; = l. {d) 2y = if -Z^, sA x = I. 
(■«) y = \~x-3?,ex.x=(>. (/) 10!/=/'+x*-15a!+8,ata;=-J. 
S. Show that the parattola y = ax' + 6z + c is concave upward or 
concave downward for all values of x according as n is positive or negative. 
* 10. The angle between two curves at a point of intersection is the 
angle between their tangents. Find the angles tietween the curves j( — x^ 
and tl = z* at their points of interaection. 

II. Find the angle at which the parabola ^ = 23^— Sx — 5 intersects 
the curve jf =*'+ Si- 17 at the point (2, -3). 

IS. The oidlnate of every point of the curve y = x* + 2 x' is the sum of 
the ordinates of the curves y =^ and y = 2x^. From the latter two 
curves construct the former. 
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IS. From the curve y = x* coDstrtict the foItowiDg c 



(d) y = 2*« + 4. 



K. Drew tlie ciirre 2y = tf — 3s^ and ite lafleoUon in the line y = x. 
What is the equation of this reflected curve? What la the equ&don of 
the reflection in the axis Og ? 

IS. A piece of cardboard IB inches square Is used to make a box hj 
cutting equal squares from the four comers and turning up the sides. 
Draw the curve whose ordinatea represent the volume of the box as a 
function of the side of the square cut out. find its maximum. 

1(. The strength of a rectangular beam cut from a k>g one foot in 
diameter is proportional to {I.e. a constant times) the width and the 
square of the depth. Find the dimensions of the strongest beam which 
can be cut from the log. Draw the curve whoee ordinates represent the 
strength of the beam as a, function of the width. 

IT. Show that the equation of acurve in the form y = ox* -j- }n? 4- cx-f- d 
is in general determined by four points Pi (ii , j/i), F^ (xj , yi), ft (iCt , y%), 
P4 (*4 1 Vi), imd may be written in the form 
1 



y 


«" 


a? 


Vi 


x,» 


«i» 


y'i 


x^ 


^ 


V" 


a" 


*>■ 


Vi 


«,■ 


*4« 



x* 1 



= (W* + (a* + cr + d 



18. Find Uie eqaatlon of the curve in the form y = 
which passes through the following points : 

(tt) (0,0), (2,-1), (-1,4), (3,4); 
(6) (1,1), (3,-1), (0,6), (-4,1). 

19, Show that every cubic curve of the form y = oifc' + aii? + OfX + at 
is symmetric with respect to lis point of inflection. , . 

146. Cubic EquatioiL The real roots of the cubic equation 

a^ + ai3? + a:^ + at=0 
are tlie abscissas o{ the points at which the cubic curve 

y = a^+ a,!B* + a^ + a» 
intersects the axis Ox. This geometric interpretatioii oan 
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be used to find the teal tootg of a nurmriixU cubic equation ap- 
proximately: calculating* the ordinatea for a aeries of values 
of X (as in plotting the curve by points, g 141), or at least deter- 
mining the signs of these otdinates, observe where the ordinate 
changes sign. At least one real root must lie between any 
two values of x for which the oi-dinates have opposite signs. 
The lirst approximation so obtained can then be improved by 
calculating ordinates for intermediate values of x. 
Thus to find the roots of the cubic 

a* + ai'-16a; + 6 = 
we find that 

fora! = -6 -4 -3-2-10 1 2 3 4 

!/is _ + + +++-__ + 

The roots lie therefore between — 5 and — 4, and 1, 3 and 

4. To find, e.g., the root that lies between and 1, we find that 

foriB = 0.1 0.2 0.3 0.4 

yis + + + + _ 

The root lies therefore between 0.3 and 0.4, and as the cor- 
responding values of y are 1.317 and — 0.176, the root, is 
somewhat less than 0.4. As 

for3!= 0.40 0.39 0.38 

3/=! -0.176 -0.029 +0.119 
a more accurate value of the root is 0.39. 

This process can be carried as far as we please. But it is 
very laborious. We shall see in a later section (§ 170) how 
it uan be systematized. 

EXERCISES 

1. Find to three signiflcant flgures the real roots of the equations : 

(a) a:'-4i" + 5 = 0. (6) a* + »;»-»!- i = 0. 

(c) *»-3i + li=0. (d) x(x-l)(i-2)=4. 

• For abridged nnmerical maltiplication and divisloD see the note on p. 2S6 

_ h.Coo^^lc 
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PART III. THE GENERAL POLYNOMIAL 

147. Polynomials. The methods used in studying the 
quadratic and cubic functions and the curves represented by 
them can readily be extended to the (^nei^l case of the poly- 
nomial, or raiional integral funption, of the nth degree, 
y = a^ + a,ig-^ + a^-' + .. . + a, ..a; + a, , 
where the coefficients Og, a,< ■■- a. may be any real numbers, 
while the exponent n, which is called the d^^ree of the poly- 
nomial, is a positive integer. 

We shall often denote such a polynomial by the letter y or 
by the symbol f(x) (read : function of x, or / of a); its value 
for any particular value of at, say x^Xj or x = li,ia then de- 
noted by /(«i) or /(&), respectively. Thus, for x = we have 
/CO) = a,. 

US. Calculation of Values of a Polynomial. In plotting 
the curve y =f(x) by points (§§ 131, 141) we have to calculate 
a number of ordinates. Unless f{x) is a very simple poly- 
nomial this is a rather laborious process. To shorten it ob- 
serve that the value /(a^) of the polynomial 

for a: =3 (Bi can be written in the form 

/{x,)={-(i(a^ + a,)x, + a,)x, + a,)x,+ ...+a..,)x + a,. 
To calculate this expression begin by finding a^ -l- Oi ; mul- 
tiply by Xi and add a^; multiply the result by x^ and add a,; 
etc This is beat carried out in the following form : 
Oe Oi a, •■•(», 



a^ + Oi (Ooie, + a,)Xi + a, • - • 
For instance, if 

/{x) = 2i>?-Sx'-l2x + 5 
= ((2a!-3)x-12)aj + 6, 
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to lind /(3) w.rite the coefScieiita in a row and place 2x3 = 6 
below the second coefficient ; the sum is 3. Place 3 x 3 = d be- 
low the third coefficient ; the sum is —3. Place 3 x(— 3)= — 9 
below the last coefficient; the sum, —4, is ^/(S). 

2 -3 -12 6 
6 9-9 

2 3-3-4 
This process is useful in calculating the values of y fliat cor- 
respond to various values of x, as we have to do in plotting a 
curve by points. It is also very convenient in solving an equa- 
tion by the method of g 146. 

EXERCISES 

1. If /(a;) = 6»^'-13I-t-2, what is meant by /(o)? hy/(x + k)? 
Wbat is the value of/(0)? of/(2) ? Df/(- 3/5)? ot/C-1)? 

S. Find the ordinates of the curve y = x* ~2? + S3^— 12x + 3 for 
x=S,-9,~i. 

S. Find the ordinates of 2 y = k* + 3 *« - 20 a; - 25 f or * =s 1, 2, S, ~ 1, 
-4 

4. Suppose the carve y =/(x) drawn ; how would fou sketch : 

(a) i,=/(x-2)? (6) y = /(x+S)? (c) y^/C2x)? (d) y=/(-*)? 

(«) ff^/^l)? (/) y=f(.x-)+5? (g) s=f(x-)-2x? 

B. Calculate to three places of decimals the real Tools of the equations : 
(a)a:'+a;'=I00i (6)«'-4 = Oi {c)3«-7x +7 = 0. 

lis. DerivatiTe of die Polynomial. We have seen in the 
preceding sections how greatly the sketching of a curve and 
the investigation of a function is facilitated by the use of the 
derivatives of the function. Thus, in p&rticular, the first 
derivative y' is the rate of change of the function y with x, 
and hence determines the slope, or steepness, of the curve 
y =f(x). We begin therefore the study of the polynomial by 
determining its derivative. The method is essentially the 
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same as that used in gS 13S, 139 for fiudii^ the derivative of 
a quadratic function. 

The first derivative y' of any function y of « is defined, as 
in § 138, to be the limit of the quotient ^y/Ax as Aie approw^s 
zero, Ay being the increment of 
the function tf corresponding to 
the increment Axoix; in symbols ; 

y' = lim^. 

Geometrically this means that y' 

is the slope of the tangent of the ""■ "^ 

curve whose ordinate is tf. For, A^/Ax is the ^ope of the secaiU 

PP. (Fig. 67) : 

Ay , 

-^ = tan a, ; 
A:c ' 

and the limit of this quotient as Ax approaches zero, t.e. as P, 

moves along the curve to P, is the slope of the tangent at P: 




y' = tan a = lim ~ • 

If the function y be denoted by/(x), then 
Ay^f(x + Ax)-f(x); 
hence 

Ak^ AiT 

160. Calculation of the Derivative. To find, by means of 
the last formula, the derivative of the polynomial 

y=/(*) = 00^ + «!*""'+ "■ +a^ 
we should have to form first f(x + Ax), i.e. 

(x + Ax)' + ai(_x + Ax)'-^+ ■■■ +a., 
subtract from this the original polynomial, then divide by Ax, 
and finally put Aa; ±: 0. 
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TMa rathet cumberBome process can be avoided if we 
observe that a polynomial is a sum of terms of the form aa^ 
and apply the following fundamental propositions about 
derivatives : 

(1) the derivaiive of a su/m of terms is the sum, of the deriva- 
tives of the terms ; 

(2) the derivative ofojf ia a times the derivative of s!*; 

(3) (Ae derivative ofaamstaiU is zero; 

(4) tlie derivative of of is T*a"~'. 

The first three of these propositions can be regarded aa 
obvious; a fuller discussion of them, based on an exact defi- 
nition of the limit of a function, is given in the differential 
calculus. A proof of the fourth proposition is given in the 
next article. 

On the basis of these propositions ve find at once that the 
derivative of the polynomial 

y = a^+a,3r-^ + a^-*+ — +a,^iX + a, 
is 

y' = aBnar'-' + a,(n-l)«"-« + a,{n-2)!e»-»+ -.■ +a,_i. 

161, Derivative of a;". By the definition of the derivative 
(5 149) we have for the derivative of y = a:" ; 

i,'-li,n(' + '^)'-'^. 

Ar^a Ax 

Now by the binomial theorem (see below, § 152) we have 

(as + ia:)" = a;- + nxf-^Ax + '^{^-J^) 3--*(4a;)* + - + (Ax)', 
and hence 

(X + Axy - IE" = raf^'Ax + ?^^"~^) a?*-*(4(B)» + ..- + (ia;)-. 

Dividing by iai and then letting Ax become zero, we find 
y' = wie"-t. 



c,q,z.<ib, Google 



152 PLANE ANALYTIC GEOMETRY [VUI, § 151 

BZmtClSES 

1. Find the derivatives of the following fnncttona of x hj means ol 
the fuDduueniat definition (§ 149) and clieck b; $ IfiO : 

(a) 3?. ib)3? + x. (e) x' + Oj!'. 

(d) -6k*. («)«♦- Si'. if)7ra: + b. 

t. Find the derivatives of the following tunctions : 
(a) r,i< - Bar" + 6*. (6) l-a!+-Jx>-iA (c) C3;-2)*. 
id) (.'a! + 3)f. (e) 3C4X-1)'. (/) j!-+«x-'+6*-». 

3. For the tolloving functions write the derivative indicated : 
(a) 6a^-3a!, flndy'". (6) oaj* + 6* + c, find y"'. 

(0) r', find „•. (d) ox* + 6»? + M + d, find v". 

(e) ia*, find p". {/) g-f"!*. And v'"- 

(?) i" - q^, find v'". (A) (2x- 3)*, find y"'. 

162. Bmomial Theorem, in § ISl we have used the binomial 
tbeorem for a positive integral exponent n, i.e. the proposition that 



The formula (1) can be proved by mathematical induction (% 62). , It 
certAinly holds tor n = 2, since by direct multiplication we have 

(k + A)" = a" + 2 lA + A^ = x= + 2xA + ^ A', 
which llgreea with (1) for n = 2. 

Moreover, if the formula (1) holdn for any exponent n, it holds for 
n + 1. For, multiplying (1) by x + A in boUi members, we find 
(X + A)-« = 



which is the form that (1) assumes when n is replaced by n + 1. 

153. Binomial Coefficients. The coeffldenis 

^' "' 21 ' ■■" («-!)!="' «l =^ 

in the binomial formula (1) are caUed the binomial coeffidenU. 
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The meaning of tliese coefficients will appear from another proof of the 
formula, wbicli is as follows : If n la a positive integer, we can writ« 
(x+ A)" In the form 

(X + hi)(x + A0(« + AiXa; + lit) .- (I + A,), 
where the sabecripts are used simply for convenience to distlngnish the 
binomial factors ; i.e. it is understood that Ai = Ai = Ai = -■■ =h, = h. 
Each term in the expanded product is the product of n letters of which 
one and only one is taken from each binomial factor. To form all these 
terms we ma; proceed as follows : 

(a) It we choose x from each of the » factors, we obtain as first t«rm 
of the expansion x\ 

(6) If we choose z from n — 1 factors, the letter A can be chosen from 
any one of the n factoiB, i.e. It can be chosen in ,C[ ways (§ 01) ; this 
gives 

^'^"'{^1+^+ ■■■ + A,), the nnmber of terms being, Ci. 

(e) If we ohooHe x from n — 2 factors, the other two letters can be 
chosen from any two of the n factois, i.e. in .(7] ways ; this gives 

^■-'{AiAj + ftiAi + — + A)fti + ■■■). t.he number of terms t«ing ,0'i. 
(d) If we choose x from n — 3 faclois, the other three letters can be 
choeen from any three of the n factors, i.e. in .C] ways ; this gives 

a!"-*(AiAiAi+Ai'AiAi + ■■■ +Ajfl,Ai + ■■■). th« number of terms being ,Ci. 
Pinally we have to cboose no x and consequently an A from every factor, 
which can be done In ,C.=1 way ; this gives the last term 
AiA: - ' A,. 
NowuAi = A)=: — =A,=A, we Slid the binomial expansion : 
(« + *)• = «• + , Cia?'-iA + .C»«!«-aA«+ - + .C..iiA"-i + .C.A". 
Shice, by 3 64, 

.Ci = n, .C, = g ^T^) , ... .0.., = n, kC, = 1 

this form agrees with that of g 162. It will now be clear why tha 
binomial coefficients are the numbers of combinations of n elements, 
I, 3, 3, ■■■ at a time. 
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The prool alao shows that the binomial ooefflcients are eqnal In pairs, 
the first being equal to the last, the second to the last but one, etc. 

Finallyit may be noted that, with 31 = 1, A = l we obtain tbefoUowing 
remarkable expres^on lor the «u)n of $lie biaomlai coefficient* ; 
2" = l + .<7i+,C,+ - +.C.. 

EZratCISES 

1. Show that in the eipanBion of (x— ft)" by the binomial theorem the 
signs of the terms are alternately + and — . 

S. If the binomial coeffloients of the flmC, sec- 1 

end, third, fourth, etc., power of a binumlal are ^ 1 

written down as in the horiiontal linea of the i n b i 

adjoining diagram, it will be observed that (ex- 14 6 4 1 

cepting the ones) every figure is the sum of the 1 6 10 10 5 1 

two juat above it. Extend the triangle by this rule 

to the 10th power, and prove the rule (see | 162). Pa»cil'i Tuassu 

S, Expand by tne binomial theorem : 

(a) (X + 2V)*. (6) (^■+|)'- («) (2«-e)». 

(•0 g-g)*- («) i'^ + b + cy. {/) C4*-lrt'- 

iff) il+2x)*-(l-2x)». (A)Cl-«)». (0 (^-j)'- 

W (|-J-l)'- (*)(!-*')•■ (0 (a+6-c-d>». 

4. Write the term indicated : 

(ffl) Fourth term in (a + 6)". (d) Middle term in (xi - f i)">, 

(6) Tourth tena in (a - »)». (e) klh term in (x + ft)-, 

(c) Tenth term in (j? + 4 (,')"■ (/) ftth term in (i - A)-. 
(g) Two middle terms in (a" — 2 6*)». 

(ft) Tennnexttothelartin fa--\" 

5, Show that the sum of the coefficients in the expansion of (x-~h)' ia 
zero when it is an odd integer. 

•. Use the binomial formula to find (a) (1.02)> ; (6) (3,07)*. 
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164. Properties of the General Polynomial Curve. In plob 
ting the curve 

y = a^ + Oja^' + o^"" + - + a, 

observe that {Fig. 58) ; 

(a) the intercept OB on i 
is equal to the constant term a, ; 

(6) the intereepts OAi, 0A„ ■■■on 
the axis Ox are roots of the equation 
y = 0, i.e. 

a^ + ai!e^'+ ■- +a, = 0; 

(o) the abseissBS of the least and greatest ordinates are 
found by solving the equation y' = 0, i.e. (S 150) 

«o„ii^'+ ■•■ +a,_, = 0, 

every real root giving a minimum ordinate if for this root y" 
is positive and a maximum ordinate if y" is negative ; 

(d) the abscissas of the points of inflection are found l^ 
solving the equation y" = 0, (.e. 

n(n-l)atfc-«+ ■- +2a..,=!0, 

every real root of this equation being the absciaaa of a point 
of inflection provided that y"'#0, (If y'" were zero, y' might 
not be a maximum or minimum, and further investigation 
would be necessary.) 

166. Ctttitinuity of Pob^omials. It should also be ob- 
served that the function y = a^pf + a,iir~* + ■■■ + a, ia one- 
valued, real, and finite for every x ; i.e. to every real and finite 
abscissa x belongs one and only one ordinate, and this ordinate is 
real and finite. Moreover, as the first derivative y' = na^af^^ 
+ ••• +a^i is again a polynomial, the slope of the curve is 
everyrhere one-valued and finite. 
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Thus, so-called dinconHnnities of the ordinate (Fig. 59) or ot 
the slope (Fig. 60) cannot occur : the curve ]/ = (i^ + — + a, 
is wniiatMua. 





FiQ. 59 PiO. m 

strictly defined, the continuity of the function 1/0:0^+ — 
+ a, means that, for every value of x, the limit of the fanriion 
is equal to the value of the function. The function y = OoU!" + ••• 
+ a, has one and only one value for any value x^Xi, viz. 
<Vi"+ ■■• +«o- The value of the function for any other 
value of X, say for x^ + ^x, is a,i{xi + ^x)' + — + a, which can 
be written in the form «o^i" + — + a, + terms containing ix 
aa factor. Therefore as Ax approaches zero, the function 
approaches a limit, viz. its value for x^Xy. 

166. &itermediate Values. A continuoua function, in 
varying from any value to any other value, must necessarily 
pass through all intermediate values. Thus, our polynomial 
y = atfif+ ■■• +a^ if it passes from n negative to a positive 
value (or vice versa), must pass through zero. It follows 
from this that between any two ordinates of oppo^te sign (Ae 
curve y = a^' + ■.. + <i„ muat cross the axis Ox at least once. 

It also follows from the continuity of the polynomial and 
its derivatives that between any two intersections with the axis 
Ox there must lie at least one maximum or minimum, and be- 
tween a maximum and a minimum there must lie a point of 
inflection. 

Oi'dinates at particular points can be calculated by the pro- 
cess of S 148. 
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1. Sketch the following curves : 
(a) v=ix-l)(x~2){x-3). (6) 4y = x«-l. (e) 10jt = «». 

(d) 10i, = a!' + 5. (e) iv=(x+2)'(_x-S). if) k=(«-1)*. 

t. When is the curre jf = uoZ* + aia^-' + ■■■ + a, Bjmmetrio with 
respect Ut Og^ 

3. Detennine tlie coefficients ao that the curve y = oox* + oix^ -}- aiK* 
+ nix + ai shall touch Ox at (1, 0) and at (— 1, 0) and pass through 
(0, 1), and sketch the curve. 

4. Find the cooidlnat«s of the maxima, minima, and points of inflec- 
tion and then sketch the curve iy = x^ —2^. 

5. Are the following curves concave upward or downward at the indi- 
cated points? 

(a) Wjf = ieic<-8ic' + l, at3;=-l, -i, 0, 1,3. 

(6) s=4j5-x«, at» = -2,0, 1,8. 

(c) V = af , at an; point ; distinguish the cases when n la a poeitive 
even or odd integer. 

■. What happens to the curves y = ox* and y = ar^ ae a changes? 
Pot eiample, take a = 2, I, \, o, - J, — 1, - 2. 

7. Find the values of x for which the following relations are true : 
(a) a;* -63^ + 9^0. (6) (a- !)«(»*- 4) ^0. 

8. Show that the following curves do not cross the axis Ox outside of 
the intervals lndlcat«d : 

(a) y = x* — 2:^ + ix + 5, between —2 and 2. 
(6) VKsi-Ss' + ejt-S, -SandS. 
(e) j = a«-i« + 3ie-S,0andl. 
(d) y = 3* + 3?-3x + 2, Oandl. 

9. Those curves whose ordinateg represent the values of the first, 
second, eta., derivatives of a given polynomial are called the first, second, 
etc., derived curves. Sketch on the same coordinate axes the folbwing 
onrves and their derived curves : 

(a) 6y=2x'-Sx?-l2x. (6) y = (i- 2)'(i; + I), 

(e) y=(x+l)». (d)2y = x* + 7!'+l. 

10. At what point on Ox must the origin be taken tn order that the 
equation of the curve y = 2x'-Stil' — l2x-6 shall have no term In :^ ? 
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. PART IV. NUMERICAL EQUATIONS 

167. Equations. Roots. In plotting the curves y = arfr" + 
'" + '^•x (S 1^) '^ ^ often desirable to solve equations of the form 

(1) 0^+ - +a. = 0, • 

the coef&oients a^ , a„ — a. being given real numbers and n any 
positive integer. The solution of such numerical equations, 
at least approximately, preaenta itself in many other prot>- 
lema. The roots of the equation (1) are also called the roots, 
or zeros, of the function a^+ — +«,. 

It is understood that Oo ^ since otherwise the equation 
would not be of degree n. We can therefore divide (1) by a^ 
and write the equation in the form 

(2) 3f+p,3f-'+ ..■ +p.=0, 

where Pi^aj/oB, ps =aa/<h! "■ P,='^J'h ^"^^ given real numbers. 

168. Relation of Coefficients to Roots. We here assume 
the fundamental theorem of algebra that eveiy equation of the 
form (2) has at least one root, say x = x^, which may be real or 
imaginary. If we then divide the polynomial 3'"+/>|!i'*~'+ ■■-+?, 
by ic — Xi, we obtain a polynomial of degree u — 1 ; the equation 
of the (ft — l)th degree obtained by equating this polynomial to 
zero must again have at least one root. Proceeding in this 
way, we find that etiery equation of the form (2) Aos n roots, 
which of course may be real or complex, and some of which 
may be equal. It also appears that the equation (2) may be 
written in the form 

(3) (x-x,){x-x,).:(x-x.)=0, 

where x^, Xj, ■■■ «, are the n roots, or performing the multiplica- 
tion {§ 153) : 

(4) a;--(iB, + ...+xj3!-'+(a:,a:,+ -.+3!._,a:,)a!-' + - 

+ (-l)"ai,-«, = 0. 
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Comparing the ooefflcients io (4) with those in (2), we find : 
a!i + ." + a!, = -pi, 
a!iX, + - + x,_^x,=p„ 



«iiBi ■■•!«, =(-i)"p.; 

i.e. if the coefficient of the highest power of a polynomial is 
one, then tlie coeffl^^ient of a;"-', with sign reversed, is equal to 
the sum of the roots; the coefficient of 3f"* is equal to the sum 
of the products of the roots two at a time ; minus the coefficient 
of a?""' ia equal to the sum of the products of the roots three at 
a time, etc. ; plus or mimia the constant term (according as n is 
even or odd) is equal to the product of all the roots. 

1S9. Equations with Integral Coefficients. The results of 
the last article can often be nsed to advantage to find the roots 
of a numerical equation (2) in which all the coefficients p,, ••■ p, 
are integers. We then try to resolve the left-hand member 
into linear factors of the form x~x^; if this can be done, the 
roots are the numbers x^ 

The fact that the constant term p^ in (2) is plus or minus 
the product of the roots can be used in the same case by trying 
to see whether any one of the integral factors of ± p. satisfies 
the equation. 

EXERCISES 

1. Find the toota of ; (a) ^-lx+9=0; (6) i»~2a:>-13i-10=0; 
(c) z*-l=0; (d) I* -73!" -18 = 0; {«) 3fi-5x? -2x +2i = 0. 

1. Form the equation wboae roots ore : (a) 2, — 2, 3 ; (6) — 1, — 1, I ; 
(c) 0, v^, - n/2 ; id) - 1, 1, 1, - j. 

S, For the equation x* -\- p\3? +pit +pg = dstAnnine the ralation 
between the coeEBcients when : (a) two roots are eqoal but opposite in 
sign ; (b) the product of two roots is equal to the square of the third ; 
(e) tUe three roots are equal. 

4, Show that the sum of the n nth roots of an; number [a zero, VfhaX 
about Uie sum of the products of the roois two at a Ume? three ata time? 
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160. Imaginary Roots. In general, the real roots of a 
numerical equation are of courae not integers, nor even rational 
fractiouB, but irrational numbers. In solving sucli an equation 
the object is to find a number of decimal places of each root 
BufBcient for the problem in hand. Methods of approximation 
appropriate for this purpose are given in the following articles. 

The imaginary roots of the equation can be determined by 
somewhat similar, though more laborious, processes. It will 
here suffice to show that imaginary roots always occur in pairs 
of conjugates ; that ia, if an imaginary number a + fiiis a root 
of t?ie equation (J) (with real coeflScients), then the conjugate 
imaginary number a— fiiis a root of the same equation. 

For, substituting a-\-pi for x in (1) and collecting the real 
and pure imaginai7 terms separately, we obtain an equation of 
tlieform A-^Bi = 0, 

where A and B are real ; hence, by 5 116, ^ = and B = 0. 

If, on the other hand, we sabstitute in (1) « — y3i for x, the 
result must be the same except that t is replaced by — i ; we 
find theretoi'e A — Bi=^(i, and this ia satisfied if A = and 
5 = 0, i.e. if a + pi is a root. 

It follows in particular that a cubic equation always has at 
least one real root. Indeed, in the case of the cubic equation, 
only two cases are possible : (a) the equation has three real 
roots, which may of course be all different, or two equal but 
different from the third, or all three equal ; (6) the equation 
has one real and two conjugate imaginary roots. 

161. Methods of Approximation for Real Roots. If a good 
sketch of the curve y = aoar"+ ■•■ +a, were given, we could 
obtain approximate values of the real roots of the equation 

o*c" + — +a„ = 
by measuriug the intercepts OA^ OA^ etc., made by the ouita 
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on the axis Ox (§ 154). If the curve is not given, we caloulate 
a number of ordinates for various values of x until we find 
two ordinates of opposite sign ; we know (g 156) that the curve 
must cross the axis Ox between these ordinates, and therefore 
at least one real root of the equation must lie between the 
abscissas, say Xi and Xt, whose ordinates are of opposite sign. 

We can next contract the interval in which the root lies by 
calculating intermediate ordinates. By this process a root 
can be calculated to any desired degree of accuracy. But the 
process is rather long and laborious. The calculation of the 
ordinates is best performed by the process of g 148. 



1$2. Interpolatioti. If the interval within which the root 
has been confined is smfdl, we can obtain, without calculating 
further ordinates, a further approximation to the root by 
replacing the curve iu the interval by its secant, and finding 
its intersection with the axis Ox. 

Suppose (Fig. 61) that we have 
found that a root lies between 
OQ, = xj and OQt = Xt, the ordi- 
nates Q,Pj = y, and QiP^ = 
of opposite sign. Then Xi is & first ; 
approximation to the root x\ and 
if Qi and Qj lie close together, the 
intercept OQ made by the secant 

P^P. on the axis Oa: is a second approximation. Let us 
calculate the correction Q,Q = h which must be added to 
the first approximation x, to obtain the second approximation 

l»!l-|-A. 

The figure shows that Q,Q/HPi = P,Qi/PiR, i-e. 
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hence the correction k is 

. (c, — x. Ax 

k = - 13-^^ y, = - —y,. 

Thia procBBs, which is the aame as that used in interpolating 
in a table of logarithms, ia known as the regvla faisi, or nile 
of false position. 



163. Tangent Method. Another metbod for finding a co 
coosUts In using tUe intercept made on the oxiB Ox not by the secant but 
by the tangent to the curve at Pg. 

The correction QiQ' = k ia found 
(Fig. 61) from the triangle Pi^i^', in ' 
which the tangent of the angle at ^ Is ' 
equal to the value ol the deriTalive yi' 
at F\. This triangle gives 



= PiSi = 



hence ^=~'^r Fig. 61 

Find by tbU method tbe roots ofzs-3x+l = 0. 

164. Newton's Method of ^prcniination. After finding) 
by § 161, a first approximation is, to a toot of the equation 

(1) a^ + a,af-' + - +a. = 0, 

transfer the origin to the point (x,, 0). Thus (Pig- 62), if a 
root lies between 3 and 4, tranaform the y 
equation to (3, 0) as origin, by replacing 
ic by 3+ A. An expeditious process for 
finding the new equation in h, say 



(2) 6oft" + 6iA"-' + ■■ . + ft, = 0, 
will he given in §§ 165-167. 



A-^ 
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As A ia a proper fraction, its higher powers will be small, 
so that an approximate value of k can be obtained from the 
linear terms, i.e. by solving 6,_,A +6, = 0, which gives h ap- 
proximately = — b^l b^_y Hence we put 

(3) A = -A +fc, 

where k is a stil! smaller proper fraction. If the approxima- 
tion obtained from the linear terms should be too rough, we 
may find a better approximation of h by solving the quadratic 
K-ih^+K-ih + b, = (i. 
We next substitute the value (3) of k in (2) and proceed in 
the same way with the equation in ft. The process can be 
repeated aa often as desired ; the last division can be carried 
to about aa many more significant figures as have been obtained 
before. The example io % 168 will beat explain the work. 

165. Remainder Theorem, if ti. poiyDomiai /(«) = oox" + 
Oja*-! + ... + a, 0/ d^ree n be divided by x'—h, there ia obtained in 
general a quotient §, which ia a polynomial ol degree » — 1, and a re- 
mainder B : 

For a = A the last equation giTeB/{R) =B; i.e. the ealue of the poly- 
nomial for any partieular value h of x ie equal to the remait>der S ob- 
taified upon dividing the polynomial by x— h: 

/CA) =a^' + — + an = B. 

Thia proposition is known as the remainder theorem. 

166. Syntlietic Division. As an example let us divide 

/(a;) = 2K«-8K«-123; + 5 
hjx — S. By any method ne obtain the following result : 



-12» + 5_ 
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The elementary method is as folb'ws ; 



-4 

This process can be notably shortened : 

(a) As the dividend is a polynomial, it can be indicated suffldentlf by 
writing down its coefficients only, an; missing term being supplied by a 
MTO : 2 - 8 - 12 5 

(6) As z in the divisor has the coefBcient 1, the flist terms of the 
partial products need not be written ; the second terms it is more con- 
venient to change in sign ; in other words, iustead of multiplying by — 3 
and subtracting, multiply by + 3 and add. 

The whole catculallou then reduces to the following scheme : 
2-8-12 618 



This is the same scheme as tliat in § 148. But it shoold tw obaerred 
that this method, known as lyHfhttk divisitm, gives not only the remain- 
der — 4, i.e. /(8), but also the coefficients 2, S, — 8 of the quotient. 

167. CaIculati(mof/(a;i -l-fc). if in/(x)=a(«"+ ■■ + a,wesub- 
atitute X = xi + ft, we find : 

Expanding the powers of Zi + A by the binomial theorem and arrang- 
ing in descending powers of A we obtain a result of the form 

f(z) =/(a:i+A)=6oft" + ''iA"-'+ - + 6-iA -H 6.. 

To find the coefflcienla \, h,,-- b„ ot this eipansion of /(n + A) in 
powers of A obeerre that as ft = x — Xi we have 
/W =/{*! + A) = hlx~xi)' + 6i(i- ii)"-' + - + Vi(a: - ii) + K- 

The last term, J,, Is therefore the remainder obtained upon dividing 
/(x) by a; — X] ; it Is best found by synthetic division {§ 196). The quo- 
tient obtained upon dividing f{x) by x — x^ is evidently 6, (x — ari)""' 
+ bi(x — ii)"-* + ■■■ + 6,_i ; the last term, 6,_i, can again be obtained 
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M the reminder upon division b; x— x^. Prooeediiig in thla way all 

tbe coefflcienta b„, &,_), ■- di, 60 '^^'> ^ loimd. 
For tbe example ot g 166 we have 



2 


- 8 


-12 


6| 







9 




2 


3 


-8 


-4 




6 


27 





1*8 result is: /t8 + A)=2A'+16ft» + 24A-4. 

168. Example. The roots of the equaUon 

2a^-33^-12j! + 6=0 
ara readily found to lie between —3 and —2, and 1, 8 and i. To 
calculate the last of these we find by transferring the origin to the point 
(8, 0) the following equation for the correction h to the first approxima- 
tion, which is 8 (SI67) : 

aA«+.16A» + 24fc-4 = 0. 
The linear terms give A = 1/6 = O.IT; as the quadratic term, 16 h', Is 
about 0.42 and 1/34 of this is 0.02, a somewhat better approxlmaUon is 
A = 0.16. Subfltituting 

A = 0.15 + Ai, 
iMftl^i 2 15 24 -4 

0.30 2.296 3.94426 



2 16.90 
Hence the equation for hi is 

2 ki» + 16.90 Ai* + 28.686 hi - 0.06676 = 0. 
The linear terms give j^^ ^ 0,001847. 

As the quadratic term can influence only the 0th decimal place, vre can 
certainly take h, = 0.00195 and thus find the root 3. 16196. 
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169. Negfttive Roots. To find a. mgatiTe root replace x by - x 
in tbe 0veii equation, i.e. reflect the cnrro in the axis Og. 

To find a, root greater than 10 replace x by 10 z, or iOOe, etc.. In the 
^ven eqaatlon, and calculate i. 

170. Homer's ProceSB. W.G. Homer's method Ue«ienUally the 
aame as Newton's, inasmucli as It consists in moving the origin closer 
and closer up to the root. But it calculates each significant figure 
separately. Thus, for the example of § 166 we should proceed aa fdlowsi 

As in ;§ 167, 168, we diminish the roots of the equation 
2a:*-8i«-12a; + 6 = 
by S so that the equation (aa there shown) takes the form 

2i» + 16(i? + 24 35-4 = 0. 
The left-hand member changes tign between 0,1 and 0.2. We more Ukeifr 
fore tlie Oiri^ through 0,1 to the riglit : 



2 1&.4 27.06 

.2_ 

2 15.6 
The new equation is 2 z» + 16.6 a? + 27.06 1 - 1.448 = 0. 

The left-hand member cliaugeB sign between 0.06 and 0.06 ; tkvoe we 
move the origin through 0.06 : 

2 16.6 27.06 -1.448 

.10 .765 1.39226 
2 16.70 27.846 -0.06676 ■ 

.10 .790 
2 15.30 26.035 

.10 
2 15.00 
The new equation is 2 x" + 16.90 x» + 28.636 x - 0.06675 = 0. 

We can evidently go on in the same way finding more decimal places. 
It should not be forgotten (£ 161) that after finding a number of significant 
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figures in this na;, about as many more can be ionnA b; simple dlTision. 
Thus, we have found x = 3.16 •■• ; the linear terms of the iMt equation 
give tlie oorrection 0.00195, so that x = 3.16196. 

EXERCISES 

1. Elnd: (a) the cube root of 67; (b) the fourth root of 19 ; (e) the 
fiftii root of 7, to seven significanC figures, and check by logarithms. 

S. Newton used bis method to approximate the positive root of 
xi — 2z — 6=0; find this root to eight significant figures. 

a. Find, to five significant flguies, the mot of the equation 
3* + 2.78 x' - 0.375. 

t. Find the coordinates of tbe IntersectlonB of the mure y 
= (z-l)'{«+2)withthelhie8i Ca)^ = 3i {b) y=i =^+1; {e) ii=ix-i. 

5. After cutting oS slices of thickness 1 in., 1 in., 2 in., parallel to 
three perpendicular faces of a cube, tbe volume is 8 cu. in. What waa 
the length of an edge of tbe cube ? 

6. Find tbe radius of that sphere whose volume Is decreased 60% 
when the radius is decreased 2 ft. 

7. For what values of k wiU tbe lines kx + y + 2 = 0, x + ky— 1 = 0, 
2x~ V + k — paas through a common point ? 

8. For what values of ifc are the following equations satisfied t^ other 
values of x,y,x,a than 0, 0, 0, 0? kx + 2y + z -Sw = 0, 2x +3e]/ + a 
-10 = 0, a!-2y + A*+w = 0, «+7y~z + iw = 0. 

9. A buoy composed of a cone of altitude It. surmounted by a 
hemisphere with tbe same base when submerged displaces a volume of 
water equal to a sphere of radius 6 ft. Find the radius of the buoy. 

10. Find, to four dgnifloant figures, the coordinates of the intersections 
of the parabolas p + a^ = 7, a; + v* = 11, Ei. 13, p. 138. 

H. By applying Kewton's method (§ 164) to l»th coordinate axes 
simultaneously, find that intersection of the parabolas x^ — f = 4 and 
2 + y* = 3 which lies in the first quadrant. 

Vt. The segment cut out of a sphere of radius a by a plane through 
its center and a parallel plane at the distance x from it has a volume 
= TX(_<fi — \ 3?) \ at what distance from its base must a hemisphere he 
cut by a plane parallel to the base to bisect tbe volume of the hemlsphera ? 
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171. EjqKUSion of f(x + h). The solution of nameiical equa- 
tions is based on tbe fandamentaJ fact (§ 167) tliat if /(x) is a poly- 
nomial, then /(Xi f h) can be expressed as a polynomial of the same 
degree in h, and the coefBcients A^, A^, ■■■ A^ of this polynomial can be 
caloulated. Thna, for 

f(x) =a^ + a,^ + a^ + a^ + (I4 
we have ; 

/(!,+ A) s do (xi + hy + ai (ii + h)" + a, (n + hy+ Oj (ii + A) + a, 
= ao^i* + oixi' + oixi' + aiXi + <n 
+ (4 agti^ + 3 aiXi' + 2 ajBi + a,)h 
+ (8 aoSi^ + 3 aiXi + (ia)A' 
+(40011 +ai)A» 
+ a«A*- 
Now this pTOOesB is closely connected with that of Buding the auccesslTO 
deriTatives of the polynomial. Thus ^e have for 

/(z) = (Hfe* + Oiar" + 02*" + a^ + at 
the deriTallTes : 

/'(*) = 4 ao3^ + 3 ai«" + 2 ajo; + OB, 
/"(i) = 12 oox^ + 6 a,a. + 2 OS, 
/"'(i) = 24ao3; + aai, 
/>'ix)=2ia„ 
all higher derivatives being zero. If in these expressions we pot x=sdi 
and then multiply them respecUvely by 1,A, A'/^l, h'/Sl, h*/il, and 
add, we And precisely the above expression for /(X| + h); hence we have: 

/(aM + h:,=f(x,}+f' (arOft +^-^^' 

whenever /(a;) is a polynomial of degree 4. 

It can be proved in the same way that for a polynomial of degree n 

/(xi + h) =/(a:,)+/'C*i)fi+^^A»+ - +-^^^ ft". 

This formula is a particular case of a general proposition of the diffeiv 
ential calculus, known as Taylor's theorem. It shows that the value 0/ a 
polynomial for any value x = xi + h can be found if we tnoio the value of 
the polynomial itself and of all itt n derivatives for some particulat 
V(Uue Xi ofx. This propeity is characteristic tor potynoinials. 
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THE PARABOLA 

172. Tbe Parabola. The parabola can be defined as the 
locus of a point whose distance from, a fixed point is equal to its 
distance from a fixed line. The fixed point is called the/ocws, 
the fixed line the directrix, of the parabola. 

Let F (Fig. 63) be the fixed point, d the fixed line; then 
every point P of the" parabola must satisfy 
the condition 

FP = PQ, 

Q being the foot of the perpendicular from 
P to d. Let us take F as origin, or pole, and 
the perpendicular FD from F to the directrix 
as polar axis, and let the given distance FD 
= 2a. Then FP=rnni PQ = 2 a -rco3<t>. 
The condition FP=PQ becomes therefore 
i,e, r = 2 a — r cos ^, 

m 




Fid. 63 



2a 



l + cm^ 

This equation, which expresses the radius vector of P as Ei 
function of the vectorial angle 0, is the polar equation of the 
parabola, when the focus is taJcen as pole and the perpendicular 
from, thefocnts to the directrix as polar oaiis. 

173' Polar Coiistruction of Parabolas. By means of the 
equation (1) the parabola can be plotted by points. Thus, for 
(^ = we find r = a as intercept on the polar axis. As <^ 
increases from the value 0, r continually increases, reaching 

168 
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the value 2d for <fi — ^jr, and becoming infinito as ^ ap- 
preaches the value tt. 

For any negative value of ^ (between and — >■) the radius 
vector has the same length as for the corresponding positive 
value of ^ ; this means that the parabola is Byinmetric with 
respect to the polar axis. 

The intersection A of the curve with its axis of symmetry 
is called the vertex, and the axis of 
symmetry FA the axis, of the parab- 
ola. The segment BB' cut off by 
the parabola on the perpendicular to 
the a.xis drawn through the focus is 
called the latus rectum; its length 
is 4 a, if 2 a is the distance between 
focus and directrix. Notice also that 
the vertex A bisects this distance 
FD so that the distance between focus ^°- ^ 

and vertex as well as that between vertex and directrix is a. 

In Fig. 63 the polar axis is taken positive in the sense from 
the pole toward the directrix. If the sense from the directrix 
to the pole is taken as positive (Fig. 64), we have again with 
F as pole FP= r, but the distance of P from the directrix is 
2 a + r cos ^ so that the polar equation is now 

We have assumed a aa a positive number, 2 a denoting the 
absolute value of the distance between the fixed point (focus) 
and the fixed line (directrix). The radius vector r is then 
always positive. But the equations (1) and (2) still represent 
parabolas if a is a negative number, viz. (1) the parabola of 
Fig. 64, (2) the parabola of Fig. 63, tlie radius vector r being 
negative (§ 16). 
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Fro. 60 
thus be traced, 



174. Mechanical Construction. A meobanism for tracing 

an arc of a parabola consists of a right- 
angled triangle (shaded in Fig. 65), one of 
whose sides is applied to the directrix. 
At a point R of the other side RQ a 
strii^ of length RQ is attached ; the other 
end of the string is attached at the focus 
F. As the triangle slides along the di- 
rectrix, the string is kept taut by means 
of a pencil at P which ttaces the parabola. 
Of course, only a poi-tion of the parabola 
since the curve extends to infinity. 

176. Transfonoation to Cartesian Coordinates. To obtain 

the cartesian equation of tbe parabola let the origin be taken 
at the veri^x, i.e. midway between the fixed line and fixed 
point, and the axis Ox along the axis of the parabola, positive 
in the sense from vertex to focus (Fig- 66). Then the focus 
^has the coordinates a, 0, aud the equation of the directrix is 
x = —a. The distance FP of any point 
P{x, y) of the parabola from the focus is 
therefore V(a' — a)' -|- y', and the dis- 
tance QP of P from the directrix is 
a + x. Hence the equation is 

ix-ay + y^={a-\-xy, 
which reduces at once to 
.(3) y» = 4:aas. Fra, 66 

This then is the cartesian equation of the parabola referred 
to vertex and axis, i.e. when the vertex is taken as origin and 
the axis of the parabola (from vertex toward focus) as axis Ox. 

Notice that the ordinate at the focus (a, 0) is of length 2a; 
the double ordinate B'B at the focus is tbe latus rectum (§ 173). 
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176. Negative Values of a. In the last article the constant 
a waa t^ain regarded as poaitive ; but (compare § 173) the equa- 
tion (3) still represents a parabola when a is a negative number, 
the only difference being that in this case the parabola turns ita 
opening in the negative sense of the axis Ox (toward the left 
in Fig. 66). Thusthe parabolas y'=4aa: and y'=— 4 oa; are sym- 
metric to each other with respect to the axis Oy (Ex. 14, p. 138). 

The equation (3) is very convenient for plotting a parabola 
try points. Sketch, with respect to the same axes, the parab- 
olas: y* = lQx,y' = — 16x,y' = x,t/' = — x,y*=3x,i^ = — ix. 

177. Axis Vertical The equation 
(4) a? = 4 ay, 

which differs from (3) merely by the interchange of x and y, 
evidently represents a parabola whose vertex lies at the origin 
and whose axis coincides with the axis Oy. The parabolas (3) 
and (4) are each the reflection of the other in the line y =x 
(Ex. 14, p. 138). The equation (4) can be written in the form 



As 1/4 a may be any constant, this is the equation discussed in 
§132. 

178. New Origin. An equation of the form (Fig. 67) 
(6) (y-ft)' = 4a(^_A), 



^^- 



-^4-^- 



or of the form (Fig. 68) 

C8) (ai-A)» = 4a(y-fc), 
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evidently represents a parabola "whose vertex is the point (A, k), 
while the axis is in the former case parallel to Ox, in the latter 
to Oy. For, by taking the point (ft, k) as new origin we can 
reduce these equations to the forms (3), (4), respectively. 

The parabola (5) turns its opening to the right or left, the 
parabola (6) upward or downward, according as 4 a is positive 
or negative. 

179. General Equation. The equations (5), (6) as well as 
the equations (3), (4) are of the second degree. Now the 
general equation of the second degree (S 79), 

A^+2Hxy + By* + 2 6x + 2Fg + C=0, 
can be reduced to one of the forms (5), (6) if it contains no 
term in try and only one of the terms in a^ and y\ i.e. it H = 
and either ^ or S is =0. This reduction is performed (as in 
S 80) by completing the square in ^ or a: according as the equa- 
tion contains the term in y* or ie*. 

Thus any eqiialion of the aeamd degree, containing no term in 
xy and only one of the squares x', y\ represent a parabola, whose 
vertex is found by completing the square and whose axis is 
parallel to one of the axes of coordinates. 

EZESCISBS 
1. Sketch the following parabolaa : 

t. Sketch the following curves and find their interaeotions : 
(o) r = 8eo.», r = j— i^. (S) r - a, r - j-j-2^ 

(c), = 4c<.,,r=j-J^. (d),c„„=2., r = j-^. 

I. Sketch the loDoning paraboliu : 
(a) {K-2)» = 8C:r-5). (ft) (a + 8)= = 5(3 - v)- 

(6) x» =6Cjp + 1). (d) (V + 3)» =-3x. 
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4. Sketch each of the following panbolu and And the coordinates of 
the vertex and focus, and the equations of the directrix and axis : 

Co)*"-2»-3i-2=0. {6)a? + 4i-4y = 0. 

(c) *"-4»: + 3* + l =0. (if) 3«»-6*-y = 0. 

(e) 8i^-I8( + x + a = 0. {/) y> + v + a=0. 

(g) tf-(r-Sp + 4=0. (A) 8y»-8a; + 8=0. 

5. Sketch ttie following loci and flad their intersections : 

(n) y = 2x, y = ^. (6) ff» = 4ai, ^ + y = 3a. 

(e) v* = a! + 3, s« = 6-a!. (d) j/»4-4a!+4=0, 3? + i^^A\. 

%. Sketch the parabolas with the following lines and points as direc- 
trioea and foci, and find their eqnations: 

(o) 1-4=0, (6,-2). (6) » + 3 = 0, (0,0). 

(c) 33! + 5 = 0, (0, -1). (if) 1 = 0, (2, -3). 

(«)Sv~l = 0, (-2, 1). (/)a:-2a = 0, (a, 6). 

T. Find the parabola, with axis parallel to Ox, and passing through 
the points : 

(a) (1, 0), (6, 4), (10, - 8). (6) (J^, - 5), (f, 0), (f - 3). 

(c) (-1,5), (8,1), (ijt.O). 

8. Find the parabola, with axis parallel to Oy, and passing through 
the points i 

(«) (0, 0), (- 2, 1), (6, 9). (6) (1, 4), (4, - 1), (- S, 20). 

(c) (-2,1), (2, -7), (-8,-2). 

9. Find the parabola whose directrix is the line 3x — 4y— l0 = 
and whose focua is: (a) at the origin; (6) at (6, —2). Sketch each of 
these parabolas. When does the equation ol a parabola contain an xf 
term? 

10. Find the parabolas with the following points as vertices and foci 
(two solutions) : 

(a) (- 3, 2), (- 8, 5). (6) (2, 5), (- 1, 6). 

(0) (- 1, - 1), (1, - 1). (A) (0, 0), (0, - a). 

It, Show that the area of a triangle whose vertices Pi (Xj, yi), 
Pt (x>, V%)\ P) (^ • V>) ^Te on the parabola ^ = i ax, may b' 
by the determinant 

1 I"''"' M 1 
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U. The area A oil, cross-section of a sphere of radins B, at & dislauoe 
h from the surface, is given by the formula 

A~2Bh-h', h<B. 

Reduce this eqii&tiou U> standard form A = kh\ where A and h dlSer 
from A aud h by couatants. What is the meaning of A and A ? 

13. Shov that If the area A of (he cross-section of any solid perpen- 
dicular to a line I, at a distance h from any fixed point P in J, ia a quad- 
ratic function of h : 

A = ah' + hh + e; 
another point Q in I szisU, snob that 

! = *?. 
where h denotes the distance from Q and A difters from .^ by a constant. 
U. If s denotes the distance (in feet) from a point F in the line 
of motion of a falling body, at a time t (in seconds), 

* - "0 - J P (( - (»)*■ 
where ff la the gravitational constant (32.2 approximately) and s, la the 
distance from P at the time fg, show that this equation can lie pat In 
the standard form 

where « denotes the distance from some other fixed point In the line of 
motion and t^is the time since the body was at that point. 

U. The melting point t (In degrees Centigrade) of an alloy of lead and 
zinc is foand to be 

( = 133+.e76a; + .01126a?, 
where x is the percentage of lead in the alloy. Reduce the equation to 
standard form Iskx ; and show that x = x~ h, ( = (—4, where h is 
the percentage of lead that gives the lowest melting point, and k is the 
temperature at which tiiat alloy melts. 

16. Show that the locus of the center of the circle which passes 
throogh a fixed point and is tangent to a fixed line is a parabola, 

17. Show tbat the locus of the center of a circle which is tangent to a 
fixed lino and a fixed circle is a parabola. Find the directrix of this 
parabola. 

18. Write In determinant form the eqnation of the parabola through 
three given points, Pi(i:i, Vi), Pi(Xi, y{), Pt(xi, yt) vith a;^ parallel 
(0 a ooordinate axis. 
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180. Slope of ttie Parabola. The jA>^« tan a of the parabola 
y* = 4a3; 
at any point P(x, y) (Fig. 69) can be found (comp. S 137) by 
fitst detecmining the slope 

tana, = ^i^-2 

Xl — X 

of the secant PPi, and then letting 

-Pi(*ii Vi) move along the curve up 

to the point P(x, y). Now as Pi 

oomeB to coincide with P, x^ becomes 

equal to ;:;, and y, equal to y, so-that - 

the expression for tan a, loses its 

meaning. But observing that P and 

Pi lie on the parabola, we have ^ — iax and y^ = iaxi, and 

hence y,* — ^ = ia(xi — x). Substituting from this relation 

the value of x, — m in the above expression for tan Oi, we find 

for the slope of the secant : 

If we now let P, come to coincidence with P so that yi becomes 
= y, we find for the slope of the tangent at P(x, y) : 

(7) tana = ^. 

This slope of the tangent at P is also called the dope of the 
parabola at P. The ordinate y of the parabola is a function of 
the abscissa x; and the slope of the parabola at P(!b, y) is the 
, rate at which y increases with increasing a; at P; in other words, 
it is the derivative y' of y with respect to x (compare S 138). 

As by the equation of the parabola we have y = ± 2 Va^ we 
End: 
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^4- 



The double sign in the last expression corresponds to tbe fact 
that to a given value of x belong two points of the curve with 
equal and opposite slopes. 

181. Explicit and Implicit Functions. The reauic juat obtained 
that wben y* = 4 ox then tbe derivative at y with respect to x la 

can be derived more easUj by tbe generftl method ol the dlSerentJal cal- 
culoB. This requires, boirever, some prelimiuar; explanationg. 

In tbe cases in nhiob we baie prevloualy determined the derivative y' 
of a tuDction j/otx this lunction was given ex^kitly ; i.e. the equation be- 
tween X and y that represents the carve was given solved for y, in the 
liiT\ay=Jlx). 

Our present equation of tbe paratK>1a, ^' ^ 4 ox, ia not solved for y 
(though it could readily be solved lor y by writing it in the form 
y = ± 2-t/ax) ; tbe same is true of tbe equation ot the circle ^ + p' = a% 
or mare generally z'4-y' + ax + bfr + C = 0, and also ottbe general equa- 
tion ol the second degree (§ 'i'i),A3?+2Sj^+By^+2Gx + 2Fs+0=f). 
Soch equations in z and y, whether they can be solved for y or not, are 
said to give y in^idUv as a function of x. For, to anj particular value 
of X we can find from such an equation tbe corresponding values of x 
(there may be several values ; and thej may be real or imaginary). Thus, 
any equation between x and y, of mhatever form, determines y a»a func- 
tion ofx. 

182. Derivatives of Implicit Functions. The differential cal- 
culus shows that to find the derivative y' of a function y given implicitly 
by an equation between x and y we have only to differentiate this equation 
with respect to x, i.e. to find tbe derivative of each t«rm, remembeiing 
that V is a function of x. To do this in the simple cases with which we 
shall have to deal we need only tlie following two propositions {A) and 
(B), §S 183, 184. 
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183. (A) Derivative <si a Ftmcticm U a Fimctioa ff u u a 

function of j/, and y a function of x, the derivative of u with retpect to x 
U the product of the derivattoe of a with reject to y into the dtrivalive y" 
ofy with respect to x. 

For, as u IB a fanctiifn of y which itaeU is a function of x, u Is also 
a function oi ». Ha, be increased by Ax, y will receive an increment Ap 
and t( ati increment Au. We want to find the derivative of u with respect 
b> X, i.e. the limit of Au/Ax an Ax approaches zero. Ilow we can put 

Aa_ Au Ag . 

Ax Air Ax' 
the limit of the first factor, Au/Ay, is the derivative of u with respect to 
y, whUe the limit of the second factor, Ap/Ax, Is the derivative y'ofy 
with respect to x. 

Thus, if w = p", we know (§ 161) that the derivative of « with retpeel 
to y is = HI)"''' ^"^ if u = y", and y is a function of x, we can also find 
the derivative of u with respect to x; by tlie proposition (^A) it is 
ny-''[f'. For example, suppose that « = ^, where y = x* — Zx, so 
that u = (x* — 3 x)'. Then the ji-derivative of « ia 8 ^ ; but the x-de- 
rivative of « is 3 i/i . j' = 3 y'{2 « - 3) = 3(x* - 3x)=(2x- 3). This can 
readily be veriQed by expanding (x'^ — 8z)< and differentiating tJie reanlt- 
ing polynomial in the usual way (g 150). 

184. (B) Derivative of a Product if u and v are function of x, 
the derivative of ub is u times the derivative of vplnt v times the deriva- 
tite of u ; 

derivative of uo = us' + eu'. 

For, putting uv = y, we have to find the limit of A^/Ax. When x is in- 
creased by Ax, u receives an increment Au, v an increment &v, and the 
in(a«ment A^ of y is therefore 

Aj = (u + iu)(i> + Ad) — u« ; 
dividing by Ax, we find 

^ _ (" + Au) (v + Ap) — uv _ Ao . Au . Au . 

Ax Ax Ax Ax Ax ' 

In the limit. Ay /Ax becomes y', An/Ax becomes v'; A n/A:(; becomes u', 
and the last term vanishes because its factor Af becomes zero. Hence ; 
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185. Computatioii of Derivatiyes of Implicit Functions. 

We are now prepared to find the derivative of y when y is given im- 
plicitly aa a function oi x by the equation jf' = tax. We have only 
to differentiate this equation with respect lo z, i.e. find the x-derivative 
of each t«rm, remembering that V ia a function of x. Tho term j^, aa 
afunction of a function, gives 2^-^'; the term iax gives 4a; hence 
we find 





2yy' = ia, vfhence v' = — , 


ae in § 180. 


Similarly, t 


re find by ditferentiating ihe equation of the circle 




a;" + y^= rf" 


that 


2x + 2yy'=0, 


whence 


y'=-T.' 



i.e. the slope of the oirole x' + y'' = a'' at an; point P{x, y) is miuns the 
reciprocal of the slope of the radius through P. 

If J/ is given implicitly as a function of x by the equation 
x^ + 6a!ff = 12, 
which, as we shall see later, represents a hyperbola, we find the derivative 
of y, i.e. the stope of the hyperbola, by differentiating the equation and 
applying to the second term the proposition (K] : 

2x + &x-y' + y-6=0, 
whence ^ ^_6 y + S^ ^_g_2 

EXERCISES 
1. Find the derivative of u with respect to x for the following 

fonctJOQS : 

(a) o = V*i when p = 3 x — 5. (6) ti = j'44 y, when y=x*—2 x. 

(c) ii=2v'— 3i(*,when p=a:*+a;. (d) u= is' — j, when y = s». 

S. Find the elope of the following parabolas at the point P(x, y) •■ 

(a) ^ = hx. (6) i/'-6y + 6a;+4 = 0. (c) 3:^ = 4z-6 

S. Find y' for the following products : 

(«) jsl-C^ + Si). (S) i,..(. + S)(.-6). 

(c) If = (I -«)(«-»)(.-«). (i) ,= (.-8)(2. + l). 
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A. Find the slope at the point P(x, g) for eaoh of the foUowing didea 
by differentiation ; compare the results with {{ 88, 89 : 

(a) 3fl + ^=n. (6) i? + i/^ + ax + bs + e = fl. 

(c) Jaf + Jv' + 2ffi; + 2JV+C = 0. 

8. Find the alape g' far each of tlie following curres at the point 
P(,x,g): 

(a) xg = a'. (b) x^-6x + i = 0. 

ie) A:^ + 2my + B^ + 20x + 2Fs+ C = 0. 

186. Equation of the Tangent. As the slope of the 
parabola w^ = 4 aai 

at the point P(x, y) is 2 a/if (§§ 180-185), the equation of the 
tangent at this point is 

where X, Y are the coordinates of any point of the tangent, 
while X, y are the coordinates of the point of contact. This 
equation can be aimpUfied by multiplying both sides by y 
and observing that j/* = 4 aa; ; we thus find 
<9) yY=2a(x+X). 

Notice that (as in the case of the circle, § 89) the equation 
of the tangent is obtained from the equation of the curve, 
y* = 4 aa:, by replacing y* by y I", 2 a: by !C + X. 

The segment TP (Fig. 70) of the tangent from its inteiseo- 
tion T with the axis of the 
parabola to the point of contact 
P is called the len^h of the 
tangent at P; the projection TQ 
of this segment TP on the axis 
of the parabola ia called the 
subtangent at P. Now, with ^o- ™ 

r=0, equation (9) gives X=~x, i.e. T0= OQ; hence Oie 
subtcmgent ia bisected by the vertex. This famishes a simple 
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eoQstructioa for the tangent at any poivt P of the parabola U 
the axis and vertex of the parabola are known. 

187. Equation of Uie Nonnal. The normal at a point P 
of any plane curve is defined as the perpendicular to the tan- 
gent through the point of contact. 

The slope of the normal is therefore (§ 27) minus the recip- 
rocal of that of the tangent. Hence the equation of the nornuU 
to the parabola is : 

■ J'-s'=-^(X-«), 

that is: 

(10) yX+2ar={2a + x)y. 

The segment P2f of the normal from the point P{x, tf) 
on the curve to the intersection Not the normal with the axis 
of t^e parabola is called the leiigth of the normal at P; the 
projection Q2foi this segment PNon the axis of the parabola 
is called the subnormal at P. 

Now, with Y=0, equation (10) gives X=2a-H!<!, and as 
x^OQ, it follows that QN'=2a; i.e. the subnormal of tJte 
parabola is constant, viz. equal to half the latus rectum. 

188. Intersections of a Line and a Parabola. The inter- 
sections of the parabola 

with the straight line 

T/ = mx + b 
are found by substituting the value of y from the latter in the 
former equation : 

(■ma! 4- 6)* = 4 ax, 



mV + 2(mb -2 a)x + b' = 0. 
The roots of this quadratic in x are the abscissas of the 
points of intersection ; the ordinates are then found from 
y = mx + b. 
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It thus appears that a straight Hue cannot intersect a parabola 
in more than two points. If the roots are iina^nary, the line 
does not meet the parabola ; if they are real and equal, the 
line has but one point in common with the parabola and is 
a tangent to the parabola (provided m ^ 0). 

189. Slope Equation of the Tangent. The condition for 
equal roots is 

(bm-2af = IAn\ 
which reduces to 



The point that the line of this slope has in common vith the 
parabola is then found to have the coordinates 

m* a 

As the slope of the parabola at any point (x, y) is (§ 180) 
^ = 2a/y, the slope at the point just found is y' = a/6 ■=»»; 
i.e. the slope of the parabola is the same as that of the line 
y = mx + b; this line is therefore a tangent. Thus, the line 

(11) y = ma + - 

is tangent to the parabola if = iax whatever the value of m. 

This may be called the dope-form, of the equation of the tangent. 
Equation (11) can also be deduced from the equation (9), by 
putting 2 a/y ^ m and observing that y' = 4 ax. 

190. Slope Equation of tlie Normal. The equation (10) of 
the normal can be written in the form 

or since by the equation (3) of the parabola x = y'/4 a : 
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If we denote by n the slope of this normal, we have: 

so that the .equation of the aormal assumes the form 

(12) . Y^nX-2an- an*. 

This may be called the' slope-form of the equation of the normal. 

191. Tangents from an Exterior Point. The slope-form 
(11) of the tangent shows that from any poht {x, y) of the plane 
not more than two tangents can be drawn to the parabola y*=i ax. 
For, the slopes of these tangents are found by substitating in 
(11) for X, y the coordinates of the given point and solving the 
resulting quadratic in m. This quadratic may have real and 
different, real and equal, or complex roots. 

Those points of the plane for which the roots are real and 
different are said to lie outside the parabola ; those points for 
which the roots are imaginary are said to lie u^Ain the parab- 
ola; those points for which the roots are equal lie <m the 
parabola. 

The quadratic in nt can be written 

xm^ — ym + a = 0, 
so that the discriminant is j' — 4 ax. Therefore a poiiU (x, y) 
of the plane lien within, on, or outside the parabola according as 
^^iaxis less than, equat to, or greater than zero. 

Similarly, the slope-form (12) of the normal shows that jwrf 
more than three norm^s can be drawn from any point of the 
plane to the parabola, since the equation (12) is a cubic for n 
when the coordinates of any point of tfae plane are substituted 
for X, T. As a cubic has always at least one real root (§ 160), 
there always exists one normal through a given point; but 
there may be two or three. 
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192. Geometric PropertieB. Let the tangent and Dormal 
at P (Fig. 71) meet the axis at T, N; let Q be the foot of the 
perpendicular from P to 
the axis, D that of the per- 
pendicular to the directrix 
d ; and let be the vertex, 
Fthe focus. 

As the aubtaugent 7*^ in 
bisected by {§ 186) and 
the subnormal QN is equal 
to 2 a (§ 187), while 0F=! 
a, it folloTB that F lies 
midway between T and N". 

The triangle TPN being ^^- 'i 

right-angled at P and F being the midpoint of its hypotenuse, 
FP=FT=FN. 




it follows that 



Hence, if axis and focus are given, the tangent and the normal 
at any' point P of the parabola are found by describing about 
F a circle through P which will meet the axis at T and N. 

As FP=DP, it follows that FPDT ia a rhombus; the 
diagonals PT and FD bisect therefore the angles of the 
rhombus and intersect at right angles. As TP (like TQ) is 
bisected by the tangent at the vertex, the intersection of these . 
diagonals lies on this tangent at the vertex. The properties 
just proved that the tangent at P bisects the angle betweeti the 
focal radius PF and the parallel PD to the axis and that the 
perpendictiiar from, the fo&ts to the tangent meets the tangent on 
the tangent at the vertex are of particular importance. 

198. Diameters. It is known from elementary geometry that 
in a eii;cle all chords parallel to any given direction have their 
midpoints on a straight line which is a diameter of the circle. 
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Similarly, in a parabola, the hctis of the midpoints of all chorda 
parallel to any given, direcliott is a straight line, and this line 
which is parallel to the axis 
is called a diameter of the 
parabola. To prove this, take 
the vertex as origin and the 
axis of the parabola as axis Ox 
(Fig. 72) 80 that the equation 
is ^ = 4 ax. Any line of given 
slope m has the equation 

y = mx + b, 

and with variable b this represents a pencil of parallel lines. 
Eliminating as we find for y the quadratic 




-y + ~ 



= 0. 



The roots y^, y, are the ordinates of the points P|, P^ at 
which the line intersects the parabola. The sum of the roots is 

4a 

yi + J/s = — i 

hence the ordinate \ (yi + y^) of the midpoint P between P, , P, 
ia constant {i.e. independent of x), viz. = 2 a/m, and independ- 
ent of 6. The midpoints of all chords of the same slope m 
lie, therefore, on a parallel to the axis, at the distance 2 a/m 
from it. 

The condition for equal roots (S 189) gives b = a/m. That 
one of the parallels which passes through the point where the 
diameter meets the parabola is, therefore, 



by S 1S9 this is a tangent. Thus, the tangent at the end of a 
diameter is parallel to the chords biseded by the diarneter. 
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I. Tind and sketch the tODgent luid normiil of the. following parabolas 
at the given poiots : 

(a) 2y» = !i6«,{2,5). (fi) 31^ = 4^,(3,-2). (c) y» = 23^{i,I). 
(d) 5v' = 12x, (J,-2). (e) v'^x, (I, 1). (/) 46!^ = »:,(5,i). 

S. Show that the eecatit through the points P(x, y) and P| {xi , Vi) 
ot the parabola ^ = iax haa the equation iaX—{y+yi)T+yvi = 0, 
and that this reduces to the tangent at P when Pi and P coincide. 

3. Find the angle between the tangents to a parabola at the vertex 
and at the end ot the laCus rectum. Show that tbe tangents at the ends of 
the laCus rectum are at right angles. 

4. Find the length of tbe tangent, subtai^ent, normal, and aubnormal 
of the parabola ^^ = 4xBt the point (1,2;. 

5. Find and sketch the tangents to the parabola y^ = 8 x from each 
of the following points ; 

(a) (-2,8). (6) (-2,0). (c)(^6,0). (d) (8, 8). 

6. Draw tbe tangents to the parabola ^ = 3x that are inclined to the 
axis Or. at the angles: (a) 80", (&) 45', (c) 135°, {d) 160°; and find 
their equations. 

7. Find and sketch the tangents to the parabola y' = ix that pass 
through the point ( - 2, 2). 

8. Find and sketeh the normals to the parabola y^ = dx that pass 
through the points : 

(a) (i,0). (6)(V,-3). (c)(¥,-S). W (i.-D- («) (0.0)- 

9. Are the following points inside, outside, or on the parabola 
%y3 = x? (a) (3,1). (6) (2,1). (c) (8, i). (d) (10, J). 

10. Show that any tangent to a parabola intereects the directrix and 
latua rectum (produced) in points equally distant from the focus. 

II. Show that the tangents drawn to a patabola from any point of the 
directrix are perpendicular. 

IS. Show that the ordinate of the Intersection of any two tangents to 
the parabola y^ = 4ax is the arithnietic mean of tbe ordinatea of the 
points of contact, and the abscissa is the geometric mean of the absoissaa 
of the points of contact. 
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13. Show that the snm of the slopes ot any two tangents of the parab- 
ola V' = 4 ox ia equal to the slope Y/Xot theradiua vector oi the point of 
ieteniection (J", Y) of the taDgenta ; find tbe product of the alopes. 

14. Find the locus of the intareection of two tangents to the parabola 
^ = i ax. If the sum of the slopes of the taiigeiile is constant. 

16. Find tbe locus of the intereection of two perpendicular tangents to 
a parabola ; of two perpendicular normals to a parabola. 

U. Show that the angle between any two tangenla to a parabola is 
half the angle between the focal radii of the points of contact. 

17. From the vertex of a parabola any two perpendicular lines are 
drawn ; show that the line joining their other intersections with the 
parabola cuts tbe axis at a fixed point. 

18. Find and sketch the diameter of the parabola ^ = x that bisects 
the chords parallel to 3x — 2^ + 5 = 0; give the equation of tbe focal 
chord of this sysleni. 

19. Find the system of parallel chords ot tbe parabola y* =:8x bisected 
by the line y = 3. 

50. Find the diameter and corresponding chord of the parabola p'=4a: 
that pass throngh the point (5, —2) ; at what angle does this diameter 
meet its chord f 

51. Show that the tangents at tbe extremiiies of any chord of a parab- 
ola Inteisect on the diameter bisecting this chord. Compare Ex. 12. 

55. Fhid the length of the focal chord of a paraibola of given slope m. 

53. Find the tangent and normal to the parabola 3? = iay In terms of 
the coordinates of tbe point, of contact 

54. Find the angles at whicti the parabolas y^ = 4 ox and 3? = iay 
intersect. 

35. If the vertex of a right angle moves along a fixed line while one 
side of the angle always passes through a fixed point, the other side 
envelopes a parabola (i.e. is always a tangent to the parabola). The fixed 
line is the tangent at the vertex, the fixed point is tbe focus of the 
parabola. 

56. Two equal oonfocal parabolas have the same axis bat open in op- 
posite sense ; show that they Intersect at tight an;jlc^. 
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tr. If axis, vertex, and one otfaer point of tbe psrabola u« giren, ad- 
ditional points can be constructed as f oIIowb ; Let O be the vertex, P tbe 
given poiut, and Q the foot of the perpendicular from Pto the tangNit 
at the vertex ; divide QP into equal parta by the pointa Ai, At, ■■■ ; and 
OQ into the same number oC equal parU b; tbe points Bi, B\, — ; the 
intersections of OAi, OAt, ■•■ with the pandlels to (he axis throng Bt, 
Bj, — are points of the parabola. 

IS. U two tangents AP[, APi to a parabola with their points of oon- 
taot Pi, Pi are given and APi, AP^ be divided into tbe same number ol 
equal parts, the points of divMon being numbered from Pi to ^ and &oin 
A to Pi, the lines joining the points bearing equal numbeis are tangents 
to the parabola. To prove this show that tbe Intersections of aaj tangent 
with tbe lines APi, APt divide the segments PiA, APt in tbe same 
division ratio. 

n. The shape assumed by a uniform chiun or cable suspended between 
two flsed points Pi, Pi is called a catenary ; Its equation is not algebraic 
and cannot he given here. But when the line PiPi is nearly horizontal 
and the depth of the lowest point below PiPi is amall in coniparisoD with 
P|Pi, the catenary agrees very nearly with a. parabola. 

Tbe distance between two telegraph poles la 120 ft. ; Pt lies 2 ft. above 
the level of Pg ; and the lowest point of tbe wire is at 1/3 tbe distance be- 
tween tbe poles. Find the equation of the parabola referred to P| as 
origin and the horizontal line through P] as axis Ox ; determine the posi- 
tion of the lowest point and the ordinates at intervals of 20 ft. 

80. The cable of a suspension bridge assumes the shape of a parabola 
If the weight of the suspended roadbed (together with that of the cables) 
is uniformly distributed horizontally, tjuppose the towers of a bridge 
240 ft. long are 60 ft. high and the lowest point of the cables is 20 ft. above 
the roadway ; find the vertical distances from tbe roadway to the cables 
at intervals of 20 ft. 

31. When a parabola revolves about its axis, it genoratea a surface called 
a paraboloid ol revolution ; all meridian sections (sections throogh tbe 
axis) are equal parabolas. If the mirror of a reflecting telescope is such 
a surface (the portion about the vertex) , all rays of light falling in parallel 
to the axis are reSected to the same poiut ; explain why. 
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IM. Parameter Equations. Instead of using ttie cartesian 
or polar equation of a curve it is often more convenient to 
express X and y (or r and <fi) each in terms of a third variable, 
which is then called the parameter. 

Thus the parameter equations of a circle of radius a about the 
origin as center are : 

3: = acos^, y = asin^, 
being the parameter. To every value of ^ corresponds a 
definite x and a definite y, and hence a point of the curve. 
The elimination of ^, by squaring and adding the equations, 
gives the cartesian equation a^+ j/^ = a\ 

Again, to determine the motion of a projectile we may observe 
tteit, if gravity were not acting, the projectile, started with an 
initial velocity v^ at an angle « to the horizon would have at the 
time ( the position 

x = v,) cos ft, y = Uo ain I • (, 
the horizontal as well as the vertical motion being uniform. 
But, owing to the constant acceleration g of gravity (down- 
ward), the ordinate y is diminished by ^gt^ in the time (, so 
that the coordinates of the projectile at the time t are 

as = VaCOBft, y = Voamft-^gC 
These are the parameter equations of the path, the parameter 
here being the time t. The elimination of t gives the cartesian 
equation of the parabola described by the projectile : 



y=/^tan 



19fi. Parameter Equations of a Parabola. For any parabola 

y* = 4 cur we can also use as parameter the angle « made by the 
tangent with the axis Ox; we have for this angle (§ 180) ; 



it follows that y = 2 a ctn a and hence x = y*/i a = a ctn' a. 
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The equations 



9i,T& pararaenter eqitations of the parabola y' = 4ax; the elimina- 
tion of cota gives the cartesian equation. 

196. Paiabola referred to Diameter and Tangent Tbe 

eqaation of the paraboU y* = 4 aa; preservCB thia Himple form if instead of 
axis and tangent at tbe vertex we lake as 
axea any diameter aod the tangent at its end. 
Tbe eqaation In these oblique coonlinates ia 

VI* = 4 ai^i , 
where oi =s a/^u^ a, a being the angle between 
the axes, i.e. the slope angle at the new origin 
0, (Fig. 73). 

To prove thia observe that as the new origin 
Oi (A, k) is a point of the parabola y^ = iax 
we have by J 186 

ft = a ctni a, k = 2 a etna, 

a, being tbe angle at which tbe tangent at 0] is inclined to the axis. 
Hence, transferring to parallel axes through Oi, we obi^n tbe equation 




a)S = 4 o (k + o ctn* a), 



which redncee U 



The relation between tbe rectangular coordinates x, y and the obUqiU 
coordinates X\, y,, both with Oi as origin, ia aeen from the figure to ba 



Substituting these values we find 
yi> abi* a + 4 a cos I 

.... „.,.-, 

U w« put a/sin' «E = at- 



= 4 OK] + 4 op 1 COB a, 
III = 4 oiii , 
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The meaning of the constant ai appears by observing that 

Sin' a tan'' a 
at Ib tberefoi'e the distance of the new origin O, from the directrix, or 
what amounts to the same, from the focus F. 



197. Area of Parabolic Segment, a pat&boia, tc^ther with 

any chord perpendicnlar to its axis, bounds aii area OPP' (shaded in 

Fig. 74). It was shown by Archimedes (about 

260 B.C.) that this ar<)a is two Chirds the area 

of tlie rectangle PPiQ' Q that has the chord 

PP aa one aide and the tangent at the vertex 

as opposite side. 'Fi— ^* 

This rectangle PF'Q'Q is often called {somewhat improperly) the cir- 
cumscribed rectangle so that Che result can be eipressed briefly by saying 
that the area of the parabola is S/S of that of the circumscribed rectangle. 

This statement is of course etfuivalent to saying that the (non-shaded) 
area OQP is 1/3 of the area of the rectangle OQPS. In this form the 
proposition is proTed in the next article. 

198. Area by ^prcudmation Process. To obtain first an ap- 
proximate value (j4) tor the area OQP fFig. 75) we may subdivide the 
area into rectangular strips of equal width, 
by dividing OQ into, say, n equal parts 
and drawing the ordlnates ^i , 1/2, •■■ pn- 
If the vridth of these strips is Ax so that 
OQ = nAx, we have as approximate value 
of the area : 

(J) = Ax.^i + ij;-Vi + -■• -i-iK- Jh. 
Now yi is the ordinate corresponding to th> 
tA the abscissa 2 Ax, etc. ; y„ corresponds tu the abscissa nAz = OQ. 
Hence, if tLe equation of the curve is x' = 4 a^, we have ; 



y 



Fio. 75 
abscissa Ax ; jj corresponds 



4« 



»!= — (Aa:)», j(2 
Substituting these values we &id 



ilix)\ 



^(nA«)*. 



= iMl' 



(l-|-2» + K'+ - +na). 
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By Ex. 3 b, p. 71, 

1 + 21+ ... +n" = ii,(n+l)(2» + l)=J(2«"- 



'sf(^-l4.> 



Now nAx = OQ = Xm, the abacissa of the terminal p<^t P, whatever the 

number n and lengUi Ax of the subdivisions. Hence, it we let the num- 
ber n Increase indefinitely, we find in ihe limit the exact eipreaslon A for 
the area OQP : 



12 a 

where y^ = x,*/4 a is the ordinate ol the ter 

the area of the rectangle OQPB, our propositi 

The integral calculus fumiahsB a far more 

method for finding the area under a curve. 



.■w., 



ninal point F. As x^^ Is 
m is proved, 

siuiple and more general 
The method used above 



happens to succeed in the umple c 
axpress the sum 1 + 2» + 3« + ■■■ + 



e of the parabola because n 
in a. simple form. 



199. Area expressed in Terms of Ordinates. The area 

(shaded in Fig. 76} between the parabola X^=:ia!i, the axis Ox, and the 
two ordinates yi,pt, whose abscissas differ by y 
2 ^ is evidently, by the formula of g 1S8, 

^ " iih ^*** " *'"' " 12^ '^^*' "■■ ^ ^^'-"'''^ 

= ^(air,' + 12i,Aa; + 8 {Ax)'). 

This expression can be given a remarkably 
simple form by introducing not only the ordinatw yi = x.-?H. a, ]f] = 
[x\ + 2 A3:)»/4 o, but also the ordinate y% midway between y\ and p,, 
whose abscissa is Xi + to.. For we have : 

fi + 4 y> + B. =^ [*i* + 4(11 +_Aa;)" + («i + 2 ii)'] 
= ^ [8 »i» + 12 xiias + 8CixJ»]. 




Fig. 76 



:=b,GoOglt' 
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We find therefore ; 

This formula holds not onlj when the vertex of the parabola n at the 
origin, but also when it la at any point 
(A, k), provided the axis of the parabola V 
is (larallel to Oy. 

For (Fig. 77), to find the areaunder 
iliB arc FiPaPi we have only to add to 
tlie doubly shaded area the B[mply shaded 
rectangle whose area is 2 kAx, We find 
therefore for the whole area : 

= i4a:tC». + *) + 4Cvj + i)+C!f> + t)], 
where vi i Vii Va ^i^ the ordinates of the parabola referred to its vertex, 
and hence Vi + k, y^ + lii Vt + li the ordinates for the origin 0. 
We have therefore for any parabola whose axis is parallel to Oy ; 

J = lAz(yi + 4j(i + J(s)- 

200. ApproximatioQ to an; Area. Simpson's Rule. The 
last formula is someUnies used to find an approximate value for the area 
under anff curve (i.e. the area bounded 
by the axis Ox, an arc AB of the curve, 
and the ordinates of A and B, Fig. 78) . 
Thla method is particularly convenient 
If a number of equidistant ordinatee 
of the curve are known,- or can be 
found graphically. 

Let Ax be the distance of the ordi- 
nates, and let i/i,yi, j/> be any three "^' 
consecutive ordinates. Then the doubly shaded portion of the required 
area, between ^g and ya, will be (it Ax is sufBcienLly small) very nearly 
equal to ttie area under the parabola that passes through Pi , Pi, Pg and 
has Its axis parallel to Og. This parabolic area is by § 109 

= J4z(l/i +iy, + j/s). 
The whole area under AB is a sum of such expressions. This method 
for finding an ai^iroximate eipresmon for the area under any cure is 
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known aa Sin0soifi rule (Thomas Simpson, 1743) alibough the funda- 
mental idea of replacing an arc of the curve by a parabolic arc bad been 
suggested previously by Newton. 

201. Area of any Parabolic Segment. Aa the equation of a 

parabola referred to atiy diameter and tiie tangent at ita end has exactly 
the same form as when tbe parabola is referred to its axis and the tan- 
gent at the TBrtex (§ 198) it can easily be shnwii that the ava of any 
parabalic tegmerd is 2/3 of the area of the 
etTcuntteribed parallelogram. In this 
slat^Dient the parabolic segment is under- 
stood to be bounded by any arc of the 
parabola and its chord ; and the circum- 
scribed parallelogram is meant to have for 
two of its sides the chord and the parallel 
tangent while the other two sides are ^'^- '^ 

parallels to tbe axis through tbe extremities of the chord (Fig. 79). 

With the aid of this proposition Simpson's rule can be proved Tery 
simply. For, the area of tbe parabolic segment PiPaPi (Fig. 79) is then 
equal to 2/3 of the parallelogram formed by the chord P,Pi, the tangent 
at Pj, and the ordinaies^i, jft (produced if necessary). Tliia parallelo- 
gram has a height = 2 is and a base = MPi = i/a — Ksi + V>) I hence 
theareaof PjPjP, is 

= J da (2 B, - If, - K,) = J to [4 j(, - 2 (si -1- y,)]. 

To find the whole shaded area we have only to add to this the area of 
the trapezoid QiQ,PsPi which is 

= Ax(iit + y,). 

Hence A = QjQnPsPiPi = iAx^i y, - 2(yi + y,) + 8(vi + W)] 



1. Show that the area of any parabolic segment is 2/8 of the an 
of the circumscribed parallelogram. 

1. In what ratio does the parabola y' = iax divide the area of tt 
circle (* - a)* + :/* = 4 an 
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3. Pitid the area bounded b; the parabola ^ = iax and a line of 
elope m tinough the focus. 

1. By a method aimilar to Chat used in finding the area of a parabola 
(9 ISS), find exactly the area bounded by the curve y = 3^, the axis Ox, 
and the line x=sa. Wliat is the area boundtiHl by thia aaiue carve, the 
aiia Ox, and the lines x — a, jc = 6 ? What is tf^v area bounded by the . 
curve y = X* -t- c, tbe axla Ox, and the lines x = a, x~b? 

6. Find and sttetch the curve whose ordinates represent tbe area 
bounded by : (a) tbe line y = j x, the axis Ox, and an; ordinate, (fi) the 
parabola y = li?, the axis Ox, and any ordinate. 

«. Let Pi(Xi, Hi), Pi{xi + iix, 1*2). Pi(.xi + ^ ^, Vs) ^ l^ree points of 
a carve. Let A denote the sum of the areas of the two trapezoids formed 
by the choide PiPj , P^Pg , the axis Ox, and the ordinates yi, 1/3, yg. Let 
B denote the area of the trapezoid formed by any line through Pj, the 
axis Ox, and tbe segments cut oS on the ordinates y,, y^. Find the 
approsimation to the area under tbe curve given by each of the following 
formulas: J(^ + B), i(_2A + B), J(4 + 2B). Which of these gives 
Simpson's rule 7 

7. To find an approximation to the area bounded by a curve, the axis 
Ox, and two ordinates, divide tbe interval into any even numljer of etrips 
of equal width and apply Simpson's rule to each successive puir. Show 
that the result found is : the sum of the extreme ordinates plus twice tbe 
sum of the other odd ordinates pius four times tbe sum of the even ordi- 
nates, multiplied by one third tbe distance between the ordinates. 

8. Find an approximation to the areas bounded by tbe following 
curves and the axis Ox (divide the interval in each case into eight or 
more eqoal parbi) : 

(o) 4y = l&-3fl. (6) y=Ca: + 3)(a!-2)a. ((,) y^j^-^?. 

9. The croas-sections in square feet of a log at intervals of 6 ft. are 
3.26, 4.27, 6.34, 6.02, 6.S3 ; tind tbe volume. 

10. The oro^ sections of a vessel in square feet measured at intervals 
of 8 ft. are 0, 2250, 6800, 8000, 10200 ; ilnd tbe volume. Allowing one 
ton for each S6 en. ft., what is the displacem"nt of ttie vessel ? 

11. Tbe half-widths in feet of a launch's deck at intervals of 6 ft. arc 
0, 1.8, 2.6, 8.2, 8.8, 3.3, 2.7, 2.1, 1 ; find the area, 
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202. Sheaiing Force and Bending Moment. A straight 
beam AB (Kig. 80), of length I, fixed at one end Aine. horizontal posi- 
tion and loaded uniEorml; with w lb. per nnit of length, will bend under 
tike load. At an; point P, at the distance x from A, the eSect of the 
load te(f — x) that rests on PB is 

twofold ; 

(a) If the beam were cnt at J", ^^ [ 

this load, which Is equivalent to a ^^ j -1^ \ 

siiiel9fo''oe H^ = '«(i -I) applied Mj .? f i 

at the midpoint of PB, would pull ^ Fia.80 |l^"rt-.Tj 

the portion PB vertically down. 

This force which tends to shear oS the beam at P is called the ahtaring 
forct F at P. Adopting the convention tliat downward forces are to be 
regarded as positive, we bavi 

F = v,il-%). 
The shearing force at the various 
points of AB is therefore repre- 
sented by the ordinates of the 
straight line CB (Fig. 81). 

(b) If the beam were hinged at P, the effect of the load ui(I — x) on PB 
would be to turn it about P. Aa the force w([ — x) can be regarded as 
applied at the midpoint of PB, this eSect at P is represented by the 
tmdl,amm„t » = -JKl-.)-, 

the minus sign arising from the convention of regarding a moment as 
positive when tending to turn connterclockwiHc. As tc(I — x) ttuns 
cloclcwise about P, the iimment i£ u 
negative. The curve DB repre- 
senting the bending moments 
(fig. 82) is a parabola. 

More briefly we may say that 
the single force P=vt{l — x) 
applied at the midpoint of PB 
is equivalent to an equal force 
at P, the shear F=vi{l — x), together 
at the midpoint of P£and — P at P; the moment of this couple is the 
bendingmoment Jf = — Jw(I — x)*. 





Fio. dS 
:r with the couple formed by H 
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303. Relation of Bending Moment to Sliearing Force. For 

any beam AB, fixed at one or both, ends or supported free); at two oi 
more points, in a horizontal position, aad loaded by any vertical forces, 
die thearing force at any point P is defined as (lie algebraic sum of all the 
forces (including the reactions of tbe supports) on one aide of F, and the 
binding moment at P as the algebraic sum of the moments of these forces 
about P. 

It may be noted that if the ^ear F is constant, the bending moment is 
a linear funoUon of x {i.e. of the abscissa of P) ; if P (as in § 202) is a 
linear funcUon of x, Jf is a quadratic function ; in either case the deriva- 
tive of M with respect to x is equal to F : 



It follows that the bending moment is 
point whet« the shear is zero. 

EXERCISES 

Determine F and JIf as functions of x tor a horizontal beam AB of 
length I and represent F and M graphically : 

1. Wlien the beam is fixed at one end A (cMttilever) and carries 
a single load W at the other end B. 

%. When the beam is freely supported at its ends A, B and loaded ; 
(a) uniformly with u lb. per unit of length ; (b) with a single load W M 
the midpoint ; (c) with a single load IF at the distance a from A. De- 
termine first the I'eactions at A and B. 



S. When the beam is supported at the two points trisecting it and 
carries: (a) a uniform load m lb. /ft. ; (6) a single load IT at -i and at B. 

4. When the beam is supported at its ends and is loaded: (a) with 
to lb./ft. over the middle third ; (6) with v> Ib./ft. over the first and third 
thirds; (c) with to lb./ft. over the first half and 2ui lb./ft. over the 
aeoond half. 

5. When the beam is fixed at A and carries w lb./ft. over the outer 

half. 
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ELLIPSE AND HYPERBOLA 

301 Defioitioii of the Ellipse. The ellipse may be defined 
as the locus of a point whose distances from two fieed points have 
a constant sum. 

If Fi , F, (Fig. 83 are the fixed points, which are called the 
foci, and if P ia any point of the 
ellipse, the condition to be satisfied 
by P is 

The ellipse can be traced mechan- 
ically by attaching at F„ F, the ^ ' 
ends of a string of length 2 a aad F""- 83 
keeping the string taut by means o£ a pencil. It is obvious 
that the curve will be symmetric with respect to the line FjFt, 
and also with respect to the perpendicular bisector of FiF^. 
These axes of symmetry are called theflxesof the ellipse; their 
intersection is called the center of the ellipse. 

205. Axes. The points ^„ A^, B„ B, (Figs. 83 and 84) 
-where the ellipse intersects these axes are called vertices. 
The distance A, A, of those vertices 
that lie on the axis containing the 
foci Fi, F, is = 2 a, the length of 
the string. For when the point P - 
ill describing the ellipse arrives a 
A„ the string is doubled along 
F, A, 80 that 
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and since, l^ symmetry, A^F^ = F^ Ai, we have 
A^, + F,F, + F,Ai=JiA,=2a. 
The distance A^A^ =2 a, ivliich la called the major axis, must 
evidently be not less than the distance ^2'^! between the foci, 
which we shall denote by 2 c. 

The distance B3B, of the other two vertices is called the 
minor axis and will be denoted by 2 b. We then have 

for when P arrives at B, , we have ^ F, = B, Fj = a. 

906. Equation of the Ellipse. If we take the center O as 
origin and the axis containing the foci as axis Ox, the equation of 
the ellipse is readily found from the condition F,P+FsP=2a, 
which gives, since the coordinates of the foci are c, and 
— c,0: ^ 

V(ic - c)' + y' +■ V(3! + c)' + y' = 2a. 
Squaring both members we have 

x'+y*+<^+^{x'+y'+c*-2cx)(3?+y'+i^+2cx)=2a}; 
transferring ^+}t'+t^ to the right-hand member and squaring 
again, we find 

i.e. (a*-<^) 3^+ay=a\a?-<^). 

Now for the ellipse (§ 205) a'— c"=6*. Hence, dividing both 

members by a'6*, we find 

(1) g+g=i 

as the cartesian equation of the ellipse referred to its axes. 

This equation shows at a glance : (a) that the curve is sym- 
metric to Ox as well OAta Oy; (b) that the intercepts on the 
axes Ox, Oy are ±a, and ±b. The lengths a, b are called the 
8emi-a;xea. 
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Solving the equal ion for y we find 
(2) ^ = * ! ^^^^, 

which shows that the curve does not extend beyond the vertex 
At oil the right, nor beyond Aj on the left. 

If a and b (or, what amounts to the same, a and c) are given 
numerically, we can calculate from (2) the ordinates of as 
many points as we please. If, in particiilai, a = 6 (and hence 
c = 0) the ellipse reduces to a circle. 



1. Sketch the ellipse of Bemi-axes a = 4, & = 3, by marking the vei- 
tices, conatmctLng tbe foci, and determming a. few pointa of the cnrre 
from the property FiP ■>r FiP =2 a. Wri(« down the equation ol this 
ellipse, referred to its axes. 

S. Sketch tbe ellipse X'/iQ + yys = 1 by drawing the circnmscribed 
rectangle and finding some poinU from tbe equation solved for y. 

». Sketch the ellipses : (n) 2^+2j(* = l. (6) 3i'+ 12v« = 5. 
(c> Sa^ + 3!/» = 20. (d) a:" + 20!f' = 1. 

4. If In equation (1) a < &, the equation represeuts an ellipse wboM 
loci lie on Og. Sketcli the etlipaes : 

(a) 7 + j5 = 1- (6) 20ic" + B= = l. Co) 10i> + 9v' = 10. 

5. Find the eqnatioo of the ellipse referred to its axes when the fod 
ace midpoints between tbe center and vertices, 

6. Find tlie product of tbe slopes of choKls joining any point of an 
ellipse to the ends of the major axis. What value does this product 
assume when tbe ellipse becomes a circle ? 

7. Derive the equation of the ellipse with foci at (0, e), (0, — c), uid 
major axis 2 n. 

S. Write tbe equations of tbe following ellipses: (a) with verticu 
at (5, 0), (-5, 0), (0, 1), (0, - 4) ; (6) with foci at (2, 0), (- 2, 0), 
and major axis 6. 

9. Find the equation of tbe ellipse with foci at (I, 1), (—1, — l)i 
and major axis 6, and sketch tbe curve. 
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207. Definitioa of the Hyperbola. The hyperbola can hie 

defined as t]te locus of a point whose di'staruxs from two Jixed 
points have a constant difference. 

The fixed points F^ F^ are again called the foci; if 2 a is 
■ the constant difference, every point P of the hyperbola must 
satisfy the condition 

FiP-FJ'=±2a. 

Notice that the length 2 a must here be not greater than the 
distance f jFj = 2 c of the foci. 

The curve is symmetric to the line F^i and to its perpen- 
dicular bisector. 

A mechanism for tracing an arc of a hyperbola consists of 
a straightedge F^Q (Fig- 85) which turns about one of the 
foci, F^; a string, of length fjQ — 2a, is fastened to the 




straightedge at Q and with its other end to the other focus, 
Fi. As the straightei^e turns about F^, the string is kept 
taut by means of a pencil at P which describes the hypetbolic 
arc. Of course only a portion of the hyperbola can be traced 
in this manner. 

208. Squation of the Hyperbola. If the line F^F^ be taken 
as the axis Ox, its perpendicular bisector as the axis Oy, and if 
F^r = 2 c the condition F^P- F,P= ± 2 a becomes (Fig. 86) : 
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Squaring both members we find 

a^+y' + c'-V(ir' + y» + e*-2«c)(a^ + / + c» + 2«r) = 2a>; 
Bquaiing again and reducing as in g 206, we find exactly the 
same equation as in § 206 : 

(a* - if)3? + a V = a\a* - c*). 




FIQ. 86 

But in the present case c^ a, while for the ellipse we had 
C < a. We put, therefore, for the hyperbola 

the equation then reduces to the form 

which is the cartesian equation of the hyperbola i-efm-red to its axes. 

209. Properties of tiie Hyperbola. The equation (3) shows 
at once: (a) that the curve is symmetric to Ox and to Oy; 
(6) that the intercepts on the axis Ox are ± a, and that the 
curve does not intersect the axis Oy. 

The line F^Fi joining the foci and the perpendicular bisector 
of F^i are called the axes of the hyperbola; the intersection 
of these axes of symmetry is called the center. 

The hyperbola has only two vertices, viz. the intersections 
A\ , A^ with the axis containing the foci. 
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The shape of the hyperbola is quite different from that of 
the ellipse. Solving the equation f oi y we have 

(4) y=±|V?^^, 

which ahows that the curve extends to infinity from Ai to the 
right and from A^ to the left, but has no real points between 
theline8x = a, a)s=— a. 

The line F^F, contaiuing the foci is called the transverse 
axis; the peipendicular bisector of FjFi is called the conjugate 
axis. The lengths a, b are called the transverse and conjugate 
semi-axes. 

In the particular case when a=&, the equation (3) reduces to 
a? — f = a\ 
and such a hyperbola is called rectanguloT or equilateral. 

210. Asymptotes. In sketching the hyperbola (3) or (4) it 
is best to draw first of all the two straight lines 

a» .6" 
U 
(6) y=±^x, 

which are called the asymptotes of the hyperbola. 

Comparing with eqiiation (4) it appears that, for any value 
of X, the ordinates of the hyperbola (4) are always (in absolute 
value) less than those of the lines (5); but the difference 
becomes less as x increases, approaching zero as x increases in- 
definitely. 

Thus, the hyperbola approaches its asymptotes more and 
more closely, the farther we recede from the center on either 
side, without ever reaching these lines at any finite distance 
from the center. 
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L Sketch the hyperbola K^/lfl — bV* = 1' *^' drawing the asymp- 
totea, by determiping a few points from the equation solved lor f ; mark 
the fool. 

S. Sketch the rectangular hyperbola x^— ^ = 9. Why the name 
rectangular? 

5. With respect to the same axes draw the byperbolaa : 

(«) 20a!«-^ = 12. (6) a!>-20j^= 12. (c) j?-y* = 12. 

4. The equation ~ a^/o" + jV** = ^ represents a hyperbola whose 
foci lie on the axis Og. Sketch the curves : 

(a) -3iK' + 4if" = 24. (6) aT2-,t!^-H8 = 0. (c) a' - jf» + 16 = 0. 
■ 6. Sketch to the same axes the hyperbola* : 

■ f-^= ■.!-»■=->■ 

Two such hyperbolas having the same asymptotes are called conjuffoU. 

6. What happens to the hyperbola a^/o* - y^/b'' = 1 as o varies ? as 
b varies ? 

7. The equation a!*/o* — s'/f'"' = * represents a family of aimilar 
hyperbolas in which k Is the parameter. What happens as k changes 
from ] to — 1 ? What members of this family are conjugate ? 

8. Find the foci of the hyperbolas : 

(a) 9k»-16!/" = I44. (6) 3«»-[(« = 12. 

9. Find the hyperbola with foci (0, 8), (0, — 3) and transverse axis 4. 

10, Find the equation of the hyperbola referred to [\s axes when the 
distance between the vertices is one half the distance between the foci. 

11. Find the distance from an asymptote to a focus of a hyperbola. 
11. Show that the product of the distances from any point of a hyper- 
bola to its asymptotes Is constant. 

13. Find the hyperbola through the point (1, 1) ^th asymptotes 

V = ±2x. 

14. Find the equation of the hyperbola whose foci are (], 1), 
(~ 1, — 1), and transverse axis 2, and sketch the curve. 
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211. EU^ise as Projection of Circle. If a circle be tiiriied 
aboub a diameter AiAi = 2a through an angle c(<^:r) and 
then projected on the original plane, the projection is an 
ellipse. 

For, if in the original plane we take the center as origin 
and OAj as axis (te (Fig. 87), the 
ordinate QP of every point /* of 
the projection ia the projection of.. 
the corresponding ordinate QPi of 
the cirole ; i.e. 

QP=QP,co8<. H-w. 87 

The equation of the projection ia therefore obtained from the 




equation 



^ + f = 



of the circle by replacing y by y/eoa e. The resulting equation 

cos'e 
represents an ellipse whose aemi-azes are a, the radius of the 
circle, and b = a cos t, the projection of this radius. 

212. Constraction of Ellipse from Circle. We have just 
seen that, if a > 6, the ellipse 



t + t = 



can be obtained from its circwmacribed cirde a^ + 1/* = a= by re- 
ducing all the ordinates of this circle in the ratio b/a. This 
also appears by comparing the ordinates 



y = ±— va' — a? 
of the ellipse with the ordinates y = ± Va' — a?oi the circle. 
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But the same ellipse can also be obtained from its inacribect 
drde 3?-i-y' = l^hj increasing each abscissa in the ratio a/bf 
as appears at once by solving for x. 

It follows that when the semi-axes a, b are given, points of 
the ellipse can be constructed by drawing concentric circles of 
radii a, b and a pair of perpendicular diameters (Fig. 88); If 




Fl<3. 88 
any radius meets the circles at Pi, Pt, the intersection P of 
the parallels through Pi , P^ to the diameters is a point of the 
ellipse. 

213. Tangent to Ellipse. It follows fiom g 211 that if 
P{x, y) is any point of the ellipse and Pi that point of the cir- 
cumscribed circle which has the same abscissa, the tangents at 
P to the ellipse and at P, to the cirde must meet at a point T on 
(7i« wwy'or oxta (Fig. 8 




For, as the circle is turned about ..1^, into the position in 
whiuh P is the projection of Py , the tangent to the circle at P, 
is turned into the position whose projection is PT, the point T 
on the axis remaining fixed. 
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The tangent a^X + j/i y= a* to the circle at P, (as, , y,) meets 
the axis Ox at the point T whose abscissa is 

OT.o'M-oVa.. 
Hence the equation of the tangent &tP{x, y) to the ellipse is 
T 1 



-0, 



»X- 



_^W_a'«_Oj 



dividing by a^/x and observing that, by tbe equation of the 
ellipse, a? — a* = — (<iyi^)y^ we find 

as equation of the tangent to the ellipse 

a* ft" 
at the point Pip, y). 

214. Slope of Ellipse. It follows from the equation of the 
tangent that the slope of the ellipse at any point P{x, y) is 

tan a = 

The elope being the derivative y' can be fonnd more directly by dt&er- 
enliating the equation (1) of the ellipse (remembering that p is a function 
of X, compare $g 181-tB6)j this gives 



The equation (0) of the tangent is readily derived from this value of 
thetlope. 
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216. Ecceatricity. For the length of the focal radius F^P 

of any point P(_x, y) of the ellipse (1) we have (Fig. 90), 
since a^ — b'' = c'': 



whence 



F,P= ± f 




The ratio c/a of the distance 2 c of the foci to the major 
axis 2 a is called the (numerical) 
eccentricity of the ellipse. De- 
noting it by e we have 

F,P=±(a-ex), 
and similarly we find 

F,P=±(a + ex). 

For the hyperbola (3) we find in the same way, if we again 
put e = c/a, exactly the same expressions for the focal radii 
FiP, ^iP(in absolute value). But as for the ellipse c" = «'—&* 
while for the hyperbola c' = a*+6' it follows that the eccentrie- 
ity of the ellipse is always a proper fraction becoming zero only 
for a circle, white the eccentricity of the hyperbola is always greater 
than one. 

216. Equation of Normal to Ellipse. As the normal to a 

curve is the perpendicular to its tangent through the point of 
contact, the equation of the normal to the ellipse (1) at the point 
P(x, y) is readily found from the equation (6) of the tangent as 



n i\ c> 



(i%» • 
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The intercept made by thia normal c 
fore 



the axis Ox is there- 



0N=^ 



= (^ 




. From this result it appears by § 215 that (Fig 91) 
FiN'= c + e'a = e(a +ex) = e ■ F^P, 
FiN= c~e^ = e(a-ex)=e- F^P; 
hence the normal divides the dis- 
tance FjP, in the ratio- of the ' 
adjacent sides FjP, F^P of the 
triangle F^PF^. It follows that 
the normal bisects the angle betioeen 
the focal radii PF^ , PF, ; in other words, the focal radii are 
equally inclined to the tangent. 

217. Constnictioii of any Hyperbola from Rectangular 
Hyperbola. The ordinatea (4), 

of the hyperbola (3) are h/a times the corresponding ordinates 

of the equilateral hyperbola (end of § 209) having the same 
transverse axis. When 6 < a, we can put b/a = coa t and re- 
gard the general hyperbola aa the projection of the equilateral 
hyperbola of equal transverse axis. When ft > a, we can put 
a/b = cos t so that the equilateral hyperbola can be regarded as 
the projection of the general hyperbola. 

In either case it is clear that the tangents to the general and 
equilateral hyperbolas at corresponding points (i.e. at points 
having the same abscissa) must intersect on the axis Ox. 
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218. Slope of Equil&teral Hyperbola. To find the slope of 
the equilateral hyperbola 

a!* — y' = a", 
observe that the slope of any secant joining the point P(iB,y) 
and Pi(x,, ji) is (Si — y)/(3fi—x), and that the relations 



give y'-y,'=ai»-a^*, U. (y-y,)(:y+y,)=ix'-x,)(x+x;), 
whence ' - "' = T t l. 

«-«! y + yi 

Hence, in the limit when P, comes to coincidence with P, we 
find for the slope of the tangent at P(x, y) : 



The equation of the tangent to the equilateral hyperbola is 

therefore 

r->,=!(x-.), 

i.e. since as*— y*=a*: 

a!X-yT=a*. 

219. Tangent to the Hyperbola. It follows as in g 213 that 

the tangent to the general hyperbola (3) haa the equation 

(7) ^-f-1- 

The slope of the hyperbola (3) ia therefore 

taua=^^- 
a'y 

Thte slope might of ooui«e have been obtained directly by diSeran- 
tiatlng the equation (3) [compare 9 2H). 
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Notice that the equations (6), (7) of the tangents are obtained 
from the equations (1), (3) of the curves by replacing as*, y by 
xX, yY, respectively (compare §§ 89, 186). 

It is readily shown (compare § 216) that for the hyperbola 
(3) the tangent meets the axis Ox at the point T that divides 
the distance of the foci F^i proportionally to the focal radii 
F^P, F^P, so that th£ tangent to the hyperbola bisects the angle 
between the focal radii. 



1. Show that a right cylinder whose croas-section {I.e. sect 
right angles to the geueratora) is an ellipse of aemi-aies a, 6 ha 
(oblique) circular sections of radius a ; fiod theb inclinations 1 



I. Derive the equAtion of the normal to the hyperbola (3). 

5. Find the polar equations of the ellipse and hyperbola, with the 
center as pole and the major (transverse) axis as polar nxis. 

4. Find thC' lengths of the tangent, subtangent, normal, and sub- 
normal in terms of the coordinates at any point of the eitipea. 
. 5, Show that an ellipHa and hyperbola with common foci are 
orthogonal. 

6. Show that the eccentricity of a hyperbola is equal to the secant 
of half the angle between the asymptotes. 

7. Express the cosine of the angle between the asymptotes of a 
hyperbola In terms of its eccentricity. 

8. Show that the tangents at the vertices of a hyperbola inteiaect the 
asymptotes at points on the circle about the center through the foci. 

9. Show that the point of contact of a tangent to a hyperbola is the 
midpoint between lis intersections with the asymptotes. 

10. Show tliat the area of the triangle formed b; the asymptotes and 
any tangent to a hyperbola Is constant. 

11. Show that the product of the distances from the center of a hyper- 
bola to tlie Intersections of any tangent with the asymptotes Is C( 

U. Show that the tangent to a hyperbola at any point bisects the ai 
between the focal radii of the point. 
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15. Aa the sum of the focal radii of everj point of an ellipse is con- 
BtanC (§ 201) and the normal bisects the angle between tbe focal nulii 
(§ 216), B sound wave issuing from one tocos is reflected by the ellipse 
to the otJier focus. This is the explanation oE " whispering galleries." 
Knd the semi-axes of an elliptic gallery in which sound is reflected from 
one focus to the other at a distance of 69 ft. in 1/10 sec. (the velocity of 
sound is 1090 ft. /sec.). 

14. Show that the distance from any point of an equilateral hyperbola 
to its center is a mean proportional to tbe focal radii oE the point. 

IB. Show that the bisector of the angle formed by joining any point 
of an equilateral hyperlioU to its vertices is parallel to an asymptote. 

16. For the ellipse obtained by turning a circle of radius a about a 
diameter through an angle t and projecting it on tbe plane of the circle, 
show that the distance between the foci is =2 a sine; in particular, 
show thM, the foci of a circle are at (be center. 

17. Show that the tangents at the extremities of any diameter (chord 
through the center) of an ellipse or hyperbola are paraUel. 

15. Let the normal at any point P of an ellipse referred to its ases cat 
the coordinate axes at Q and B ; And the ratio PQ/PR. 

19. Show that a tangent at any point of the circle circumscribed about 
an ellipse is also a tangent to the circle with center at a focus and radios 
equal to the focal radius of the corresponding point of the ellipse. 

M. Show that the tines joining any point of an ellipse to the ends of 
the minor axis intersect tbe major axis (produced) in points inverse with 
respect to the circumacritied cirole. 

U. Show that the product of the y-iutercept of the tangent at any 
point of an ellipse and the ordinate of the point of contact is constant, 

IS, Show that the normals to an ellipse througti its intersections with 
a circle determined by a given point of the minor axis and the foci pass 
through tbe given point. 

SS. Find tbe locus oE the center of a circle which touches two fixed 
non-Intersecting circles. 

%t. Find the locus of a point at which two sounds emitted at an inter- 
val of one second at two points 2000 ft. apart are heard ^mnltaneously. 



D,q,-Z.-dbvGOOg[C 



X, S 222] ELLIPSE AND HYPERBOLA 213 

. 220. Intersections of a Straight Una and an EUipse. 

The intorsectiona of the ellipse (1) with any straight line are 
found by solving the simultaDeous equatiooB 

y = mx + k. 
EHiminatiDg y, we find a quadratic equation in x: 
(m^a* + lf)<t? + 2 inka?x + (fc" — 6')a' = 0. 
To each of the two roots the corresponding value of y results 
from the equation y = mx + k. 

Thus, a straight line can intersect an ellipse in not more than 
two points. 

221. Slope Form of Tangent Eqtiatioos. If the roots of 
the quadratic equation ate equal, the line has but one point in 
common with the ellipse and is a tangent. 

The condition for equal roots is 

m'S^n' = (mW + 6')(ifc» - 6^, 
whence k = ± Vm'a' + 6*. 

The two parallel lines 
(8) y = mx± VrnV + fi* 

are therelore tangents to the ellipse (1), whatever the value of 
m. This equation is called the slope form of the equation of a 
tangent to the ellipse. 

It can be shown in the same way that a straight line cannot 
intersect a hyperbola in more than two points, and that the 
two parallel lines 

y = mx± -Vm'a^ — t? 
have each but one point in common with the hyperbola (3). 

222. The condition that a line be a tangent to an ellipse or 
hyperbola assumes a simple form al»o when the line is given 
in the general form 
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Sobfltitiitin^; the value of y obtained from this equation in 
the equation (1) of the ellipse, we find for the abscissas of the 
points of intersection the quadratic equation : 

{A*a* + Wti")^ + 2 ACa*x + (C» - ^i^ = 0; 
the condition for equal roots is 

which Tedu(ies to 

The line is therefore a tangent whenever this condition is 
satisfied. 
When the line is given in the normal form, 
a;cos^ + ysin)3 =p, 
the condition becomes 

p" = a' cos' ^ + 6' ain* fi, 

223. Tangents from an Exterior Point By % 22t tiie line 

Is tangent to the ellipse (1) whatever the value of m. The condition that 
this line paes through any given point (xi , yi) ia 

jli = nw, + Vin^a' + 6' ; 
transporingllie term nuci, and sqoaring, we find the following quadrado 
equation for m ; 

ni»j;i' — 2 mxiyi + gi* = mH* + 6», 
(.e. {Hi* - a^)m* - 2 x,yim + y,' - 6» = 0. 

The roots of this equation are the slopes of those lines thioogh (xi , yi) 
that are tangent to the ellipse (1). 

Thus, not more than two tangents can be drawn lo an ellipse from any 
point. Moreover, these tangents are real and diSerent, real and coin- 
cident, or Imaginary, according as 

«iW = Ca;i''-a')Cyi''-6')- 
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Tbia oondmon cwi aJao be mitten In the form 



o« 6' < 



Hence, b> see whether real tangents can be drawn from a point (xi , yO 
to the elllpae (1) we have only to subtrtitute Ote coonliiiat«8 of the point 
for z, y In the ezpreaeion 

a' f 

If the expiesfflon is zero, the point (x i, jfi) lies on the ellipse, and on^ 
one tangent is posuble ; if the expression is positive, two real tangents 
can be drawn, and the point is said to lie outside the ellipse ; if the expres- 
don la negative, no real tangents exist, and the point la said to lie wtfJUn 
the ellipse. 

These deSnitians of inside and outside agree with what we would 
natorall; call the inside oi out^de of the ellipse. But the whole discus- 
sion applies equally to the hyperbola (8) where the distinction between 
Inside and oateide is not bo obvious, 

224. Symmetry. Since the ellipse, as veil as the hyperbola, 
has two rectaQgular ases of symmetry, the axes of the curve, 
it has a center, the intersection of these axes, i.e. a point of 
Bymmetry such that every chord through this point is bisected 
at this point (compare § 135). Analytically this means that 
since the equation (1), as well as (3), is not changed by replac- 
ing iu by —X, nor by replacing y by — y, it is not changed by 
replacing both x and y by — a; and — y, respectively. In other 
■words, if {x, y) is a point of the curve, so is (— x, — y). This 
fact is expressed by saying that the origin is a point of sym- 
metry, or center. 

225. Conjugate Diameters. Any chord through the center 
of an ellipse or hyperbola is called a diameter of the curve. 
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Just as ill the case of the circle, so for the ellipse tke lociu 
of the midpoiiUa of any system, of parallel chords is a diamelar. 
This follows from the corresponding property of the circle 
because the ellipse can be regarded as the projection of a 
circle (§211). But this diameter is in general not perpen- 
dicular to the parallel chorda ; it is said to be conjugate to the 
diameter that occurs among the parallel chords. Thus, in Fig. 
92, P'Q' is conjugate to PQ (and vice versa). 




Fia 92 
To find the diameter conjugate to a given diameter y = nw 
of the ellipse (1), let y= ma: +A be any parallel to the given 
diameter. If this parallel intersects the ellipse (1) at the real 
points (Xi, t/i) and (x^, y^, the midpoint has the coordinates 
i(«i + "h)! i(s/i +Pi)- The quadratic equation of S 220 gives 

If instead of eliminating y we eliminate x, we obtain the quad- 
ratic equation 

(m'a'+6*)y* - 2 MV + (** - m*a')6* = 0, 

whence y = - ^, + y,) = J'^ ■ 

z ma' + o 

Eliminating k between these results, we find the equation of the 
locus of the midpoints of the parallel chords of slope m : 
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(9) ""-£"."'■ 

If m = tan a is the slope of any diameter of the ellipse (1), 

the Hope of the conjugate diameter ia 

m, = tan Oi = • 

ma' 

The diameter oonji^ate to thia diameter of slope m, haa there- 
fore the slope 

___6^ y 

'^~ m,a»~ / 61\„i~™' 

i.e. it is the original diameter of slope m (Fig. 92). Id other 
words, either one of the diameters of slopes mandm, is conjugate 
to the other ; each bisects the chords parallel to the other. 

' 226. Tangents Parallel to Diameters. Among the parallel 
lines of slope m,y = mx + Tc, there are two tangents to the 
ellipse, viz. (§ 221} those for which 



ft = ±Vm'a'-|-6', 
their points of contact lie on (and hence determine) the conju- 
gate diameter. This ia obvious geometrically; it is readily 
verified analytically by showing that the coordinates of the 
intersections of the diameter of slope — 6*/wio' with the 
ellipse (1) satisfy the equations of the tangents of slope m, viz. 



y = vix± Vm'a'-H5'. 

The tangents at the ends of the diameter of slope m, must of 
course be parallel to the diameter of slope m,. The tour tan- 
gents at the extremities of any two conjugate diameters thus 
form a circumscribed parallelogram (Fig. 92). 

The diameter conjugate to either axis of the ellipse is the 
other axis ; the parallelogram in this case becomes a rectangle. 
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227. Diameters of a Hyperbola. For the hyperbola the 
same formulas can be derived except that &* is replaced 
throughout by — 6'. But the geometrical interpretation is 
somewhat different because a line y = mx meets the hyperbola 
(3) in real points only when m < b/a. 




Fia. 93 
The solution of the simultaneous equations 
y = mx, 6V — ah/' = a^b' 
gives: 

x = + , "" ■ y=±- -'■ 



V6' - mV 

These values are real if m<.b/a and imaginary if m>b/a 
(Fig. 93). In the former case it is evidently proper to call the 
distance PQ between the real points of intersection a diameter 
of the hyperbola ; its length is 

PQ = 2 V^T? = 2ab x /J+'f ■ 
'ft" — m?a^ 

If m>b/a, this quantity is imaginary ; but it is customary to 

speak even in this case of a diameter, its length being defined 

as the real quantity 

* m'a' — o* 
By this convention the analogy between the properties of the 
ellipse and hyperbola is preserved. 
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238. Conjugate Diameters of a Hyperbola. Twodiameteis 
of the hypetboU are called conjugate i£ their slopes m, m, are 
such that 

6* 
mm, =-;■ 

One of these lines evidently meets the curve in real points, the 
other does not. 

If m < b/a, the line y = mx, as well as any parallel line, 
meets the hyperbola (3) in two real points, and the locus of the 
midpoints of the chords pai-allel to y= mx is found to be the 
diameter conjugate to y = tux, viz. 

6' 
y = jn^ic ^ — - X. 

If m > b/a, the coordinates Xj, y, and is,, y, of the intersec- 
tions of y = mx with the hyperbola are imaginary; hut the 
arithmetic meanB-J{a:i + j^), -JCyi + y*) are real, and the locus 
of the points having these coordinates is the real line 

6' 

w = m,x = — — X. 
ma* 

It may finally be noted that what was in § 227 defined as 
the length of a diameter that does not meet the hyperbola 

in real points is the length of the real diameter of the hyper- 
bola 

-^ + ^ = 1; 

two snch hyperbolas are called conjugate. 
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S29. Parameter EquationB. Eccentric Angle. Just as the 
parameter equations of the circle a;* -|-y = a' are (§ 194):- 

x = a COB $, y = a sin 0, 
BO those of the ellipse (1) are 

x=sa COS $, y=b ain fl, 
and those of the hyperbola (3) are 

X = a sec tf, y —b tan 0. 
In each case the elimination of the parameter $ (by sqaftring 
and then adding or subtracting) leads to the cartesian equation. 

The angle $, in the case of the 
circle, is simply the polar angle of 
the point P (x, y). In the case of the 
ellipse, aa appears from Fig. 94 
(compare § 212), 6 is the polar angle 
not of the point P{x, y) of the ellipse, 
but of that point P, of the circum- 
scribed circle which has the same 
abscissa as P, and also of that point "*' 

Pj of the inscribed circle which has the same ordinate as P. 
This angle & = xOPi is called the eccentric angle of the point 
P(x, y) of the ellipse. 

In the case of the hyperbola the eccentric angle & determines 
the point P{x, y) as follows (Fig. 95). Let a line through 
inclined at the angle 6 to the trans- 
verse axis meet the circle of radius 
a about the center at A, and let the 
transverse axis meet the circle of 
radius b about the center at B. Let 
the tangent at A meet the transverse 
axis at A' and the tangent at B meet 
the line OA at B". Then the parallels to the axes through J! 
and B' meet at P. 
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230. Area of KUpse. Since any ellipse of semi-ases a, b 
oan be regarded as the projection of a circle of radius a, 
inclined to the plane of the ellipse at an angle c such that 
co8t = b/a, the area^ of the ellipse is A=sira*cosf = -rab. 

SZBRCISSS 
1. Find the tangenls to the ellipae ^ + 4 y^ = 16, wblch pass throogb 
tlie following points : 

(a) (2, v^), (6) {-3, 1V7). (c) (4,0), (d) (-8,0). 
t. Find tbe tangenta to tbe hyperbola 2 z* — 3 v* = 18, which paw 
throogh the foUowing pointa : 

(a) (-6,3V2), (6) (-8,0), (c) {4,-V6), (<J) (0,0). 
8. Find the intersectionB of the line x — 2 y = 7 and the hyperbola 

x* - O' = 5. 
1. Find the intersections of the line 3x + j/ — 1 = and the ellipse 
K* + 4 V* = 86, 

5. For what value of k will the line y = 2x + khoa tangent to the 
hyperboLa x'-iifi-i = li1 

6. For what values of m will the line jf= n>x + 2 be tangent to the 
ellipse a;» + 4!/«- 1=0? 

7. Find the conditions that the following lines are tangent to the hy- 
perl»la nfl/a^ - j/'/bl' = 1 r 

(_a) Ax + Bg+ C=0, (b) xcoep + y^afi=p. 

8. ArethefoUowiogpointson, outside, or inside the ellipse a^+4j('=4f 

(a) (!,J), (6) (i, -}). (c) {-J, -i). 

9. Are the following points on, outside, or iuMde the hyperbola 
9i"-j^ = 9? (a) (i. -i), (6) (1.35,2.15), (c) (1.3,2.0). 

10. Find the difference of the eccentric angles of points at the estieml- 
tles of conjugate diameters of an ellipse. 

11. Show (bat conjugate diameters of an equilateral hyperbola are 

II. Show that an asymptote is its own conjtignte diameter. 

IS. Show that the segments of any line between a Ijyperbola and Its 
asyinptot«B are equal. 

14. Find the talents to an ellipse referred to its axes which have 
equal intercepts. 
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U. What is the greateat poMdble aomber of normaU that cam be drawn 
from a gt?eii point to an eUlpae or byperbola 7 

U. Show tbat tangents drawn at the extremities of any chord of an 
ellipse (or hyperbola) intenect on the diameter conjugate to the chord. 

17. Show th^t lines joining tlie extremities of the axes of an ellipse 
are parallel to conjugate diameters. 

IB. Show that chords drawn from any point of an elUpse to the ex- 
tremities of a diameter are parallel to conjugate diameun. 

10. Find the product of the perpendiculars let fall to any tangent from 
the foci of an ellipse (or hyperbola}. 

50. The earth's orbit la an ellipse of eocentridty .01ST7 with the son 
at a focuB. The mean distance (major aeml-axis) between the sun and 
earth la Q3 million miles. Find the distance from the Hun to tbe center 
of tbe orbit. 

51. Find the sum of the squares of any two conjugate semi-diameten 
of an ellipse. Find the dlflerence of the squares of conjugate semi-diam' 
eters of a hyperbola. 

SS. Find the area of the parallelogram (drcumscribed about an ellipse 
with sides parallel to any two conjugate diameters. 

53. Find the angle between conjugate diameters of an elUpee in terms 
of the semi-diameters and semi-axes. 

54. Express the area of a triangle ioscrlbed fn an ellipse referred to 
ita axes in terms of tbe eccentric angles of tbe vertices, 

St. Tbe circle which is the locus of the IntersecUoD of two perpendicu- 
lar tangents to an ellipse or hyperbola is called the direeCor-eircU of the 
conic. Find its equation : (a) For the ellipae. (b) For the hyperbola. 

S*. Find tbe locns of a point Boch tbat the product of its distances 
from the saymptoiea of a hyperbola Is constant. For what value of this 
constant Is the locus the hyperbola Itself ? 

S7. Find tbe locus of the inteisection of normals drawn at correspond- 
ing points of an ellipse and tbe circumscribed circle. 

55. Two points jl, B of a line I whose distance is AB = a more along 
two fixed perpendicular lines ; find the path of any point P of 1. 
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come SECTIONS — EQUATION OF SECOND DEGREE 

PART I. DEFINITION AND CLASSIFICATION 

331. Conic Sections. The ellipse, hyperbola, and parabola 
are together called conic sections, or simply conies, because 
the curve in which a right circular cone is intersected by any 
plane (not passing through the vertex) is an ellipse or hyper- 
bola according aa the plane cuts only one of the half-cones or 
both, and is a parabola when the plane is parallel to a gener- 
ator of the cone. This will be proved and more fully dis- 
cussed in §S 239-243. 

232. General Definition. The three conies can also be 
defined by a common property in the plane : (Ae lomia of a point 
for which the ratio of ita distances from a fxed point and from 
a fixed line is constant is a conic, viz. an ellipse if the constant 
ratio is less than one, a hyperbola if 
the ratio is greater than one, and a . 
parabola if the ratio is equal to one. 

We shall find that this constant 
ratio is equal to the eccentricity e = c/a 
as defined in § 215. Just as in the 
case of the parabola for which the ' 
above definition ^rees with that of 
S 172, we shall call the fixed line c 
point Fi focus (Fig. 96). 



y 

^ ^ « 



Fio. 96 
, directrix, and the fixed 
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33S. Polar Equation. Taking the focus F^ as pole, the 
perpendicular from Fi toward the directrix di as polar asie, 
and putting the given distance FiD = g, we have F,P=r, 
PQ = q — r COB 0, r and <^ being the polar coordinates of any 
point P of the conic. The condition 
to be satisfied by the point P, viz. 
F^PiPQ = e,i.e. FiP=e-PQ becomes, 
therefore, 

r = e{q — rcoa 1^), 



1 + e cos ^ 



^Nj e 



This then is the potar equation of a conic if the focttn ia taken 
as pole and the perjaendiculaT from the foctia tovsard the directrix 
as polar axis. 

It is assumed that the distance g between the fixed point 
and fixed line is not zero; the ratio e, i.e. the eccentricity of 
the conic, may be any positive number. 

234. Plotting the Conic. By means of this polar equation 
the conic can be plotted by points when e and q are given. 
Thus, for <^ = and ^ = t, we find eq/(l + e) and eq/(l — c) as 
the intercepts FjA, and F,Ai on the polar axis ; Ai, A3 are the 
vertices. For any negative value of <ft (between and — v) 
the radius vector has the same length as for the same positive 
value of ifi. The segment LL' cut ofE by the conic on the per- 
pendicular to the polar axis drawn through the pole is called 
the latus rectum; its length is 2eq. Kotice that in the ellipse 
and hyperbola, i.e. when e =^1, the vertex A^ does not bisect 
the distance F^D (as it does in the parabola), but that 

FiAi/AiD = e. 
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If in Fig, 96, other things being equal, the 
polar axis be reversed, we obtain 
Fig. 97. We have again FiP= r ; bnt 
the distance of P from the directrix 
di is QP=q-\-Tca&^, .ao that the 
polar equation of the conic is now : 

r= ?2 . 

1 — e cos ^ 

236, Classification of Conies. For e = 1, the equations of 
SS 233-234 reduce to the equations of the parabola given in 
S§ 172, 173. It remains t.o show that for e < 1 and e > 1 
these equations represent respectively an ellipse and a hyper- 
bola as defined in §§ 204, 207. 

To show this we need only introduce cartesian ooordi- ' 
nates and then transform to the center, i.e. to the midpoint 
between the intersections A^ A^ of the curve with the polar 
axis. 

236. Transformation to Cartesian Coordinates. The equa- 
tion of S 233, 

T = e{q~r cos ^) 

becomes in cartesian coordinates, with the pole F^ as origin 
and the polar axis as axis Ox (Fig. 96) : 

^3? + y'=e{q-x), 
or rationalized : 

(1 _ e>)aJ + 2 e^K + 3/* = eV- 
The midpoint between the vertices Ai, A^ at which the 
curve meets the axis Ox has, by § 234, the abscissa 



this also follows from the cartesian equation, with y — 0. 
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237. Qiange of Origin to Center. To transform to paral- 
lel axes through this point we have to replace z by 
X — e'gi/(l — ^) i the equation in the new coordinates ia there- 
fore 

and this reduces to 
i.e. 

{i-ef 1 - «■ 

If e < 1 this is an ellipse with semi-axes 

if «> 1 it is a hyperbola with semi-axes 
eg ._ eg 

838. Focusand Directrix. Thedistancec (in absolute ralae) 
from the center to the focus J", is, as shown above, for the 
ellipse 

for the hyperbola 



The distance (in absolute value) of the directrix from ^ 
center is for the ellipse, since g = a(l — e')/e = a/e — ae : 

OD = c + q = ae + - — ae = -, 
and for the hyperbola, since q = ae — a/e : 

OD = e-q = ae-ae + ~ = -- 
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It is clear fiom the symmetry of the ellipse and hyperbola 
that each of these curves has two foci, one oa each side of the 
center at the distance ae from the center, and two directrices 
whose equations are as = ± a/e. 

EXERCISES 

1. Sketch the following conies : 

(a)r = 5 i!>)r = . ? , (c)r= ? . 

*■ ' 2 + 3008*' ^ ' 2 + co«#' ^ ' l-2(!<»# 

1. Sketch the following oonios and find their foci and directrices : 

(a) a" + 4p" = 4, (6) 4a^ + i^ = 4, 

{e)x''-iV = t, (<J) 4i»-V> = 4, 

(e) 16a;' + 25p"=!400, (/) Os^~10)f = lU, 

(ff) 9a;''-16v' + 144 = 0, (A)j?'-y'=2. 

S. Show that the foiiowlng equations represent ellipaea or hypertmlaa 

ftnd find their centers, foci, and directrices ; 

(a) 3!« + 8y»-2a! + 6B + l = 0, (6) UiS'^ijfl - 12x-9 = 0, 

(e) 6X^ + V* + Mx + U = 0, (d) 5a!»-4v« + 8v + Ifl = 0. 

4. Find tlie length of the latuB rectnm of an ellipse and a hyperbola 

in tenna of the semi-axes. 

B, Show tliat the interaectiooa of the tangents at the vertioes with 
the asymptotes of a hyperbola lie on the circle about the center passing 
througti the foci. 

C. Show that when tangents to an ellipse or hjperbola are drawn 
from any point of a directrix the Une joining the points of contact passes 
throngh a focus. 

7. From the definition (§ 232) of an ellipse and hyperbola, show that 
the sum and difference respectively of the focal radii of any point of the 
conic is constant. 

8. Find the locus of the midpoints of chords drawn from one end of ; 
(a) the major axis of an ellipse ; (6) the minor axis. 

9. The eccentricity of an ellipse with one focus and corresponding 
directrix fixed is allowed to vary; show that the locus of the ends of Che 
minor axis is a parabola. 

10. Fiud the locus of J 232 when the fixed point lies on the fixed line. 
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239. The Conies as SectiotiB of a Cone. As indicated by 
their name the conic seetiona, t.e. the parabola, ellipse, and 
hyperbola, can be defined aa the curves in which a right circu- 
lar coae is cut by a plane (§ 231). 

In Figs. 98, 99, 100, Fis the vertex of the cone, if CV0'=2 a 
the angle at its vertex ; OQ indicates the cutting plane, CVC 
that plane through the axis of the 
cone which ia perpendicular to the 
cutting plane. The intersection 
OQ of these two planes is evidently 
an axis of symmetry for the conic. 

The conic is a parabola, ellipse, 
or hyperbola, according as OQ is 
parallel to the generator VC of the. 
cone (Fig. 98), meets VC at a point 
C belonging to the same half-cone 
as does O (Fig. 99), or meets VC 
at a point 0' of the oth« 
COQ be called ^, the con- 




Fio. 98 

r half-cone (Fig. 100). If the angle 



a parabola if /3 = 2 a (Fig. 98), 
an ellipse if j3 > 2 « (Fig. 99), 
a hyperbola if /3 < 2 a (Fig. 100). 

In each of the three figures CC represents the diameter 2 r 
of any cross-section of the cone (t.e. of any section at right 
angles to its axis). We take as origin, OQ as axis Ox, so 
that (Fig. 98) OQ = x, QP=y are the coordinates of any point 
P of the conic. 

As QP is the ordinate of the circular cross-section CPCP' 
we have in each of the three cases : 

f=QP'=CQ-QC. 
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240. Parabola. lu the first case (Fig. 98), when j8= 2 m so 
that OQ is parallel to VC, the expression 

X OQ OQ ^ 

is constantj i.e. the same at whatever distance from the vertex 
we may take the cross-section CPCP'. For, QC is equal to 
the diameter OB = "ir^ of the cross-section through 0, and 

Cg/OQ = C(7/rC' = 2r/)-C3C« = 2sina. 

Hence, denoting the constant r, sin a by jj we have 

§§.eC = 4r,8ina=4i). 



The equation of the conic in this c 
and vertex 0, is therefore 

Kotice that as p = r^ sin a the focus is 
found as the foot of the perpendicular 
from the midpoint of OB on OQ. 

241. Ellipse. In the second case 
(Fig. 99), i.e. when yfl > 2 «, if we put 

Oa = 2a, 
it can be shown that 

J - <v 



\ referred to its axis OQ 




Fia. U9 



xi^a-x) OQ-QO' 
is constant. For we have Q/" = OQ ■ QC and from the tri- 
angles CQO, QCO', observing that ^QaC =p-2a: 



Cq_. sin /J 


«C 8iii(/5-2«) 


0« 8in(l,-«)' 


etc .infti+ay 
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Qi" ^ suiffBin(ff-2«) 



an expression independent of the position of the croas-seotion 
CO. 
Denoting this positive constant by ft*, we find the eguaticni 

y* = ft'a!(2 a - <£), 

which represents an ellipse, with semi-a.xeB a, ka and center 
(■>, 0)- 

242. Hyperbola. In the third case 
(Fig. 100), proceeding as in the second 
and merely observing that now 

QCy = -(2a + x), 
we find the equation 



U. 



(X 



(kay 




which represents a hyperbola, with 

semi-axes a, ka and center {—a, 0). 

243. Limiting Cases. As the conic is an ellipse, hyperbola, 
or parabola according as ^>2a, <2a, or =2 a, it appears 

that the parabola can be regarded as the limiting case of either 
an ellipse or a hyperbola whose center (the midpoint of Off) 
is removed to infinity. 
On the other hand, if in the second case, )3 > 2 a (Fig. 99), 
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we let p approach r, or if in the third case, fi <2a (Fig. 100), 
we let j8 approach 0, the cutting plane becomes in the limit a 
taugent plane to the cone. It then haa in common with the 
oone the points of the generator VC, and these only. A nngle 
^raight line can thus appear as a limiting case of an ellipse or 
hyperbola. , 

Finally we obtain another class of limiting cases, or cases of 
degeneration, of the conies if, in any one of the three cases, 
we let the cutting plane pass through the vertex V of the 
oone. Id the first case, p = 2a, the cutting plane is then tan- 
gent to the cone so that the parabola also may degenerate into 
a single straight liue. In the second case, /3 > 2 a, if /3 ^ ir, 
the ellipse degenerates into a single point, the vertex V oi the 
oone. In the third case, /3 < 2 a,-if |3 ^ 0, the hyperbola de- 
generates into two intersecting lines. 

The term conic section, or conic, is often used as inoluding 
these limiting cases. 

EXERCISES 

1. For what value of ^ in tbe precediitg discussion does the conic be- 
come a circle P 

S. A right drcular c^Under can be regarded aa the Umitiog case of & 
ri(^t drcular cone whose vertex is removed to infinity along Ita axis 
while a certain cross-section remains fixed. Tlie section of such a cylln- 
der by a plane is in general an ellipse ; in what case does it degenerate 
into two parallel lines? 

8. The conic sections were originally defined (by the older Greek 
mathematicians, in the time of Plato, about 400 b.c.) as sections of a 
cone by a plane at right angles to a generator of the cone ; show that the 
section is a parabola, ellipse, or hyperbola according as the angle 2 te at 
the vertex of the cone ia = J t, < j t, > i i-. 

4. Show that the spheres inscribed in a right circular cone so as to 
touch the cutting plane (Figs. 98, 99, 100) touch this plane at the foci of 
the conic. 
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PART II. REDUCTION OF GENERAL EQUATION 

241 Equations of Conies. We have seen in the two pre- 
Deding chapters that by sheeting the coordinate system, in a com- 
venient viay the equation of a parabola can be obtained in the 
simple form 

. y' = ipx, 

that of an ellipse in the form 



and that of a hyperbola in the form 

^_^ = 1 

When the coordinate system is taken arbitrarily, the carte- 
sian equations of these curves will in general not have this 
simple form; but they will always be of the second degree. 
To show this let us take the common definition of these curves 
(§ 232) as the locus of a point whose distances from a fixed 
point and a fixed line are in a constant ratio. With respect to 
any rectangular axes, let Xi , j/, be the coordinates of the fixed 
point, ax + by + c = the equation of the fixed line, and e the 
given ratio. Then by §§9 and 56 the equation of the locus is 

-^(X-X^y + (y - y.)' = e ■ "^ + j^ . 
± Va' + 6* 
or, rationalized; 



It is readily seen that this equation is always of the second 
degree ; i.e. that the coefficients of a;*, y*, and xy cannot all 
three vanish. 
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Stii. Equation of Second D^ree. GonvBrsely, every equa- 
tion of the second degree, i.e. every equation of the form (§ 79) 
(1) j3?-t2Hxy + By' + 2ax + 2Fy + = 0, 

where A, H, B are not all three zero, in general represents a 
conie. More precisely, the equation (1) may represent an 
ellipse, a hyperbola, or a parabola; it may represent two 
straight lines, different or coincident; it maybe satisfied by 
the coordinates of only a single point; and it may not be 
satisfied by any real point. 

ThuB each of the equations 

ir'-3y' = 0, xy = 
evidently represent two real different lines ; the equation 

represents a single line, or as it is customary to say, two coin- 
cident lines ; the equation 

3/' + y' = 

represents a single point, while 

^ + p>+i = (i 

is satisfied by no real point and is sometimes said to represent 
an "imaginary ellipse." 

The term conic is often used in a broader sense (compare § 243) 
80 as to include all these cases; it is then equivalent to the 
expression "locus of au equation of the second degree." 

It will be shown in the present chapter how to determine 
the locus of any equation of the form (1) with real coefficients. 
The method consists in selecting the axes of coordinates so as 
to reduce the given equation to its most simple form. 

246. TranBlatioti of Axes. The transformation of the 
equation (1) to its most simple form is very easy in the par- 
ticular case w?ien (1) contains no term in xy, i.e. when SssO. 
Indeed it suffices in this case to complete the squares in x and j) 
and transform to paraUel axes. 
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Two cases may be distinguished; 

(a) JEf = 0, A*0, B'^O, so that the equation has the form 

(2) A>? + By^+2Gx + 2Fy + C'=0. 
Completing the squares in x and y (S 80), we obtain an equation 
of the form 

A(x-ky + B(t/-ky^K, 

where £" is a constant ; upon taking parallel axes through the 
point {h, k) it is seen that the locus is an ellipse, or a hyper- 
bola, or two straight lines, or a point, or no real locus, accord- 
ing to the values of A, B, K. 

(6) H= 0, and either B=0 or A=0, so that the equation is 

(3) A^ + 26x + 2Fs + O = 0,otB>/' + 2Ox + 2F\/+C = 0. 
Completing the square in a; or ^, we obtain 

(x-hy=p(y-k),OT (>-*:)' = 5(3'-A)i 
with (h, k) as new or^n we have a parabola leferrad to vertex 
and axis, or two parallel lines, real and different, coincident^ or 
imaginary. 

It follows from this discussion that the aiaence of the term in 
xy indioatea that, in the case of t/te ellipse or hyperbola, its axes, 
in the case of the parabola, its axis and tangent at the vertex, are 
paraSel to the axes of eoordi'natea. 

EZBKCISBS 
1. Reduce the following equatiooB to stand»rd toraa and sketch the 
loci: 

(a) 2^-Zx + %y + \\ = f,, (6) k» + 4 v>-e j + 4 !^ + 6 = 0, 

(c) eia + 3v»-43: + 2y+l=0, (d) i>-0!/"-8k + 18i/ = 0, 
(e) 93? + ej(»-303;+ej(+10=0, (J) 2x^ -i^ + Ax-i-4y -\=fi, 
C?)** + p"-2iK + av + 3 = 0, (A) 3afl-6x + y + fl = 0, 

(i) 3J"-]^_4i-2y + 3 = 0, y) 2i^- 51 + 12 = 0, 

(*) 2!(?-6a; + 2 = 0, (I) J*- *J + * = 0. 
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i. Find the equation ot each of the following conlcB, determine th« 
axla perpendicular to the given directrix, the Terticea on chia axis (by 
division-ratio), the lengths of the semi-axes, and make a rough sketch 
in each casei 
. (a) with z — 2 ::^ as directrix, focoa at (6, 3), ecoentrlcit; ^ j 

(b) with3x-)-4y — 6 = as directrix, focus at (6, 4), eccentricity }; 

(c) with X — y — 2 — aa directrix, focus at (4, 0), eccentricity |. 

S. Find the axis, vertex, latus rectum, and sketch the parabola wiUt 
fooua at (2, - 2) and 2z-3v-6 = 0as directrix (aee Ex. 2). 

4. Prove the statement at the end of $ 244. 

B. Find the equation of the ellipse of major axla 6 with foci at (0, 0) 
and (8, 1). 

217. Rotation of Axes. If the right angle xCh/ formed by 
the axes Ox, Oy be turned about the origin through an 
angle so as to take the new position ZiOy, (Fig. 101), the 




Fio. 101 

relation between the old coordinates OQ = x, QP = y ot any 
point P and the new coordinates OQi^x^, QiP=yi of the 
same point P are seen from the figure to be 
j X = Xi cos tf — ji sin 0, 
[y = x,3in$ + j/,ijO3 0. 
J solving for a^, j/i , or again from Fig. 101, we find 
\x^ = x cos ^ + J sin S, 
U, = -a;sinfl-f.vC08tf. 
If the cartesian equation of any curve refen-ed to the axes 



<4) 



m 
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Ox, Oy is given, the equation of the aame curve refen-ed to tht 
new axea Oc, , Oyi is found by substituting the values (4) for 
X, y in the given equation. 

218. Translation and Rotation. To transform from any 
tectaugular axes Ox, Oy (Fig. 102) to any other rectangular 



1 'N N 



axes OiX, , O^i , we have to combine the translation OOi 
(§ 13) with the rotation through an angle d (§ 247). 

This can be done by first transforming from Or, Oy to the 
parallel axes Oix', dy' by means of the translation (§ 13) 

x = x' + k, 

y==y' + k, 
and then turning the right angle x'Oiy' through the angle 
$ = ^OjXj, which is done by the transformation (§247) 



x' =x, cos $ — yi sin $, 

j' = jCi sin tf + Vi cos $. 



Eliminating z*, y', we fi 



\x = Xi cos C — y, sin 5 + A, 
\y = Xia\n$+yi cos ^ + &. 
The same result would have been obtained by performing 
first the rotation and then the translation. 

It has been assumed that the right angles xOy and x^Oyi are 
euperposable ; if this were not the case, it would be necessary 
to invert ultimately one of the axes. 
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EXERCISES 
1. Find the coordinates of eiuik of tlie foUowing points after the axes 
have been rotated about tlie origin thmugh the indicated angle ; 

(a) (3,4), i'. (6) {0,5),1-. 

(c) C-3,2),S = tan-'i. (d) (4,-3),Jt. 

i. If the origin is moved lo the point (2, — 1) and the axes then 
rotated through 30% what will be the new coordinates of the following 
points P 

(o) (0,0). (6) (2,3). (e) (6,-1). 

S. Hud tbe new equation of the parabola y* = 4ax after the axes have 
been rotated through : (o) ^r , (6) Jir , (c) r . 

4. Show that tlie eqnation x' + jl* = W is not changed by an; rotation 
of the axes about the origin. Wiiy ie this true ? 

B. rind the ceiil«r of the circle (x — <i)< + g' =a' after the axes have 
been tumsd about tbe origin through the angle S. What is tbe new 
equation ? 

fl. For each of the foUowlng lod rotate the axes about the origin 
through the indicated angle and find the new equation : 
(a) a"-i/» + 2 = 0,,iT. (6) a:"-v» = aMr. 

(c) jzznw5 + 6, 8 = lan-'ni. (d) Wx^" - Tap- 12:(» = 0, fl = tan-ij- 

(") S + S=^'*'- (■^> tf-v* = 0,ix. 

7. Through what angle miut the axes be turned abont the origin so 
that the drcle a' + p* — 3a! + 4y — 5 = will not contain a linear term 
inx? 

B. Suppose the right angle XiOgi (Fig. 101) turns about the origin at 
a uniform rate making one complete revolution in two seconds. The 
coordinates of a point with respect to the moving axes being (^, I), what 
are its coordinates with respect to the fixed axes xOy at the end of : 
(a) ieec.? (6) J sec. ? (e) Isec.? (d) IJ sec. ? 

9. In Fig. 101, draw the tine OP, and denote ^ QOP by ^. Divide 
both sides of each of the equations (4) by OP and sliow that they are 
then equivalent to the trigonometric formulas ■ for cos (S + p) and 
Sin (e + «). 
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SM. Removal Of the Term in xy. The general equation - 
of the second degree (1), § 245, when the ajtes are tamed abont 
the origin through an angle 6 (§ 247), becomes : 
^ (id, cos tf — y, sin $Y 

+ 2 Hixicos 6 — yi sin $) {x^ sin $ + yi cos tf) 
+ 5 (i^ sin tf + yi cos $y 
+ 2G(x, cos — yi sin $) 
+ 2F(x,am$ + yiCos$) + C=0. 
This is an equation of the second degree in x^ and y, in 
which the coefficient of x^i is readily seen to be 

— 2^co8tfBinfl+2B8infiooBtf + 2S"(cos'e — sin**) 

= (B-^)sin2« + 2fl'cos2fl. 
It follows that if the axes be turned abont the origin 
through an angle € such that 

(B-^)sin2tf + 2^^003 2 fi = 0, 
i.e. such that 
(6) tai.2«_^i, 

the equation referred to the new axes will contain no term in 
XiPi and can therefore be treated by the method of § 246. 
According to the remark at the end of § 246 this means 
that the new axes Ox,, Oy,, obtained by turning the original 
axes Ox, Oy through the angle found from (^), are parallel 
to the axes of the conic (or, in the case of the parabola, to the 
axis and the tangent at the vertex).. 

The equation (6) can therefore be used to determine tt« 
directions of the axen of the conic; but the process juat indicated 
is generally inconvenient for reducing a numerical equation of 
the second degree to its most simple form since the values of 
cos and sin 6 required by (4) to obtain the new equation are 
in general irrational. 
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EXERCISES 

1. lliTougb what wtgle must the azea be turned ftboat Oie origin to 

remove the term in zjr from each ot the following equations ? 

(a) 3x*+2Vl!a^+!/*-3«+4v-W=0. {b) j^ + 2y/Sxv + 1y''-l5 = 
(c) 2»!' — 3xg + 2y' + x~g + 7s:0. Cd)a:y = 2a». 

S. Reduce each of the following equations to one of the forms in } 244 : 
(a)xi; = ~2- (6) Sx'- 6xti - 6^ = 0. 

(e) Sx' — V)xy + 3jfl + 8 = 0. (d) 13a:* - 10a:i^+ ISj/* -72 = 0. 

SfiO. Transfonnatioii to Parallel Axes. To transform the 
general equation of the second degree (1), § 215, to parallel 
axes thzough any point (x^, y^, we hare to substitute (§ 13) 

te = 3f + a^, y = y'+y» 

the resulting equation is 

+ 2(Sx„ + Bs^ + F)i/+(7 = 0, 

where the new constant term is 

(7) C' = Jx* + 2Hxj,„ + By,* + 2€h^ + 2Fy^ + C. 

It thus appears that aJUr any translation, of the coordinate 
ay stem: 

(a) the coefficients of the terms of the second degree remain 
unchanged ; 

(b) the new coefficients of the terms of the firat degree are 
linear functions of the coordinates of the new origin; 

(c) the new constant term is the result of substituting the 
coordinates of the new origin in the left-hand member of the 
original equation. 
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361. Transformatioa to the Center. The traneformed equa- 
tion will contain no terms of the first degree, i.e. it will be of 
the form 

(8) Axf* + 2H3f^-k-W*+C' = 0, 

if we can select the new origin {x^, y^ so that 

Hx^ + By, + F = 0. 
This is certainly possible whenever 

and ve then find : 

,,„, . FB-OB OH- FA 

As the equation (8) remains unchanged when z*, 1/ are 
replaced by —sf, — y", respectively, the new origin so found ia 
the center of the curve (§ 224). The loons is therefore in 
this case a centred conic, i.e. an ellipse or a hyperbola; but it 
may reduce to two straight lines or to a point (see § 254). It 
might be entirely imaginary, viz. if H= ; but the case when 
H= has already been discussed in g 246. 

We shall discuss in § 256 the case in which AB — fi' = 0. 

263. Hie Constant Term and the Discriminant. The cal- 
culation of the constant term C can be somewhat simplified 
by observing that its expression (7) can be written 

'0'=(A!i!, + Hy, + G)x, + (Hx, + B}f^ + F)y, + Gke, + Fs^+C, 

i.e., owing to (9), 

(11) C ^ Ch^ + F!i„+ a 

If we here substitute for a;,, y, their values (10) we find: 



O'-S 



OFH- O'B + IOH-T'A + ABO-B'O 



AB-m 
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The numecator, n^hich ia called the discriminant of the equft- 
tion of the second d^ree and is denoted by D, can be writteD 
in the form of a symmetric determinant, viz. 
\A H 0\ 

d=\h b fV 
\g f o\ 

If we denote the cofaetors of this determinant by the corre- 
eponding small letters, we have 

^.2. ,.=l, a'=S. 

c c c 

Notice that the coefficients of the equations (9), which deter- 
mine the center, are given by the first two rows of D, while the 
third row gives the coefficients of C in (11). 

263. Homogeneous Function of Second Degree. - The nota- 
tion for the coefficients in the equation ot the second degree arises from 
the fact that the l0ft--hand member of this equation can be regarded as 
the valae for « = 1 of the general homogeneoui function of the second 
degree, viz. 

/(*, y,z)=sA3!'+Bjfl+ els' + 2 JPy* + 2 0JKE + 2 fii*. 
If in this function x alone be regarded as variable while f and e are 
tieated as constants, Uie derlvaiive with respect to z is 

If y alone, ot e alone, be regardeti as variable, we find similarly 

/,' = 2(Hi + flv + Jfe), 

/.' = '2(0x + I^ + 0z). 
Theae partial derivatives of the homogeneous fancdon fix, y, s) with 
respect U>x,y,z, respectively, are linear hotnogeneoua functions of x, f, >, 
and it Is at once verified that 

/=i(/.'-^+A'i'+/.'-«); 

i.e. the homof/eneoas fiinetion of the seeojid degret U equal to half Uueum 
<lftlie products qfitt partial derivative! byx, y, «. 
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Tbe left-hand mflmbers of the equations (9) are \f,'{xtt, ». 1}, 
i/,'(^i Vo, 1). Henca the equations for the center can be obtained bv 
differentiating f{x, jfi ')• or what amounts to the Bams, the l^-hand 
member of the equation of the tecond degree, urith retpeet to x alone and 

The symmetric determinant 

\A H &\ 
D= ff B f\ 
\a F g\ 
formed of the coeffidenta of j/.', \fj, J/,' Is called the diaeriminant of 
/(z, )r, z); sjul this is also the diHcriminant of the equation of the second 
degree (9 252). As /= i(/A + /«'» + /.'z) and /,'(»,, y„, 1)=0, 
/.'(a* , Ve t 1) = 't follows that 

C=/(io.»>, l) = l/,'(i», W, 1) = Oio + JVo + £?■ 

254. Straight Lines. Aftet transforming to the center, L%. 
obtaining tbe equation (8), we must distinguish two cases 
according as C = or C#=0. Tlie condition C=0 means 
by (7) that the center liea on the locus ; and indeed the homo- 
geneoua equation 

Ax'^ + 2 Hx'y' -)- By'* = 
represents two straight lines through the new origin {x„,y^ 
{% 69). The separate equations of these lines, referred to 
the new axes, are found by factoring the left-hand member. 
As we here assume {§ 251) that AB-H*^ 0, and if gt 0, the 
lines can only be either real and different, or imaginary. In 
the latter case the point (x,,, y^) is the only real point whose 
coordinates satisfy the original equation. 

2SB. Ellipse and Hyperbola. If C ^0 tie can divide (8) 

by — C so that the equation reduces to the form 

(12) aa?+2Axy + by'=l. 

This equation represents an ellipse or a hyperbola (since we 

assume h^O). The axes of the ellipse or hyperbola can be 

found In magnitude and direction as follows. 
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If an ellipse or hyperbola, with its center, be giren graphi- 
cally, the axes can be constnieted by inter- 
secting the curve with a concentric circle 
and drawing the lines from the center to 
the intersections; the bisectors of the 
angles between these lines are evidently 
the axes of the curve (Fig. 103). 

The intersections of the curve (12) with 
a concentric circle of radius r are given by 
the simultaaeous equations 

aa? + 2hx!/ + bf=l, a? + y' = i'; 

dividing the second equation by r* and subtracting it from the 
first, we have 




e^)^ 



+ 2Sa!}+f6-iy-0. 



03) 



This homogeneous equation represents two straight lines 
through the origin, and as the equation is satisfied by the 
coordinates of the points that satisfy both the preceding equa- 
tions, these lines must be the lines from the origin to the inter- 
sections of the circle with the curve (12). If we now select r 
so as to make the two lines (13) coincide, they will evidently 
coincide with one or the other of the ases of the curve (12). 
The condition for equal roots of the quadratic (13) in y/x is 



This equation, which is quadratic ii 



■ ft' = 0. 



l/r* and can be written 



(140 



(^J- 



(a-t-6);^-|-a6-ft= = 0, 



determines (Ae lengths of the axes. If the two values found for 
r* are both positive, the curve is an ellipse ; if oue is positive 
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and the other negative, it is a hyperbola; if both are negative, 
there is no real locus. 

Each of the two values of l/r* found from (14'), if substi- 
tuted in (13), makes the left-hand member, owing to (11), a 
complete square. The equations of the axes are therefore 



t^f^y 



= 0, 
or, multiplying by Va — l/r* and observing (14) : 



e-^> 



266. Parabola. It remains to discuss the case (§ 251) of the 
general equation of the second degree, 

Aa? + 2 Hxy + By' + 2Ox+2Fy + C=0, 
in which we have ^g — fl* =s 

This condition means that the terms of ike second degree fortu 
a perfect square : 

Putting ■\/3=« and VB = 6 we can write the equation of the 
second degree in this case in the form 

(15) {aas + by)'' = -2 0x-2Fy-C. 

If (7 and fare both zero, this equation represents two parallel 
straight lines, real and different, real and coincident, or im- 
aginary according as C < 0, <7 = 0, C > 0. 

If G and F are not both zero, the equation (16) can be inter- 
preted as meaning that the square of the distance of the point 
(«, y) from the line 

(16) ax + by = 

is proportional to the distance of (x, y) from the line 

(17) 20x + 2Fy-\-G=Q. 

Hence if these lines (1 6), (17) happen to be at right angles, the 
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locus of (15) is aparabola, having the line (16) as axis and the 
line (17) as tangent at the vertex. 

But even when the lines (16) and (17) are not at right angles 
the equation (15) can be shown to represent a parabola. , For 
if we add a constant k within the parenthesis and compensate 
the right-hand member by adding the terms 2 akx + 2 bky + &", 
the locus of (15) is not changed ; and in the resulting equation 

(18) (ax + by + ft)' = 2(ak -0)x + 2(bk - F)y + ft* - G 
we can determine ib so as to make the two lines 

(19) ax+by + k=0, 

(20) 2(ak-Cf)x + 2(bk~F)y + }<:'-~C=0 
perpendicular. The condition for perpendicularity ia 

a(ak-O) + b{bk-F)=0, 
whence 

(21) t. -g + 'f . 

With this value of A;, then, the lines (19), (20) are at right 
angles; and if (19) is taken as new axis Ox and (20) as new 
axis Oy, the equation (18) reduces to the simple form 

The constant p, i.e. the latus rectum of the parabola, is found 
by writing (18) in the form 

y±k\' 



/ ax + by-i-k \'^ 



2V(aft-g)'+(6fc-JT 2{dk-G)x+2{bk-F)y+ie-0 . 
a*+6' ' 2-^{ak-Qf-\-{bk-Fy ' 

hence 



^ = ^M:^V(afc-G)' + (&ft-F)'- 
Substituting for fc its value (21) we can reduce it to 

(a' + S-)! 
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EXERCISES 
1. Find the equation of eax;h of the loUowing loci aCter tronsiorming 
to parallel axes through the ceiiter: 

(a) S3fl~4xy~j^~^x-iy + l=0. 

(6) 6i^ + 0xy + y' + ex-is^& = 0. 

(d) 3fi-2xy-^ + ix-2v-S = 0. 
a. Find that diameter of the conic Sas'- 3xtf-4y«+6x-4 j +2=0 
la) Mhioh passes through the origin, (6) nhioh is parallel to each co- 
ordinate axis. 

8. For what values of £ do the following equations represent straight 
lines ? Find their intersections. 

(a) 23l'-xy-3y^-ex + 19r/ + k = 0. 
(6) ksfl-i-'ixg + ^-x-y-6 = 0. 

(c) S3^-iiy + ki/' + Sy-3 = 0. 

(d) s^ + 2^ + 6x-iy + k=0. 

t. Show that the equations of conjugate hyperbolas K*/a2—j('/6'=±I 
and their asymptotea xfl/a^^yyb' = 0, even after a translation and rota- 
tion of the axes, will differ only in the conetant CermB and that ihe con- 
stant term of the aeympCotes ia the arithmetic mean between the constant 
terms of the conjugate hyperbolas. 

5. Find the asymptotes and the hTperbola conjugato to 

2a^-ay-16!/^-m-19p + ia = 0. 

6. Find the hyperbola through the point ( —2, 1) which has the lines 
2x — y-|-l = 0, 3x-(-2y — 6 = as asymptotes. Find the conjugate 
hyperbola. 

7. Show that the hyperbola a^ = a' is referred to its asymptotes as 
coordinate axes. Find the semi-axes and sketch the curve. Find and 
sketch the conjugate hyperbola. 

8. The volume of a gas under constant temperature varies inversely 
as the pressure (Bnyle'a law), i.e. tip = c. Sketch the curve whose ordi- 
natea represent the preesui-e as a function of the volume for difierent 
values of c ; e.g. take c = 1, 2, 3. 

9. Sketch the hyperbola (x — a){y ~ b) = <? and its asymptotes. In- 
terpret the constants a, b, c geometrically. 
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10. Sketch the hyperbola xy + Sii — ft = and its asymptotes. 

11. Find the center and semi-axes of the foUoning conies, write theii 
equations in the most simple form, and sketoh the curTes : 

(6) a^-6v^!cj(-6!/'-lfl = 0. (c) a^ + iy + p'-3j/ + 8 = 0. 
(d) 18x»-6v^3if + 7^-64 = 0. 
(<) 2x*-ixs + i/* + 2x-iy-i=0. 
{/) 3** + 2ip + ^ + 6z + 4v + i = 0. 

U. Sketch the following parabolas : 

(o) a?-2^/3xy + 3]/'-6^/Sx-6y = <k 

(6) a^-6ai/ + 9y'-3j;+ 4p-l =0, 

18. Show that the following combinations of the coefflclente of the 
general equation of the second degree are invariants (f.«. rem^n un- 
changed) under any tfansformaCioD from reotangular to rectangular axes: 

(o> A + B. (6) AB ~ m. (c) (_A - B)» + 4 H*. 

14. Show that xl + yl = Qi represents a parabola. Sketeh the locos. 
18. Find the parabola with x-t-y = asdlreotrix and (Jo, Jo) as 

U. Let five points A, B, O, D, E be taken at eqtial intervals on a 
line. Show that the locus of a point P such that AP- EP=BP- DP is 
an equilateral hyperbola. (Take Caa origin.) 

17. Tbe variable triangle A<^B la iaosceles with a fixed base AB. 
Show that the locus of the Intersection of the line AQ with the perpen- 
dicuiar to QB through B is an equilateral hyperbola. 

15. Let .^ be a fixed point and let Q describe a fixed line. Find the 
locus of the Intersection of a line through Q perpendicular to the fixed 
line and a line throi^h A perpendicular to AQ. 

1». Find the locus of the intersection of lines drawn from the extrem- 
ities of a fixed diameter of a circle to the ends o£ thp perpendicular 
chords. 

M. Show by (14'), §256, that if the equation of the second degree 
represenu an ellipse, parabola, byperlxila, we have, respectively, 
AB-H' >0, =0, <0. 
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CHAPTER XII 

HIGHER PLANE CURVES 

PART L ALGEBRAIC CURVES 

267. Cubics. It has been ahown (§ 30) that every equation 
of the first degree, 

<h 
+ a,a) + ft,3* = 0, 

represents a straight line; and (§ 246) that every equation of 
the seooad degree, 

«o 

+ OiK + 6,y 

+ a^ + b^ + (^* = 0, 

either represents a conic or is not satisfied by any real points. 

The locus represented by an equation of the third degree, 

«o 

+ a,iB + h^ 

+ a^ + b-cxy + Cjy* 

+ a^ + VV + «3«J'' + ^*= •*> 

i.e. the a^regate of all real points whose coordinates x, y satisfy 

this equation, is called a cubic curve. 

Similarly, the locus of all points that satisfy any equation of 
the foartk degree is called a quartic curve; and the terms qwntic, 
aexlic, etc., are applied to curves whose equations are of the 
fifth, sixth, etc., degrees. 

Even the cubics present a large variety of shapes; still 

more so is this true of higher curves. We shall not discuss 

such curves in detail, but we shall study some of their properties. 

248 
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268. Algebraic Curves. The general foim of an <. 
equation of the nth degree in x and y is 

+ Oi* + 6,y 
(1) +0^+ M* + <W* 



+ o.ar' + Kv-'y + •■■+ ft,«y-'+ ^ = 0. 
The coefficients are sopposed to be an; real numbers, those in 
the last line being not all zero. The number of terms is not 
more than 1 + 2 + S + ... +(n + 1) = ^(n + 1)(» + 2). 

If the cartesian equation of a curve can be reduced to this 
form by rationalizing and clearing of fractions, the cnrve is 
called an algebraii: cto-ue of degree n. 

An algebraic curve of degree n can be intersected hj a 
straight line, 

AB + By-\- C=0, 

in not more than n points. For, the substitution in (1) of the 
value of y (or of x) derived from the linear equation gives an 
equation in x (or in y) of a degree not greater than n ; this 
equation can therefore have not more than n roots, and these 
roots are the abscissas (or ordinates) of the points of intersec- 
tion. 

We have already studied the curves that represent the poly- 
nomial function 

j/ = Oo + a,3!+a^ 4- ... + a,J!- i 

such a curve is an algebraic curve, but it is readily seen by 
comparison with the preceding equation that this equation is 
of a very special type, since it contains no term of higher de- 
gree than one in y. Such a curve is often called a paraholic 
carve of the nth degree. 
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SB9. Transfonnation to Polar Coordinates. The cartesian 
equation (1) is readily transformed to polar coordinates by sab; 
stituting 



rcos^, y = r8m^; 



it then asaiimeB the form; 



+ (tti cos ^ + 6, sin ^)r 
(2) +{a,co3'^ + 6jCos^sin^ + Cg8in'^)»* 

+ (dj cos* 4- &a cos' <^ sin ^ -t- 1^ cos 4> Bin^ ^ + ^^ sin' <^)^ 

+(o, 0O8"^+6,cos""'^siii^+--'+i;.eos^ain»"'^+i,ain"^)r" 

= 0. 

If any particular value be assigned to the polar angle if>, this 
becomes an equation in r of a 
degree not greater than n. Its 
roots r,, r,, ■■■ represent the in- 
tercepts OPi, OPj, — (Fig. 104) 
made by the curve (2) on the line 
y = taa ^ ■ x. Some of these 
roots may of course be imaginary, 
and there may be equal roots. ' Fiq. 1M 

260. Curve through the Origin. The equation in r has at 
least one of its roots equal to zero if, and only if, the constant 
term Of, is zero. Thus, tJie necessary and sufficient condition (Aof 
the origin O be a point of the eurite is Oo = 0. 

This is of course also apparent from the equation (1) which 
is satisfied by a; = 0, y = if, Mid only if, a„ = 0. 

261. Tangent IJne at Origin. The equ?.tion (2) has at 
least two of its roots eqnal to zero if nB = and a, cos^-f- 
6, sin ^ = 0. If a, and bi are not both zero, the latter eonditioo 




D,q,-Z.-dbvGOOg[C 



XU,S2631 



ALGEBRAIC CURVES 



251 



can be satisfied by selectdng the angle ^ properly, viz. so that 




The Udc through the origin inclined at this angle ^ to the 
polar axis is the tangent to the curve at the origin (Fig. 105). 
Its oartesian equation is y = tan ^ • x = — {ai/bi)x, i.e. 
(3) a,x + b^ = 0. 

Thus, if OgMO while a,, &, are not both zero, the curve has 
at the origin a single tangent ; the origin is therefore called 
a simple, or ordinary, point of the curve. 
In other words, if the lowest terms in 
the equation (1) of an algebraic curve 
are of the first degree, the origin is a 
simple point of the curve, and the equa- 
tion of the tangent at the origin is ob- 
tained by equating to zero the terms of 
the first degree. Ka. 105 

262. Double Point. The condition aicos 0+&i sin ^ = 
necessary for two zero roots is also satisfied if ai = and b, = 0; 

.indeed, it is then satisfied whatever the value of ^. Hence, if 
a( = 0, a, = 0,61 = 0, the equation (2) has at least two zero 
roots for any value of 4>- If i^ ^^^^ ^^^^ ^'^^ terms of the 
second degree in (1) do not all vanish, the curve is said to 
have a double point at the origin. Thus, the origin is a double 
point if, and only if, the lotcest terms in the equation (1) are of 
the second degree. 

263. Tangents at a Double Point. The equation (2) will 
have at least three of its roots equal to zero if we have do = 0, 
O] = 0, 6, = and 

Of COB* ^ + &t <i^ ^ sin ^ + Ci sin* <^ = 0. 



_iv,Goog[c 



252 



PLANE ANALYTIC GEOMETRY [XII, § 263 



If Of, fi|, Ci are not all zero, we can find tvo angles satlafying 
this equation which may be real and different, or real and 
equal, or imaginaty. The lines drawn at these angles (if real) 
through the origin are the tajigents at the double point. 

Multiplying the last equation by r* and reintroducing carte- 
sian coordinates we obtain for these tangents the equation 



w 



a^+b^ + c^ = 0. 



Thus, if the lotvest terms in the equation (1) are of the second 
degree, the origin is a double point, and these terms of the second 
degree equated to zero represent the lan^&Ua at the origin. 

264. Types of Double Point, (o) If the two lines (4) are 
real and different, the double point is 
called a node or crunode; the curve then 
has two branches passing through the 
origin, each with a different tangent 
(Pig. 106). 

(ft) If the lines (4) are coincident, t.e. 
if OjO!' + tijiy + (^ is a complete square, 
the double point is called a cusp, < 




,JL 



Fio. 106 
r spinode; the curve then 
has ordinarily two real branches tangent to ^ 
one and the saine line at the origin (Fig. 107 
represents the most simple caae). 

(e) If the lines (4) are imaginary, the 
double point is called an isolated point, or . 
an aenode; in this case, while the coordi- 
nates 0, of the origin satisfy the equation y 
of the curve, there exists about the origin \^ 

a region containing no other point of the 
curve, so that no tangents can be drawn ~^ •• 

through, the origin (Fig. 108). Bto. log 



Fia. lOT 
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It ahould be observed that, for curves of a degree above 
the third, the origin in case (&) may be an isolated point ; this 
will be revealed by investigating the higher terms (viz. those 
above the second d 



266. Multiple Points. It is readily seen how the reasoning 
of the last articles can be continued although the investigation 
of higher multiple points would require further discussion. 
The result is this ; If in the equation of an aJgebraic curve, when 
rationalized and cleared of fractions, the lowest terms are of 
degree k, the origin is a k-tuple point of the curve, and the tan- 
gents at this point are given by the terms of degree k, equated 
to zero. 

To investigate whether any given point (x^ , y,) of an alge- 
braic curve is simple or multiple it is only necessary to trans- 
fer the origin to the point, by replacing xhy x + x^ and y by 
y + yii and then to apply this rule. 

EXERCISES 

1. Determine the naLore of the origio and sketch the corves : 
(o) y = x^-2x. \b) 3i' = i9-y'. (e) {* + a){j/ + a) = a*, 

(d) j^ = x^(i - X). (e) ^ = ^. CO x* + D' = 3^. 

fa) j^ = *" + »;». (A) 3fi^3axy + y* = t}. (i) x*- j/* + & xifl = 0. 

1. Detenoinethenatoreof the otiglii and sketch the curve (y—3^)'=a^, 
for: (a) n = l. (6) n = 2. (c) r. = 3. (d) n = 4. 

3. Locate the multiple points, determine their nature, and sketch the 

(o) ^ = x(,x + S)K (b) (i,-3)S-»;'. (c) (g + l)'^ = (x-&)*. 
(d)9'=(x + l)(x-iy. 

i. Sketch the curve ;/' = (*- a){3: -6)(a:- c) and discuss the multi- 
ple points when ; 
(a) 0<a<6<c {6)0<a<6 = o. (c)0<ffl = 6<e. (d) 0<a = b = c. 
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PAET II. SPECIAL CURVES 
DEFINED GEOMETRICALLY OR KINEMATICALLY 

266. Conchoid. A Jiaxd point and a fixed line I, at the 
distance a from 0, heing t/iven, the radius vedor OQ, draumfrom 
to every point Qofl, is produced by a segment QP = h of con- 
data length ; the locus of P is called the conchoid of Nicomedea. 

For as pole and the perpendicular to I as polar axis the 
equation of Hs r, s= a/ cos ^ ; hence that of the coachoid is 



If the segment QP be laid off in the opposite sense we obtain 

the curve 

cos ^ 

vhioh is also called a conchoid. Indeed, these two curves 
are often regarded as merely two branches of the same 
curve. Transforming to cartesian coordinates and rationaliz- 
ing, we find the equation 

which represents both branches. Sketch the curve, say for 
b = 2a, and for b = a/2, and determine the nature of the origin. 

267, Lima^on. If the line I be replaced by a cirde and the 
fixed point be taken on the circle, the locus of P is called 
Pascals limacon. 

For as pole and the diameter of the circle aa polar a^ 
the equation of the circle, of radius a, is f, = 2 a cos ^ ; hence 
that of the limacon is : 

r = 2aoos0 + 6. 
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If 6 = 2 a the curve is called the cardioid; the equiitioD 
then becomes 

r = ia cos* \ ^ 

Sketch the lima^oas for b = 3a, 2a, a; transform to car- 
tesian coordinates and determine the character of the origin. 

268. Cissoid. OCf = a being a diametur of a ctrcfe, let any 
radius vector drawn from meet the circle avd Us tangent at 0' 
at the poiiUa Q, D, respectively; if on this radius vector we lay 
off 0S= QD, the locus of R is called the cissoid of Diocles. 

With O as pole and OC as polar axis, we have 
OD = a/cus <(,, OQ = a cos -^ ; 
the equation is therefore 



or in cartesian coordinates 



yV^ 
/''^^\ 

-Q^ ^0^ 



If instead of taking the difference of the radii vectores of the 
circle and its tangent, we take their sum we obtain the so-called 
corapanion of the cissoid, 

r = a(cos + sec 0), 



i.e. 



Sketch this c 



f = 3?- 



2a- 



269. Versiera. With the data of § 268, let v^ draw through 

Q a parallel to the tangent, through D a parallel to the diameter; 
the locus of the point of intersection P of these parallels is 
called the versiera (wrongly called the " witch of A.gnesi "). 
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We have evidently with aa origin and 00' aa axis Ox: 
x = a cos' ^, y = a tan tjt, 
whence eliminating ifn 



If we replace the tangent at C by any 
perpendicular to 00' (Fig. 110), at the 
distance 6 from 0, we obtain the curve 
x = a cos' ^, y = b tan ip, 

ie x--^- 

«> -I- ^' FlO. 110 

which reduces to the Versiera for b = a. 
Sketch the versiera, and the last curve for b = \a. 

270. Cassinian Ovals. Lemniscate. Two fixed points F^ 
F^ being given it is known that the locus of a point P is : 





(a) a cirde if F,P/ J',/' = const. {Ex. 7, p. 90); 
(6) an eZitpseif P,P+fjP=eonst. (§204); 
(c) a hyperbda if i?'iP-FjP= const. (§ 207). 

The locus U called a Cassinian oval if f ,/* ■ f ,/> =a const. If 
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we put FiFj = 2a, the equation, referred to the midpoint 
between Fi and Ft as origin and OF, as axis Ox, is 
C(. + a)' + /][(". -a)' + »•] = « 
In the particular case when k = a* the curve passes through 
the origin and is called a lemmscate. The equation then re- 
duces to the form 

which becomes in polar coordinates 

r* = 2a' cos 2 ^ 
Trace the lemniscate from the last equation. 

271. Cycloid. The common cycloid is the path described by 
any point P of a circle Tolling over a straight line {Fig, 112). 




If ,^ be the point of contact of the rolling circle in any posi- 
tion, the point of the given line that coincided with the point 
P of the circle when P was point of contact, it is clear tliat 
the length OA must equal the arc AP=a&, where a is the 
radius of the circle, and-tf = ^ACP the angle through which 
the circle has turned since P was at 0. The figure then shows 
that, with Oas origin and OA as axis Ox: 

x=sOQ = a0-a8m0, y = a - a cos fl. 
These are theparameter equations of the cycloid. The curve has 
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an infinite aiimber of equal arches, each with an axis of sym- 
metry (in Fig. 112, the line z = va) and with a cusp at each 
end. Write down the cartesian equation. 

272. l^ochoid. The path described by any point P rigidly 
connected with the rolling circle is called a trochoid. If the 




Fio. 113. — TheTrocholda 

distance of P from the center C of the circle is b, the equations 
of the trochoid are 

x = aB— b sin $, y = a — b cos $. 
Draw the trochoid for b = \a and f or 6 = ^ o. 

273. Epicycloid. The path described by any point P of a 
circle rolling on the outside of a fixed circle is called an epicg- 
cloid (Fig. 114). 

Let be the center, b the 
radius, of the fixed circle, C the 
center, a the radius, of the tolling 
circle; and let A^ be that point ■ 
of the fixed circle at which the 
describing point P is the point 
of contact. Put .^(,0.4= *, ACP 
= 6. As the area AA^ and AP 
are equal, we have 

b^=a6 
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With as origin and OA^ as axis of x we have 

a; = (a + 6) t-os 4> + a sin [tf - (^ * - ^)], 
y= (a 4- 6) sin ^ — a coa[fl — {^s- — ^)], 

tA x = (a+b) cos ^ — a coa "' i^, 

y = (a + 6) sill ^ — a sin "'" <^. 

274. Hypocycloid. If the circle rolls oo the inside of the 
fixed circle, tlie path of any point of the rolling circle is called 
a hypocycloid. The equations are obtained in the same way ; 
they differ from those of the epicycloid merely in having a re- 
placed by — a : 

x = {b — a) cos ^ + a coa — ~ '^ 0, 

y = (6 — a) sin ift — a sin ~ "^ if,. 

Show that: (a) for 6 = 2a the hypocycloid reduces to a 
straight line, and illustrate this graphically ; (6) for 6 = 4 a the 
equations become 

1 = 3 a cos <^+acos3 ^ = acos' ^, 
^= 3a sin ^— asin3^ = asin°^, 

whence a;* + y* = a^i 

sketch thiafour-cusped hypocj/doid. 

EXERCISES 

1. Sketch the following curves : (a) Spiral of Archimedes r = aip; 
(6) Hyperbolic spiral r^ = a; (c) LiiuuB t^ip = a^. 

%. Sketch the following curves : (a) r = o sin * ; (6) r = o cos # ; 
(c) r = a8in2*; (tf) r = acos2*; (e) r = acos3*; (/) >- = oBin8*,- 
(g) r = acos4^; (ft) »- = 08in4*, 

8. Sketch with respect to the same axes the Cassinian ovals (§ 270) 
for a = 1 and J; = 2, 1.5, 1.1, 1, .76, .6, 0. 
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A. Let two perpeodicaUr lines AB and CD interaect at O. Throu}:h 
a fixed point Q ol AB draw an; line intersecting CD at B. On this line 
lay ofl In tmth directions from B segments BP of length OB. The lociu 
of P is called the ttrophoid. Find the equation, determine the nature i f 
and Q, and sketch the carve. 

5. Show that the lemniscate (§ 270) is the inverse curve of an equi- 
lateral hyperbola with respect to a circle about its center. 

6. Show that the Btrophoid (F:k. i) is the curve inverse to an eqnilai' 
eral hyperbola with raopect to a circle about a vertex with radius eqnal 
to the trousverse axis. 



7. Show that the cissold ($268) is the curve inverse to a parabola 
with respect to a ciicle about its vertex. 

a. find the curve inverse to the cardiold (|2dT) with respect to a 
circle about the origin. 

9. Transform Ote eqoaUon 

a (a? + V*) = a:* 
to pcAt coordinates, indicat« a geometrical oonstrucCion, and draw the 



10. A tangent to a circle of radius 2 a about the origin ii 
axes at T and T, find and sketch the locus of the midpoint P between T 
and T'. 

11. From any point Q of the line x — a draw a line parallel to the axis 
Ox Intersecting the axis Oy at C. Find and sketch the locus of the foot 
of the perpendicular from C on OQ. 

U, The center of a circle of radius a mores along Ihe axis Ox. Find 
and sketch the locus of the Intersections of this circle with lines joining 
the origin to its M^est point. 

18. The center of a circle of radius a moves along the axis Ox, Find 
and sketch the locus of its points of contact with the lines through the origin. 

U. The center of a circle of radius a moves along the axis Ox. Its in- 
tersection with the axis nearer the origin is token as the center of another 
circle which passes Uirough the origin. Find and sketch the looua of Ihe 
inteiseotlona of these circles. 
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PART HL SPECIAL TRANSCENDENTAL CURVES 

27S. The Sine Curve. The simple sine curve, y=a'mx, 
is best constructed by means of an auxiliary circle of radius 
one. In Fig. 116, OQ is made equal to the length of the ai-c 
OA = X ; the ordinate at Q is then equal to the ordinate BA of 
the circle. 




Construct one whole period, of the sine curve, i.e. the portion 
corresponding to the whole circumference of the aiisiliary 
circle ; the width 2 jt of this portion is called the period of the 
function sinx. 

The simple cosine curve, y = cos x, is the same as the sine 
curve except that the origin is taken at the point (| ir, 0). 

The simple tangent curi/e, y = tan x, is derived like the sine 
curve from a unit circle. Its period is x. ' 

276. The Inverse Trigoaometric Curves. The equation 
y = sin X can also be written in the form 

X = sin~' y, or x = arc sin y. 
The curve represented by this equation is of course the same 
as that represented by the equation y = sin x. 

But if X and y be interchanged, the resulting equation 
X = sin y,ory = sin~' x,y — arc sin x, 
represents the curve obtained from the simple sine curve by 
reflection in the line y = x {% 135). 
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Notice that the trigonometric functions sin x, cos x, tan x, etc., 
are one-valued, i.e. to ever; value of x belongs only one value 
of the function, while the inverse trigonometric functions sin"' x, 
COS"' 3!, tan"'*, etc., are many-vaiued ; indeed, to every value of 
X, at leaat in a certain interval, belot^ an infinite nnmber of 
values of the function. 

EXERCISES 

1. From a table of trigonometric fanctioiu, plot the curve ji = ain x. 

S. Plot the curve y = e\ax bf means of the geometric conBtmction 
of % 275. 

3 Ptottbe carve ^ = coBX (a) from a table ; (6) by a geometric con- 
Btmction Bimitar to that of § 276. 

4. Plot the curve y = tauz from a table. 

5. Plot each of the curves 



(a)j = 9in2«. 






WV 


= Becx. 






ib-)s = 2cmSx. 






W V 


= cia2x 






W V = 8tanC*/2). 






(/) V- 


= 2tan4 


X. 




<. Plot each of the cur 


ves 












(o) v = B\a-^x. 


(6> K = 


zOM 


t-ll. 


(e) 


ff = tan- 


■^x. 


7. By adding the urdlnates of the 


two cut 


■vea s = e 


lin z and 


y = cMX, 


construct the graph ot y = 


8ina! + 


COB; 


X. 








S. Draw each^ of the curves 












(a) v = sinz + 2COSZ. 




(e) 


y = seoH-t»n 


X. 




(6) v = 29inx + cos(i/2). 


W 


B = 8ina + 2si 


n2x + i 


Ida 3*. 


9. The equation a; = si 


11 (, where i 


: meant 


I the lim< 


3 and z 1 


means the 


distance of a. body from its ' 


central position, represents a 


\ Simple . 


Harmonic 


Motion. From the graph 


of thU 


equation. 


describe 


the nati 


ire of t^ 


motion. 















877. Transcendental Curves. The trigonometric and in- 
verse trigonometric curves, as well aa, in general, the cycloids 
and trochoids, are transcendental curves, so called because the 
relation between the cartesian coordinates x, y cannot be ex- 
pressed in finite form (i.e. without using infinite series) by 
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meana of the olgebTuic operations of additioQ, subtraction, mul- 
tiplication, division, and raising to a power witli a coDstant 
exponent 

278. Logaiithmic and Exponential Curves. Another very 
important transcendental curve is the exponenUal curve 



and its in 


verse, the logarithmic 


curve 


V = log- ai 


where a i 


any positive constant 



y Lm' 



^^ 



(Fig, 116). A full discussion _j^ 
of these curves can only be given ^ 
in the calculus. We must here y 

confine ourselves to some special / 

cases and to a brief review of the 
fundamental laws of logarithms. 

279. Deftnitions. The logarithm 6 of a number c, to the 
base a (positive and # 1), is defined as the exponent 6 to which 
the given base a must be raised to produce the number c- 
(S 105) ; thus the two equations 

a' = c and 6 = log, c 
express exactly the same relation between 6 and c. It follows 
that a"'''' = c, whatever c. 

If in the first law of exponents (§ 104), arcfi = o"^*, we put 
a^=P, o'=Q, a'+'=i?, so that PQ=iV, we find since p=log,P, 
q = log. Q,p + q = log. N= log. PQ -. 

(1) log.PQ = log„P-|-log.Q. 
Similarly we find fi-om a'/a'> = a'"* : 

(2) log.g=log.P-log.Q. 
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If in the third law of exponents (g 104), (o»)" => o", we put 
a'=P, a'' = M, 80 that P' = M, we find since p = log^P, 
pit = 1<^, Jtf: 
(3) log.(P-) = nlog.P. 

These laws (1), (2), (3) of logarithms are merely the trana- 
lation into the language of It^^arithms of the first and third 
laws of exponents. 

280. Napierian or Natural LogariQuns. In the ordinary 
tables of logarithms the base is 10, and for numerical calctila- 
tiODB these common logarithms (Briggs' logarithms) are most 
convenient. In the calculus it ia found that another syBtein 
of logarithms U better adapted to theoretical conaideratioiiSi 
the base of this system is an irrational number denoted by e, 

6 = 2.718381828 ..., 
and the logarithms in this system are called natural logarithms 
(or Napierian, or hyperbolic, logarithms). 

281. Change of Base. Modulus. Ho pass from one gystem 

of logarithms to another observe that if the same number iT has 
the logarithm j> in the system to the base a aud the logarithm 
g in the system to the base b so that 

a' = N, p = \og,N', b' = 2f, q=\ogt2f, 
then q = logt N= log^ a' = p log^ a, 

by(3);f.e. 

(i) logt N= log. JV- logjtt. 

Hence if the logarithms of the system with the base a are 
known, those with the base b are found by multiplying the 
logarithms to the base a by a constant number, log^o. 
Thus taking a = 10,b = e, we have 

(*') l"g. -»"= logu, S ■ log. 10 ; 
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i.e. tojind the natural logarttkm of any number we have merely 
to multiply its common logarithm 6y the number 

1(^,10 = 2.30258 509 -. 
The reciprocal of this number, 

Jf=,—i-= 0.43429 448 ■", 
log, 10 ' 

t.e. the factor by which the natural logarithms must be multi- 
plied to produce the common logarithms, ia called the modutut 
of the common system of logarithms. 

In any system of l<^rithms, the logarithm of the base is 
always equal to 1, by the definitiou of the logarithm (§ 279). 
Hence, if in (4) we take N'= b, we find 
(6) log,6.1og,a = l. 

In paiticulat, with a = 10, 6 =: e we have 
(6') log„e .log, 10 = 1; 

i.e. the modulus M of the common It^rithms is 



EXERCISES 
1. From a table of logarltbms of numbers, draw the curve y = logie x. 
S. B7 multiplying the oidinateg of the cnrve ot Ex. 1 by 3, construct 
the curve y = 3 logio z. 

S. From the figure of Ex. 1, ooostnict the curve ]/ s 10* by reflection 
of the curve of Ex. 1 in the line y = x. 

1. Draw the curve v = i logmx by tlie process of Ex. 2. Bhov that it 
representa the equation y = logioo x, since 

V = 'ogioo X = logioo 10 X logio x = i logio X. 
S. Find login 7 from a table. ConBtruct the curve 
p = log7 X = logioz -!- logie 7 
by the process described in Ex. 2 and Ex. i. 
e. Oivenlogi»«= Jlf=.43+, drawthecurve 

If ^ log, a; = logio 3! + logwfl. 
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PART IV. EMPIRICAL EQUATIONS 

282. Empirical Formulas. In scientific studies, the telar 
tions between quantities are usually not known in advance, 
but are to be found, if possible, from pairs of numerical values 
of the quantities discovered bj experiment. 

Simple eases of this kind have already been given in S§ 16, 
29. In particular, the values of a and b in formulas of the 
type y = a + bx were found from two pairs of values of x and y. 
Compare also § 34. 

Likewise, if two quantities y and x are known to be connected 
by a relation of the form y = a + bx + ex', the values of a, ft, c 
can be found from any three pairs of values of x and y. For, 
if any pair of values of x and y are substituted for x and y 
in this equation, we obtain a linear equation for a, b, and c 
Three such equations usually determine a, b, and c. 

In general the coefficients a, b, c, ■■■, I in an equation of the 

^P® y=a + bx + cx?+ — +hr 

can be found from any n + 1 pairs of values of x and y. 

283. Appronmate Nature of Results. Since the measure- 
ments made in any 'experiment ate liable to at least small 
errors, it is not to be expected that the calculated values of 
such coefficients as a, 6, c, ■■■ of § 282 will be absolutely accu- 
rate, nor that the points that represent the pairs of values of 
X and y will all lie absolutely on the curve represented by the 
final formula. 

To increase the accuracy, a large number of pairs of values 
of X and y are usually measured experimentally, and various 
pairs are used to determine such constants as a, ft, c, -of § 282. 
The average of all the computed ■ values of any one such con- 
stant is often taken as a fair approximation to its true value. 
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284. Dlustrative Examples. 

BxAHPLB 1. A wire under teoaion is [oimd by expetiment to Btretch 
an amoont I, in thousandlhs ol on inch, nnder a tension T, in pounds, as 
follows : — 

Tin pounds 10 16 20 26 30 

I in tbousandtba of an inch . 8 12.5 16.6 20 23 

Find a relation ol the form l = kT (Hooke's Law) whicb approx- 
imately represents these results. 

First plot the given data on squared paper, as in the adjoining figura, 
_. V 



Fia. 117 

Substituting l = S, 7" = 10 in 1 = kT, we find k = .8. From I = 18.6, 

r = 16, we find J; = .831, Likewise, the other pairs of values of I and T 

give, respectively, k =,77.'i, t = .8, k = .767. The average of all these 

values of J; is t = .796 ; hence we may write, approximately, 

I = .7S5 T. 
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This eqaation Ib represeuted by the line in Fig, 117 ; this line does not 
pass through even one of tlie given points, but it is a fair compromiee be- 
tween all of tbem, in view of the fa«c tha-t, each of them is itself probably 
slightly inaccurate. 

EiAHPLB 2. In nn experiment with a Weston Differential Pniiey 
Block, the effort E, in pounds, required to raise a load IF, in pounds, was 
found to be as lollows ; 



Find a relation of the form E = aW+ l> tbat approximately sgrees 
with these data. [Gibbon] 

These values may be plotted in the osuai manner on squared paper. 
They will be found to lie very 
nearly on a straight line. If S 
is plotted Terticaiiy, b ia the in- 
tercept on the vertical axis, and 
a is the slope of the line ; both 
aa,n be measured directly in the 
figure. 

To determine a and b more 
exactly, we may take various 
points tbat lie neariy on the 
line. Thus <J: = 6^, If = 30) 

and (E = IflJ, W = 100) lie j^a, US 

neariy on a line that passes close 
to all the points. Snbstitnting in the equation E = aW +b we obtain - 

8i = 30a + 6, 16i = ]00a + 6 

whence a = 0.146, 6 = 1.8fi. Hence we may take 

• jr = o.i48ir+i.8a 

approximately. Other pairs of values of E tmd Wmay be used In like 
manner to And values fornand b, and all the values of each quantity may 
be averaged. 
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Example S. If 9 denotes the melting point (Centigrade) of an alio; 
of lead and zinc containing z per cent of lead, it in found that 

« = %lead 40 60 60 70 80 90 

tf = melting point . . . . 18«° 206° 226f 250° 276° 804'' ' 
find a relation at the form $ = a + t>x -f- ta^ that appioximateljr espresaeB 
Qieee facte. [Sazblst] 

Taking any three pairs of values, sajr (41), ISO), (TO, 260), (M, 804), 
and Bubetltuting in0 = lI + Elx-^CJ^we find 

186 = a + 40 6 + 1600 e, 

260 = a-)- TO h 4- 4000c 

804 = a + 006-1- 8100c, 

irtienoe a = 182, 6 = .02, e = .0011, approzlmatalj ; whence 

# = 132 -(-.92 a! -H .0011 a". 

Other ieta of three pain of values of x and j/ may be used in a similar 

manner to determine a, b, e; and the resulting values averaged, as above. 

EXERCISES 
1. In exiteriments on an Iron rod, the amoniit of elongaUon I (in thoo- 
■andtfas of an inch) and the stretching force ;> (In thousanda of pounds) 
ners fonnd to be (p=:10, 1=8), (;> = 20, 1 = 16), (p = 40, 2 ='SI). 
find a foimula of Oke ^pe l=k -p which approximately expresses these 
daU. Ant. k = .TT6. 

S. The values 1 In. = 2.6 oin. and 1 ft. = 30.6 cm. are frequently 
quoted, but they do not agree precisely. The number of ceniimeiera, e, 
in ( inches is surely given by a formula of tlie type c = ki. Find k ap- 
proximately from the preceding data. 

S. The readings of a standard gas-meter S and those of a meier T being 

tested on the same pipe-line werefound tobe (S=3000, r=0), (^=8610, 
T=500), (S = 4022, r=1000). Find a formula of the type T=aS+b 
which approximately represents these data. 

4. An alloy of tin and lead containing x per cent of lead melts at the 
temperature S (Fahrenheit) given by the values (x = 25%, 4 = 482°), 
(« = 60%, $ = 870°), (« = 76%, = 36«°). Determine a formula of the 
type 9 = a + bx + cz' which approximately represents these values. 
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S. The temperataree t (Centigrade) at a depth d (teet) below the sdt- 
face of the euth in a mine irere found to be d = 100, e = 15.7° ; d = 200, 
0=16.6; iIsSOO, 9=17.4. Find a leUtioD of the form e=a+M between 
tfaodii 

t. Determine a line tbat passes reasonahl; near each of the tbree 
polntg (2, 4), (6, 7), (10, ti). Determine a quadratic expression 
y=a + bx+GX^ that repiesents a parabola, thrnugh the same three points. 

7. Determine a parabola whose equation is of the form y=a + bx-^ci? 
that passes through each of the points (0, 2.5j, (1.6, l.G), and (3.0, 2.8). 
Are the values of a, b, c changed materially if the point (2.0, 1.7) ia 
substituted for the point (1.5, 1.5) ? 

8. If the curve y = sin z ia drawn with one unit space on the z-axii 
repi«aenting 60^ the points (0, 0), (},}), (IJ, 1) lie on the carve. Find a 
parabola of the form v=a+6ie+ci!* through these three points, and draw 
the two curves on the same sheet of paper to compare them. 

286. Substitutions. It is particularly easy to test whether 
points that are given by an experiment really lie on a straight 
line ; that is, whether the quantities measured satisfy an equa- 
tion of the form y = a + ftar. This is done by means of a trans- 
parent ruler or a stretched rubber band. 

For this reason, if it is suspected that two quantities x and 
y satisfy an equation of the form 

it is advantageous to substitute a new letter, say u, for s^ : 

M = a?, y = a + bii 
and then plot the values of y and u. If the new figure does 
agree reasonably well with some straight line, it is easy to find 
a and 6, as in § 284. 

Likewise, if it is suspected that two quantities x and y an 
connected by a relation of the form 

= ax + b, 

it is advantageous to make the substitution u = 1/x. 
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Other substittitioas of the same general nature are often 

UBefol. 

In any case, the given values of x anrf y should be plotted first 
unchanged, in order to see what substilution might be useful. 

286. niUBtrative Example, if a body slides doim an inclined 

plane, the distance s that it inovee is connected with the time ( after it 
starts by an equation of the form's = M^. Find a value of k that agrees 
reasonably with the following data : 

«, in feet 2.6 10.1 23.0 40.8 68.7 

(, in seconds 1 2 3 4 6 

In this case, it is not necessary to plot the values of s and { themBelves, 
because the nature of the equation, g = }U\ is known from physics. 

Hence we make the substitution (^ = u, and write down the supple- 
mentary table : 

8, in feet 2.6 lO.t 2S.0 40.6 63.7 

«Cor(5) 1 4 9 16 2S 

These values will he found to give points Yery neariy on a straight line 
whose equation is of the form s = ku. To find it, we divide each value of 
• by the corresponding value of « ; this gives several values of k % 

k 2.6 2.526 2.566 2.56 2.648 

The average of these values of k is approximately 2.556 ; hence we niay 
write s = 2.656 u, or > = 2.56e P. 



1. Find a formula of the type u = kv* that represents approximately 

the following values : 



137,7 187.4 
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S. A bod; Htarts from reat and moves « feet In t seconds according to 
the following measured values : 

», in feet 3.1 18.0 30.6 60.1 78,5 116.4 

t, In seconds 6 1 16 2 2.6 3 

Find f^proiimately the relation between ■ and (. 

S. The pressure p, mesimred In centimeters of mercury, and the volome 
e, measured in cubic centimeters, of a gas kept at constant temperatoie, 
were found to be : 



Substitute w for l/«, compute the values of u, and determine a relation 
of the form p = ku; that la, p = k/v. 

t. Determine a relation of the form j/ = a + lKfi that approsimaU^ 
represents the values : 

21284661 
V 14,1 26.2 44.7 71.4 105.6 147.0 197.7 

387. Logarithmic Plotting. In case the quantities g and s 
are ooimeoted by a relation of the form 

it ie advantageous to take logarithmB (to the base 10) on both 

sides : 

log y ^ log fcn" = log k -i-n log x, 

and then substitute new letters for log a: and l<%y: 

tt^logm, v = logy. 

For, if we do so, the equation becomes 

v = l + nu, 
where i = log ft. 
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If tlie values of x and y are given by an experimeDt, and if 
u^Xogx a,TiA v^logy are computed, the valuea of u and v 
aliould correspoBd to points that lie on a straight line, and the 
values of I and n can be found as in § 284. The value of k 
may be found from that of I, aince log k = L 

ExAMFLB 1. Tbe amonnt of water A, in cu.. It, that will flow per 
minute tbiough 100 feet of pipe of diameter d, in inchel, with aji initial 
preaaure of fiO lb. per eq. in., is as follows : 

d 1 1.6 ' 2 3 ' 4 6 

A 4.88 18.43 37.60 75.13 162.61 409.64 

Find a relation between A and d. 



g A ; tlien tlie 'Values of u and v 



= logd . 



These values give points in the (u, v) plane that are very nearly on 
ft atral^t line ; hence we may write, approximately, 

» = a + 6b, 
irtiere a and b eaa be determined directly by measurement in the Qgnra, 
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or M in S 284. If we take the first and last paini of values of u and v, we 
find 

.688 = a + 0, 
2.612 = a + . 778 B. 
8olTing these equations, we find approximately, a = .888, 6 = 2.i?3, 
and we may write 

5 = .688 + 2.478» or log 4 = .688 + 2.478 log A 
Since .688 = log 4.68, 

the last equation ma; be written In the fonn 

log^ = log 4.88 + 2.473 logd 
= logC4.88(P-™) 
whence A = 4.88 *•■*". 

Slightly different values of the constanta ma; be foond liy using Other 
pairs of values of u and t>. 

288. Logarithmic Paper. Paper called logarithmic paper 
may be bought that is ruled in lines whoae distances, horizon- 
tally and vertically, from one point (Fig. 120) are propor- 
tional to the logarithms of the niimbevs 1, 2, 3, etc. 

Such paper may be used advantageously instead of actnally 
looking up the logarithraa in a table, as was done in §287. 
For if the given values be plotted on thia new paper, the result- 
ing figure is identically the same as that obtained by plotting 
the logarilhms of the given values on ordinary squared paper. 

GxAHFi.E. A strong rubber band stretched under a pull of pkg. 

shows an elongation of E cm. The following values were found In an ei' 

periment : 

■p 0.6 1.0 1.5 2.0 2.6 3.0 3.6 4.0 4.6 5.0 6.0 7.0 

E 0.1 0.3 0.6 0.9 1.3 1.7 2.2 2.7 S.3 3.9 6.3 6.9 

[Bioos] 
If these values are plotted on logarithmic paper as in Fig. 120, it is evi- 
dent that they lie reasonably near a straight line, such as that drawn. 
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B; meaHurement in the flgdi^, the alope of this line is found to be IM 
appToximatelj. Hence U u = logp and v = \ogE we have 

D = I + l.fl » 
where I is a constant not yet determined ; whence 
log£=I + 1.61ogp 



Fia. 120.— Elongation ol a Rubber Band 



The use of logarithmic paper ia however not at all essential; 
the same results ma; be obtained by the method of § 287. 
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EZEKCISBS 

I. In testing a gas engine correBpoDdlng values ot the pressore p, meas- 
ured In pounds per square foot, and the volume c, in cubic feet, were 
obtained as loUows : » - 7.14, p = US; 7.73, 60.7 ; 8.59, 45.8. Find 
tlie relation betweenp and n (use It^arithmic plottiog). 

Ant. p = 887.6 tj-««, oipv"* = 387.6. 

1. Expansion or contraction of a gas is s^d to be adiabatic when no 
he»t escapes or ent«i8. Determine the adtabatic relntion between pressure 
p and Tolume v (Ex. l},for air from the follonlng observed valaes: 
p = 20,H, V = 6.a7 ; 26.79, 6.34 ; 54.26, 3.16. 

Am. jw>" = 273.6. 

S. The intercollegiate track records for foot-races are as follows, 
where d means the distance run, and t means the record time : 

d 100 yd. 220 yd. 440 yd. 880 yd. 1 rai. 2 mi. 

( 0:00^ 0:21^ 0:48 1:54^ 4:16j 9:24; 

Plot the logarilhmB of these values on squared paper (or plot the 
given values themselves on logarithmic paper). Find a relation of the 
form ( = kd\ What should be the record time for a race of 1320 yd. ? 
[See Kennbllt, Popular Science Monthly, Nov. 1008.] 

4. Solve the Example of § 288 by the method of § 287. 

5. Each of the following sets of quantities was found by esperiment. 
Find in each case an equation connecting the two quantities, by |§387- 



(a) V 
P 


I 
137.4 


2 
62.6 




3 
39.0 


4 
28.6 


6 
22.8 


(6) « 


12.0 
63.0 


17.1 
27.0 




23.1 
13.8, 


28.6 
B.6 


3.0 
6.9 


(e) 


82° 
2.09 


212= 
2.69 


300° 
2.00 


67r 

2.08 


750= 
3.00 


1100° 
3.28 
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CHAPTER XIII 



COORDINATES 

389. Location <tf a Point. The position of a point in three- 
dimensional space can be assigned without ambiguity by giv- 
ing its distances from three mutually rectangular planes, pro- 
vided these distauces ate taken with proper signs according as 
the point lies on one or the other side of each plane. 

The three planes, each perpendicular to the other two, are 
called the coordinate planes; their common point O (Fig. 121) 
is called the origin. The three 
mutually rectangular lines Ox, 
On, Oz in which the planes in- 
tersect are called the axes of 
coordinates; on each of them 
a positive sense is selected 
. arbitrarily, by affixing the 
letter x, y, z, respectively. 

The three coordinate planes, ^ 
Oyx, Ozx, Oxff, divide the whole ^'°- ^^ 

of space into eight compartments called octants. The first 
octant iu which all three coordinates are positive is also called 
the coordinate trihedral. 

If P", P", F"' are the projections of any point P on the 

coordinate planes Oyz, Oxx, Oxy, respectively, then P'P = x, 

P"P =: y, P"'P= z are the rectangular cartesian coordinate* of 

277 
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P. If the planes through P parallel to Oyz, Ozx, Oxy intersect 
the axes Ox, Off, Oz in Q', Q", Q'", the point P is found from 
its ooordinates x, ff,zhy passing along the axis Ox through the 
distance 0Q'= x, parallel to Oy through the distance <^P"=y, 
and parallel to Oz through the distance P"'P=z, each of 
these distances being taken with the proper sense. 

Every point in space has three definite real numbers as coordi- 
nates; conversely, to every set of three- real nitijAers corresponds 
one and only one point. 

Locate the points : (2, 3, 4), (~ 3, 2, 0), (6, 0, - 3), (0, 0, 4), 
(0,-6,0), (-5, -8, ~2). 

290. Distance of a Point from the Origin. For the distance 
OP=r (Fig. 121) of the poiut P{x, y, z) from the origin we 
have, since OP is the diagonal of a rectangular parallelepiped 
with edges OQ' =x, OQ" =y, OQ'" = z : 

r = Va? + y* 4- z*. 

291. Distance between two Points. The distance between 
the two points P, (x, , y, , z^) and P, 
("i 1 Jj I %) c*i ^ found if the coordi- 
nates of the two points are given. 
For (Fig. 122), the planes through P, 
and those through P, parallel to the 
cooi'dinate planes bound a rectangular 
parallelepiped with P,P, = d as di- 
agonal ; and as its edges are 



we find 



P,Q = 



PiB =y, ■ 



P,S^ 



= V(^ - X,)' + (y^ - y{f +{z,^ z,y. 

292. Oblique Axes. The position of a point P in space can tieo 

•e determined with respect to three axes not at right angles. The coor- 

liaateB of P are the segments cut uS on the aceS b; planes through P 
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pazallel to the coordinate plaoes. In what follows, the axes are always 
d to be M right angles mileas the contrary U deflnitely stated. 



1. What are the ooordinatee of the origin ? What can you say of the 
coordinates of a point on the axis Ox? oa the ails Off ? on the axis Oz ? 

t. What can you say of the coordinates of a point that lies in the 
plane Oxy ? in the plane Offt ? in the plane Otx ? 

5. Where is a point situated when x = 0? when z = 0? when 
X = IT = ? when jf = t? when x = 2 ? when s = — 3 ? when x = l , 
f = 2t 

4. A rectangular parallelepiped lies in the first octant with three of 
Its faces in the coordinate planes, its edges are of length a, b, c, respeo- 
tively ; what are the coordinates Of the vertices? 

f. Show that the points (4,3, 6), (2, -1,3), (0,1,7) are the 
vertices ol an equilateral triangle, 

6. Show that the points (- 1, 1, 3), (- 2, - 1, 4), (0, 0, 6) lie on a 
sphere whose center is (2, — 3, 1). What is the radius of this sphere ? 

7. Show that the points (8, 8, - 5), (3, - 4, 7), (4, - 1, 1) lie on a 
■traight line. 

8. Show that the triangle whose vertices are (a,b, c),(6,c, a), (c, a, b) 
is equilateraL 

9. What are the coordinates of the projections of the point (6, 3, — S) 
on the axes of coordinates ? What are the distances of this point front the 
coordinate axes ? 

10. What is the length of the segment of a line whose projections on 
the coordinate axes are 6, 3, and 2 ? 

11. What are the coordinates of the points which are symmetric to 
the point .'a, 6, c) with respect to the coordinate planes ? with respect to 
the ases ? with respect to the origin ? , 

II. Show that the sotn of the squares of the four diagonals of a rec- 
tangular parallelepiped is equal to the sum of the squares of its edges. 
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293. Projectioii. The projection of a point ob a plane or 
line is the foot of the perpendicular let fall from the point on 
the plane or line. The projection of a. rectilinear segment AB 
on a plane or line is the intercept A'ff between the feet of the 
perpendiculars AA', BS let fall from A, B on the plane ur 
line. If a is one of the two angles made by the segment with 
the plane or line we have 

A'B" = AB cos a. 

In analytic geometry -we have generally to project a vector, 
i.e. a. segment with a definite sense, on an axis, i.e. on a line 
with a definite sense (compare g 19). The angle a is tlien 
understood to be the angle between the positive senses of 
vector and axis (both being drawn from a common origin). 
The above formula then gives the projection with its proper 
sign. 

Thus, the segment OP (Fig. 121) from the origin to any 
point P(x, y, z) can be regarded as a vector OP. Its projec- 
tions on the axes of coordinates are 
the coordinates x, j/, z of P. These 
projections are also called the rec- 
ta-ngular components of the vector OP, 
aod OP is called the resultant of the 
components 0<^, OQ", OQ"', or also 
of OQ', qP"', P"'P. X 

Similarly, in Fig. 123, if P,Pj be Fio. m 

regarded as a vector, the projections of this vector P^P^ on the 
axes of coordinates are the coordinate differences a^ — a;, , 
Vi — Vi' ^1— «!■ See § 298. 

294. Resultant. The proposition of § 19 that the sum of 
the pTojecUona of ike sides of an open polygon on any axis is 
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equal to tke projection of the dosing aide on the aatae axis and 

that of § 20 that the projection of tlie residtant is equfti to tke 
gum of the projections of its components are readily seen to hold 
in three diineusions as well as in the plane. Analytically 
these propositions follow by considering that whatever the 
points P,CaH. Vi, "i), Pi(^. ,Vi, ^i). ■■ P.(^n> 3/,. ^) i" apai^e, 
the sum of the projectiona of the vectors P,P, , PtPj , ••• iV-i^« 
on the axis Ox is : 

(x,~x^)+{xj~Xt)+ — -f (as. ~ a:,_i)= x^-x^, 

where the right-hand member is the projection of the closing 
side or resultant /"iP, on Ox. Any line can of course be taken 
as axis Or. 




295. Division Ratio. ZW poinia 

Pi (^ I ys 1 ^i) being given by their 
coordinates, the coordinates x, y, z 
of any point P of the line PiP^ 
can be found if tlie' division ratio 
PjP/PiP,= k is known in which 
tke poiiit P divides the segment 
P^P, (Fig 124). 

Let Qi , Q, Qi be the projections 
ai P^, P, P^ on the axis Ox; as 
Q divides Q,Q, in the same ratio k 
we have as in § 3 : 

X=Xi + k{Xt — Xi). 

Similarly we find by projecting aa Oy, Oz: 

y = yi + *(y»-yi), r=»i + *{«,-%). 

If ft is positive, P lies on the same side of Pi as d 
k is negative, P lies on the opposite side of P, (g 3). 



which P divides PiP,, 



bP,; if 
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296. Direction Cosines. Instead of using the cartesian 
coordiuatea x, y, z to locate a point P (Fig. 125) we can also 
use its radius vector r = OP, i.e. the length of the vector drawn 
from the origin to the point, and its direction cosines, i.e. the 
cosines of the angles a, fi, y, made ,1 

by the vector OP with the axes Ox, 
Oy, Oz. We have evidently 
aj = riMwa, y = rMisp, st = rrii»y. 

As a line has two opposite senses 
we can take as direction connes ~/~ 
of any line parallel to OP either F'o. 120 

cos «, cos |8, cos y, or — cos a, -- cos y3, — cos y. 

The direction cosines cos a, cos 0, cos y of a vector OP are 
often denoted briefly by the letters I, m, n, respectively, so 
that the coordinates of P are 

x=lr, y = mr, z = nr. 

The direction cosines of any parallel line are then I, m,n 
or — i, — wi, — n. 

297. Pythagorean Relation. The aura of the squares of tJte 
direction, cosines of any line is equal to one. 

For, the equations of § 296 give upon squaring and adding 

since a? + y" + s* = r' : 

cos*a + cos' p 4- cos* Y = 1, 

or 

P + m' + «' = l; 

and this still holds when I, m, n are replaced by — /, — m, — «, 
Since this result is derived directly from the Pythagorean 
Theorem of geometry, it may be called the Pythagorean Rela- 
tion between the direction cosines. Notice that I, m, n can be 
regarded as the coordinates of the extremity of a vector of 
unit length drawn from the origin parallel to the line. 



c,q,z.<ib, Google 



Xm, fi 297] COORDINATES 283 

EXERCISES 

1. Plnd the lengUi of the radiua vector and Iia direction cosines for 
each of the following points : (5, -3, 2); (-3, -2, 1); (-4, 0,8). 

S. The directJoQ cosinee of a line are proportional to 1, 2, 3; find 
their values. 

3. A straight line makes an angle of 30° with the axis Ox and an 
angle of S0° with the axis Oy ; what is the third direction angle ? 

4. What is the direction of a line when 2 = 0? when ; = ni = ? 

5. What are the direction cosines of that line wliose direction angles 
ue equal 7 

•. What are the direction cosinea of the line bisecting the angle 
between two interBecting lines whose direction cosines are I, n>, n and I , 
fit', n', respectisely ? 

7. Find the direction cosines of the line which bisects the angle 
between the radii vectores of the points (3, — 4, 2) and (— 1, 2, -3). 

8. Three vertices of a parallelogram are (4, 3, —2), (7, - 1, 4), 
(—2, 1, —4); And the coordinates of the fourth vertex (three solutions), 

9. In what ratio is the line drawn from the point (2, — 6, 8) to the 
point (4, 6, - 2) divided by the plane Ozx ? by the plane Oxy ? At what 
points does this line pierce these coordinate planes ? 

10. In what ratio is the line drawn from the point (0, 6, 0) to the 
point (8, 0, 0) divided by the line in the plane Oiy which bisects the 
angle between the axee ? 

11. Find the coordinates of the midpoint of the line joining the poiota 
(4, — 3,6) and (6, 5,-9). Find the points which trisect the samesegment. 

U. If we add to the segment Joining the points (4, 1, 2) and (— 2, 
6, 7) a segment of twice its length in each direction, what are the coordi- 
nates of the end pohits ? 

18. Find the coordinates of the Intersection of the medians of the tri- 
angle whose vertices are Pi (ii , Vi, zi). PiC^n Vi, 2i), Pi(«s. yt, "i)- 

14. Show that the lines joining the midpoints of tlie opposite edges 
of a tetrahedron intersect and are bisected by their common point. 

U. Show that the projection of the radius vector of the point 
P(2, y,z) on a line whose direcUon cosines are I', nt', n' is i'z+m'y+n'z. 
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298. Projections. Cmnponeiits of a Vector. If two points 
Pi(!ei,y,,z,)aiid /"Xki, y,, 3,) are given by their coorcliuateB, 
the projections of the vector, P,Pi on 
the axes, or what amounts to the 
same, on parallels to the axes drawn 
thi-ough P, (Fig. 126), are evidently 
(S 293) : 

P,S = z,-z,. 
These projections, or also the vectors 
PiQi Q^i^Pii ftre called the rectangvlar components of the 
vector P,/*i , or its aonipomnts along the axes. 

If d is the length of the segment PjPi , its direction cosines I, 
ni, n are since P2Q is perpendicular to P,Q, PjB to P^B, P,S 
to P,S: 



Fio. 126 



These relations can also be written in the form : 



299. Angle between two Lines. Jf the directions of two Une» 
are given by their direction cosines li, m,, n, and l^, m,, n,, the 
niiyle ij/ between tfte two iinen is given fUm^j 

by the fonmila 

cos <|> = {|{i + ntitm + ninj. 

For, drawing through the origin 
two lines of direction cosines It 
n, and l^, m,, n, and taking on 
former a vector OP, of unit length, F'o. 12T 

the projection OP of OP, on the other line is equal to the 




u the .5/ '"' 
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cosine of the requii-ed angle ip. On the other hand, OPi has 
li, mi , n, as components along the axes ; hence, by § 294 : 
cos \ji = l^lj + mj-mj + %Hj. 
Two intersecting lines (or any two parallels to them) make 
two angles, say i^ and v — iji. But if the direction cosines of 
each line are given, a definite sense has been assigned to each 
line, and the angle between the lines is understood to be the 
angle between these senses. 

300. Conditions for Parallelism and for Perpendicularly. 
If, in particular, the lines are parallel, we have eitlierZ, = Z« 
ini = mi, ni = n,, or l, = — l^ mt = — »%, njas— ti,; hence in 
either case h=nh = lh 

{] ni] n. 
This then is the condition of parallelism of two lines whose 
direction cosines are I,, mi, n, and l^, m^, nj. 

If the lines are perpendicular, i.e. if i^ = J w, we have 
cos ^ = ; hence the condition of perpendicularity of two lines 
whose direction cosines are I,, wi,, «[ and 2, , mt, «, is 
/jij + miWij + "1% = 0. 

301. The formula of § 2M given 

aln3ll' = 1 - co8^il' = l — (_l,U+m,mi + nm,)'- 
As (§297) (ii* + m,3 + n,2)((j'' + i»s«+nj2)=l, we can write this ex- 
pression ID Ihe form 

sinaifr = I''" "^ ""' "^ "■' '''" "^ """"* ^ ""^1 

|liii + in,mj +»!«! Ii^ + mi^ + rijS |' 

which, bf Ex. 8, p. 45, can also be expressed aa follows ; 

The direction (I, m, n) pCTpeTuIiewIar to two given different directiom 
(Ii , n»i , 111) and (ij , ?iii , Hj) U fouad bj solring Che equations (§ .SOO) 
Iii + m\ia + «[« = 0, 
I]I -|- iDim + njn = 0, 
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■ubsUtuting these values -in Uie relation ($297) I^ + m' + n' = 1 and, 
observing the precediDg value of sin ^, we find : 

Ini J,| |I| Mil 

m — J. Ibj li\ n — ± M' "*» I , 
~ Bin if/ sin ^t sin ^ 

where ^ is the angle between the given directions. 

302. Three directions (ii, mi, ni), (It, "^tt "))' Ci' ">), "») ^"^ cont- 
pianar, i.e. parallel to the same plane, Lt there exists a direction (I, m, w) 
perpendicolar to all three. This wiU be the case if the equations 



hi + ntiiB + Bin = 
have solatioDB not atl zero ; hence the condition o/ complanaritfi 



X. Find the length and direction cosines of the vector drawn from t}ie 
point (5, —2, 1) to the point (4, 8, — 6) ; from the point (a, b, c) to the 
point (— «, —6, —a) ; from (— o, —6, — c) to (a, 6, e). 

%. Shon that when tno lines with direction cosines 2, m, n uid 
(', !»', n', respectively, are parallel, IV + mm' + nn' = ± 1; 

3. Show that when two lines with direction cosines proportional to 
a, 6, e, and a', b', c', are perpendicular aa' + 66' + cc' = ; and whsD the 
lines are paraUel a/a' = 6/6' = c/c'. 

i. Show that the points (5, 2, -3), (6, 1, 4), (-2, -8, 8), 
(~ 1, — i, 13) are the vertices of a parallelogrun. 
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B. Show by direction coslaes that the points (6, —8, 5), (S, 8, 2), 
(4, -S, 8) lie in a. line. 

ft. Find the angle between the vectora from (5,8, —2) to (—2, 8,-1) 
and from (8, 8, 5) to (1, 1, -6). 

7. Find the angles of the triangle whose Tertioes are (6, 2, 1), 
(0,8, -1), (2, -1, 7). 

S. Find the direction cosines of a line which is perpendicular to two 
lines wboHB direction cosines are proportional to 2, —3, 4, and 5, 2, —1, 
respect! rely. 

9. Derive the formula of § 299 by taking on each line a vector of unit 
length, OPi and OPi, and expressing the distance PiPt first by the 
cosine law of trigonometry, then by g 201, and equating these expressions. 

10. Find the rectangular components of a force of 12 lb. aoUng along 
a line Ibclined at (tO° to Oc and at 45° to Og. 

11. Find the resultant of the forces OPi, OPt, OPt, OPt if the co- 
otdinaieeof Pi, P,, Pj, P4, with O as origin, are (S, -1, 2), (2, 2,-1), 
C-1, 2, 1), (-2,3, -4). 

IS. If any ntuuber of vectors, applied at the origin, are given liy the 
coordinates x, y, 2 of tbeh? eztremities, the length of the resultant B is 
V(S xy^ + (S y)* + (22)^ (see Ex, 9, p. 21), and ite direction cosines 
are Si/ J*. ^y/It,Zz/B. 

13. A particle at one vertex of a cube is acted upon by seven forces 
repreaented by the vectors from the particle to the other seven vertices ; 
find the magnitnde (length) and direction of the resultant. 

14. If four forces acting on a particle are parallel and proportional to 
the sides of a qoadritateral, the forces are in equilibrium, f.e. their resultant 
is zero. Similarly for any dosed polygon. 

303. Translation of Coordinate Trihedral. Let x, y, zbe 
the coordinates of any point P with respect to the trihedral 
formed by the axes Ox, Oy, Oz (Fig. 128). If parallel axes 
OjX,, O^v 0\Zi be drawn through any point 0,(fl, h, c), and if 
Xi, y^ Zj are the coordinates of P with respect to the new tri- 
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hedral OiX^jZ,, then the lelations between the old coordinates 

X, y, t, and the new coordinates Xi, tfu z, of one and the aame 

point P are evidently 

a: = a+fl!i, s^b + y^ a! = c + z,. 

The coordinate trihedral has thus 

been given a tratmlation, represented 

by the vector 00,. This operation 

is also, called a transformation to 

parallel axes through Oj. 







Tia. 128 

304. Area of a Triangle. Any two vectors 0P|, OPi drawn from 
the origin detennine a triangle OPiPi, whose ama A can easily be ex- 
pressed if the lengths ri , t% and direction cosines 
of the vectors are given. For, denoting the angle 
Pi OP) by ^ we have for the area A -. 
A = \ rif: sin ^, 

where sln^ can be expressed in terms of the direo- ^^ -^ 

tion cosines by 1 801. j^_ j29 

806. Moment of a Force. Such areas are used in mechanics to 
represent the momeits of forces. The moment of a force about a point 
is defined as the product of the force into the 
perpendicular distance of from the line of 
action of the force. Thus, if the vector PiPi 
(Fig. 130) represent a force (in magnitude, 
direction, and sense) the moment of this force ^ 
about the origin O ia equal to twice the area 
of the triangle OPiPj, i.e. to the area of the 
parallelogram OPiPiPs, where 0P» ia a vec 
equal to the vector PiPj. Fia. 180 

It is often more convenient to represent this moment not by such an 
area, but by a vector OQ, drawn from O at right angles to the triangle, 
and of a length equal to the number that represents the moment. If the 
body on which the force acts could turn freely abont this pi'rpendicular 
the moment wonld represent the turning effect of the force P, Pj. 



k 



c,q,;.<ib, Google 



Xril, § 306] COORDINATES 289 

The sense of tbis vector thnt represents tbe moment » taken so ne to 
make the Tector point toward that side of the plane of the Iriangle from 
which the force PiPt is seen to turn countercloclcwifie. 

306. It we sqnore the expression found In'gSOl for the area of the 
triangle OPiPs and substitute for sin' f its value from § 301, we find : 



A* = inW[ 



|«i !i|» \li ntip 



MWti Mil lis '»l ll» »h\ I 
Hence A^ is the snm of the squares of the three quantities 

, I mi nil " , 1"! ill . , III mil 

\ma »jj' ' JB! h\ ' Us Dili 

which have a simple geometrical and mechanical interpretation. For, i 
the coordlnaUa of P| , Pi are 

i[ = iin, Vi = mii"i, zi = niTi, 
Xi = hti, yt = niiT-i, z! = mrj,' 



and as Xi , Vi and X| , yj are the coordinates of the projections Qi , Qi of 
Pi , Pj on the plane Ory, A, represents (§ 12) the area ot the triangle 
0§i§i, i.e. (fte projection un the plane Oxy of the ni-^a OPjPj. Sim- 
ilarly, A, and Ay are the projectioDs of the area OPiPi on the planes 
Ogz and Ozx, respectively. As ahy three mutually rectangular planes 
can be taken as coordinate trihedral, our formula A' = A^ + A,^ + A^ 
means that the square of the area of any triangle is eqnnt to the sum of 
the squares of its projections on any three mutually rectangular planes. 

In mechanics, 2 A, is tlie moment of the projection Qi<J2 of the force 
P\Pi about O, or what is by definition the saiue thing, the moment of 
l'\Pi about the axis Oz. Similarly, for 2 A,, 2 A,. The proposition 
means, therefore, that the moments of PiPj about the axes Ox, Oy, Ox 
l.iid off as vectors along these axes can be regarded as the rectangular 
cnruponents of the moment of P[ P] about the point ; in other words, 
2 4,, 2 Ay, 2 J, are the components along Ox, Oy, Ox of that vectw 
2 vl (g 806) which represenW the moment of PiP, about O. 
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307. Polar CoOTdinates. The position of any point P (Fig. 
131) can also be assigned by its 
radiiis vector OP~r, i.e. the dia- 
tance of P from a fixed oi-igiu or 
pole O, and two angles : the colati- 
tude $, i.e. the angle NOP made 
by OP with a fixed asia ON, the 
polar axis, and the longitude <!>, 
i.e. the angle AOP" made by the 
plane of with a fixed plane 
NOA through the polar axis, the 
initial meridian plane. 

A given radius vector r confines the point P to the sphere 
of radius r about the pole 0. The angles 6 and <(. serve to 
determine the position of P on this sphere. This is done as 
on the earth's surfaee except that instead of the latitude, which 
is the angle made hf the radius vector with the plane of the 
equator AP, we use the eolatitude or polar distance 6 = NOP. 

The quantities r, $, and i^ are the polar or spherical coordi- 
nates of P. After assuming a point as pole, a line ON 
through 0, with a definite sense, as pulai axis, and a (half-) 
plane through this axis as initial meridian plane, every point 
P has a definite radius vector r (varying from zero to infinity), 
eolatitude 6 (varying from to x), and a definite longitude ^ 
(varying from to 2 ir). The counterclockwise sense of rotation 
about the polar axis is taken as the positive sense of ^ 

306. Transf onnatioii from Cartesian to Polar Coordinates- 
The relations between the cartesian coordinates x, y, z and the 
polar coordinates r, 6, ^ of any point P appear directly from 
Fig. 132. If the axis On coincides with the polar axis, the 
plane Osjy with the equatorial plane, i.e. the plane through the 
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pole at right angles to the polar axis, while the plane Ossc is 
taken as initial meridian plane, the pro- 
jectiona of OP = r on the axia Oz and 
on the equatorial plane are 

0B = rao^9, 0Q = r3intf. 
Projecting OQ on the axes Ox, 
find 

a; = r3iD flcosi^, y = r8in tfsin.^, z = rGoaO. 

Also r = Va;' + y' + sS cos 5 = — - ^ — , tan^ = ^' 
Va? + y* + z' * 



^ 



;, %, we ^ -y ** 



L Find cbeareaof the trian^e whosevertloesare (a, 0, 0), (0,6,0), 
(0, 0, c). 

1. Find the area ol the triangle whose vertices are the origin and the 
poiota (8,4,7), (-1,2,4). 

3. Find the area of tbe triangle whose verticea are (4, — 3, 2), 
(6, 4,4). (-5, -2,8), 

4. The cartesian coordinates of a point are 1, Vs, 2^^ ; what are ita 
jxilar coordinates ? 

5. If r =5, 8 = J I, ^ = J T, what are ti>e cartesian coordinates ? 

6. The earth being taken aa a sphere of radius 3BS2 miles, what are 
the polar and cartesian coordinates of a point on the surface in lat. 42° IT' 
N. and long. 83° 44' W, of Greenwich, the north polar axis being the axle 
Oz and the initial meridian passing through Greenwich? What is tbe 
distance of this point from the earth's axis ? 

7. Findtheareaof the triangle whose vertices are (0,0,0), (n, Si, 0i), 
(rs , 9; , *,)- 

8. Ejupresa the distance between any two points in polar coordinates, 

9. Find the area of any triangle when the cartesian coordinates of the 



10. Find the rectangular components ol the moment about the origin 
of the vector drawn from (1, - 2, 3) to (3, 1, - 1). 
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CHAPTER XIV 

THE PLANE AND THE STRAIGHT LUTE 

PART I. THE PLANE 

309. Locus of One Equation. In plane aaal7tic geometrr 
any equation between the coordinates x, y or r, ^ of a point in 
general representa a plane curve. In particular, an equation of 
the first degree in x and y represents a straight line (§ 30); 
an equation of the second degree in x and y in general repre- 
sents a conic section (§ 245). 

In solid analytic geometry any equation between the coordi- 
nates X, y, % or r, 0, i^ of a point in general repieaenta a svajace. 
Thus, if any equation in x, y, z, 

F{x,y,z) = 0, 
be imagined solved for z so as to take the form 

»=/(»,!/), 
we can find from this equation to every point (a;, y) in the 
plane Oxy one or more ordinates z (which may of course be 
real or imaginary), and the locus formed by the extremities of 
the real ordinates will in general form a surface. It may how- 
ever happen in particular cases that the locus of the equation 
FQe, y, z)=0, i.e. the totality of all those points whose coordi- 
nates X, y, z when substituted in the equation satisfy it, con- 
sists only of isolated points, or forms a curve, or that there are 
no real points satisfying the equation. 

Similar considerations apply to an equation in polar 
coordinates 

293 
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310. Locus of Two Simultaneous Equations. Two simalta' 
neous equations in x, y, z (or in the polar coordinates r, 6, if) 
vill in general represent a curve in space, namely, the inter- 
section of the two surfaces represented by the two equations 
separately. 

Thus, iu the present chapter, we shall see that an equation of 
the first degree in x, ^, z represents a plane and that therefore 
two such equations represent a straight line, the intersection of 
the two planes. In chapters XV and XVI we shall discuss 
loci represented by equations of the second d^ree, which are 
called quadric surfaces. 

311. Equation of a Plane. Every equation of the first degree 
in X, y, z represents a plane. The plane is defined as a surface 
such that the line joining any two of its points lies completely 
in the surface. We have therefore to show that if the general 
equation of the first degree 

(1) ■ Ax + By+Cx+D = <y 

is satisfied hy the coordinates of any two points Pi{x,, yi, z^ 

and Pi{Xt, i/j, 2i), t.e. if 

,2V JJxi + By,+ Os, + P = 0, 

^^ \AXi + By^ + Czt+D = 0, 

then (1) is satisfied by the coordinates of every point 

P(x, y, z) of the line /"iP,. 

Wow, by § 295, the coordinates of every point of the line 
P,P, can be expressed in the form 

_x = Xi + k{xt-Xi),y = yj + k(tii-y;),z = z, + k(zt-Zi), 
where k is the ratio in which P divides PiP^, i.e. 

k = P,P/P^P^ 
We have therefore to show that 
AiXi + k(x, - x^)] + B[y, +k(y, -y,)] + 0[_z,+k(z,-z,)^ +D=^0, 
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vfaatever the value of k. Adding and subtracting kD, we can 
write this equation in the form 

il-k){Ax, + By^ + <X + D) + k{Axy + Byt+CK^ + D)=>0; 
and this is evidently true for any k, owing to the conditions (2). 

312. Essential Ctmstants. The equation (1) will still rep- 
resent the same plane when multiplied by any constant differ- 
ent from zero. Since A, i>, C cannot all three be zero, we 
can divide (1) by one of theae constants ; it will then contain 
not more than three arbitrary constants. We say therefore 
that the general equation of a plane contains three essential 
Constanta. This corresponds to the geometrical fact that a 
plane can, in a variety of ways, be determined by three condi- 
tions, such as the conditions of passing through three points, 
etc. 

313. Special Cases. If, in equation (1), D = 0, the plane 
evidently passes through the origin. 

If, in equation (1), 0=0, so that the equation is of the 
form 

Ae + Bii + D = 0, 

this equation represents the plane perpendicular to the plane 
Oxy and passing throngh the line whose equation in the 
plane Om/ is A3t + ^ + D = 0. For, the equation Ax + By 
+ i> = is satisfied by the coordinates of all points (x, y, z) 
whose X and y are connected by the relation Ax -f By -(r Z) = 
and whose z is arbitrary, but it is not satisfied by the coordi- 
nates of any other points. Similarly, if B = in (1), the plane 
is perpendicular to Oxx ; if .il = 0, the plane is perpendicular to 
Oyz. 

If B = and C=Oin (1), the equation obviously represents 
a plane perpendicular to the axis Ox; and similarly when G 
and A,Qj A and B aie zera 
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Notice that the line of intersection of (1) with the plane 
Oxy, for instance, is i-epresented by the simultaneous equations 
Ax + JBy+Cz + D=0,z^O. 

314. Intercept Form. If D ^ the equation (1) can be 
divided hy B; it then assumes the foira 

If A, B, G aie all different from zero, this equation can be 
written 

- D/A "*" - D/B "*' - D/C^ ' 
or, putting - D/A = a, - D/B = b, - D/C= o : 

In this equation, called the intercept form of the equatloD 

of a plane, the constants a, b, c are the intercepts made by the 
plane oa the axes Ox, Oy, Oz respectively. For, putting, for 
instance, ^ = and sj = 0, we find x = a; etc. 

315. Plane through Tlitee Points. If the plime 

AxJrBy+Cz + D = (i 
is to pass through the three points Py{xi, ji, zi), Pt{Xi, y^, t^, 
P^Xf, y^, Zj), the three conditions 

Ax, + By, + Cz,+D^ 0, 
Axj + By^ + Ck2 + D=0, ■ ^ ■ 
-4a;, + Bj/, + C2j + i> = S 

must be satisfied. Eliminating A, B,G, D between the four 
linear homogeneous equations (compare § 75) we find the equa- 
tion of the plane passing through the three points in the form 



= 0. 
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EXERCISSS 

1. Find the inl^vepta made by the following planes : 

(a) ix+12y + Si = -i2; (6) ISic-fly + 10z + 80 = 0; 

(c) i-v + s-I=0; (d) * + 2n-3e + 4=0. 

S. Intorprat the followJugeqiiaUons: 

(a) j; + v + 2 = l; (6) 6v-3« = 12; 

(e) x + V=0; (d) 6i,+ 12=0. 

S. Find the plane determined by the points (2, 1, 3), (1, - 5, 0), 
(4, 8, - 1). 

4. Write down the equation of the plane whose intercepts are 8, 2, — S. 

5. Find the intercepts of Hie plane passing through the points 
(8, -1,4), (6,2, -8), (-1, -2, -3). 

ft. If planes are parallel to and a distance a from the coordinate planes, 
what are their intercept^ P What are their equations t 

7. Show that the four points (4,3,3), {4,-3,-9), (0,0,8), 
(2, 1, 2) lie in a plane and find its equation. 

316. Nonnal Fonn. The position of a plane in space is 
fully determined by the length p = ON (Fig. 133) of the per- 
pendicular let fall from tbe origin 
on the plane and the direction co- 
sines I, m, n of this perpendicular 
regarded as a vector ON. Let Pbe 
any point of the plane and OQ=x, 
Qfl = !/,ii/'= J its coordinates; as 
the projection of the open polygon 
OQMP on ON is equal to ON fm. I33 

(S 294) we have 

(4) lx + my + nz=!p. 

This equation is called the norma? form of the equation of a" 
plane. Observe that the number p ia always positive, being 
the distance of the plane from the origin, or the length of the 
rector ON. Hence Ix + my+m is always positive. 
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317. Reductioa to ttie Normal Form. The equation Ax + 
By + Cz + D = (iiBia general not of the form Ix+my+nx^p 
since in the latter equation the coefKcients of x, y, z, being the 
direction cosines of £ vector, have the property that the sum 
of their squares is equal to 1, while ^^ + B* + C is in general 
not equal to 1. But the general equation can be reduced to 
the normal form by multiplying it by a constant factor k 
properly chosen. The equation 

kAx + kBy + TtGz + ftD = 
evidently represents the same plane as does the equation 
Ax-^ By + <7j + Z> = 0; and we can select fc so that 

{kAf^{kBf + {liCy=\, viz. k= ^ 

As in the normal form the right-hand member p is positive 
(§ 316) the sign of the square root should be selected so that 
kD becomes negative. 

The normal form is therefore obtained by dividing the equatioa 
Ax + By + Ox+D = Qby ± V-d' + Bf + 0' accor^tig asD is 
negaiice or positive. 

It follows at the same time that the direction cosines of any 
normal to the plane Ax + By+Oz + D = i} are proportional 
to A, B, C, viz. 

, 4 ™_ s 



± VA' -t- 5= -t- C" ±^A' + B' + C* 



and that the distance of the plane from the origin is 



the upper sign of the square root to be used when D is n 
tive, the lower when D is positive. 
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Let be + mp -i- nx = p 
nal form, P,{a!,, y,, z^ 
The projection OS of 




318. Distance of Point from Plane. 
be the equation of a place in the aoi 
any point not on thia plane (Fig. 134). 
the vector OPi oil the normal to the 
plane being equal to the amn of the 
projections of its components 0Q = 
Wt, QB = y„ BP, = z,, we have 

OS=slXi + mj/i + na,. 
Hence the distance d of /*, from the 
plane, which is equal to NS, will be 
d= OS — 0X== Za^ + myi + naii— p. Pio. 134 

If this expression is negative, the point /*, lies on the same 
side of the plane as does the origin; if it is positive, the point 
Pi lies on the opposite side of the plane. Any plane thus di- 
vides space into two regions, in one of which the distance of 
every point from the plane is positive, while in the other the 
distance is negative. If the plane does not pass through the 
origin, the region containing the origin is the negative region; 
if it does, either side can be taken as the positive side. 

To find the distance of a point P/aii, y\,Zi) from a plane 
given in the general form 

Ax + By-^Cz+D = Q, 
we have only to reduce the equation to the normal form 
(§ 317) and then to substitute for x, y, z the coordinates 34 , y-^, 
z, of /*,; thus 

± V^' + B" + C ' 
the square root being taken with + or — according as Z> is 
negative or positive. 

Notice that d is the distance from the plane to the point 
Pi, not from P, to the plane. 
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319. Angle between Two Ranes.' As two intersecting 
planes make two angles whose sum = t, we shall, to avoid any 
ambiguity, define the angle between the planes as the angle 
between the perpendiculars (regarded as vectors) drawn from 
the origin to the two planes. 

If the equations of the planes are given in the normal form, 

l^ + mj/ + n^ = Pi, 
we have, by S !^i f of the angle ip between the planes : 

cos ij/ = lJt + m,nii + n,n^ 
If the equations of the planes are in the general form, 

A,x + B^ + C,z + D, = (i, 

A^ + 30+Cji + Dt^O, 
we find by reducing to the normal form (§ 317) : 



COS^=: 



± V-4,' + £.' + t? • ± VAt" + £,' + C,» 



320. Bisecting Planes. To find the equations of the two 
planes that bisect the angles formed by two intersecting planes 
given in the normal form, 

liX + TOiff + rifl —p, = 0, l^ + m^ + i^s — p, = 0, 
observe that for any point in either bisecting plane its distances 
from the two given planes must be equal in absolute value. 
Hence the equations of the required planes are 

l^x + m,y + «!« — pi = ± (l^ 4- TB^ + n^ — pt)- 
To distinguish the two planes, observe that for the plane that 
bisects that pair of vertical angles which contains the or^in 
the perpendicular distances are in the one angle both positive, 
in the other both negative; hence the plus sign gives this 
bisecting plane. 
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If the equations of the planes are given in the general form, 

first reduce the equations to the normal form (§ 317). 



S. Find tbe distance from tbe ori^ to tbe plane 2x + 2v — s=6, 
t. FiDd tbe distances of the toltowlng planes from the origin : 
(a) Sx-iy + 6z-8 = 0, (6) x + s + s = t), 

(c) 2y-5a = 8, (d) &x-iy + & = 0. 

4. Find the dlMauces from the foUowii^ planea to the point 
(2,1,-8): 

(a) 3»; + 5j/-flz = 8, (6) 3«-3tf-z = 0, (c) !c + y + B = 0. 

5. Find the plane through tbe point (i, 8, 1) which is perpendicnlar 
to the rftdiuH vector of this point; also the parallel plane whose distance 
from the origin is 10 and in the same sense. 

S. Find the plane through Che point (— 1. ^, — *) th&t is parallel to 
the plane 4a: — 3p + 2z = 8; what is the distance between these planes ? 

7. Find the distance Iwtneen the planes 4x — 5y — 2e = 6, 4x — by 
- 2 J + 8 = 0. 

S. Are tbe points (6, 1, - 4) and (4, - 2, 8) on the same side of tbe 
plane 2ar + 3y — 6« + l =0? 

9. Write down the equation of the plane equally inclined to the axes 
and at the distance p from the origin. 

10. Show that the relation between the distance p from the origin to a 
plane and the intercepts a, 6, c is I/a' + 1/6^ + l/c* = 1/p*. 

11. Show that tbe locns of the points equally distant from the pointa 
A(3^ii Vit 'i) and Pi(xt, ys, zt) Is a plane that bisects PiPg at rigtit 

U. Find the equations of tbe planes bisecting the angles; (a) between 
the planes i + j + « — 3=0, 2x^Sy + iz + S = 0; (6) between the 
planes 2x-2y — z = 8, x + 2y — 2z=6. , 
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321. Volome <rf a Tetrahedron. The volume of the tetrahe- . 

(Iron whose vertices are the points Pi(_x,, y,, Zi), Pi{x,, ^i, «,), 
AC'tii Vt! h)t ^4(^4' Vi^ ^0 '^i' ^ expressed in terms of the 
coordinates of the points. The equation of the plane detei- 
mined by the points Pi,Pi, A is (S 316) 



ai y* 2i 1 



Now the altitude d of the tetrahedron is the distance from this 



plane to the point Pi (xi , 



z,), i.e. (S 318) 

1 yi 2i 1 



yt 2. 1 



»'4 y. 1 



But the denominator is seen immediately to represent twice 
the area of the triangle with vertices P, , P, , P^ (Ex. 9, p. 291), 
i.e. twice the base o£ the tetrahedron. Denoting the base by B, 
we then have 

yi «i 1 
yj «s 1 



The volume of the tetrahedi-on is F"= JBrf, and therefore 

n, ; 1 



v=i 
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322. Simultaneous XJnear Equations. Two Bimultaneous 
equatioiis of the first degree, 

A^x + B,y + (7iJ! + A = 0, 

^i^ + ^ + C^ + A = 0, 

represent in general the line of intersection of the two planes 
represented by the two equations separately. For, the coordi- 
nates of every point of this line, and those of no other point, 
satisfy both equations. See § 310 and §§ 326-327. 
Three simuUaneotis equations of the first degree, 
A,x -(- Sjy + C,z + A = 0, 
A^+B^ + C^ + D,==0, 
Aix: + B^ + C>fi + D, = 0, 
determine in general the point of intersection of the three 
planes. The coordinates of this point are found by solving 
the three equations for x, y, z. But it may happen that the 
three planes have no common point, as when the three lines of 
intersection are parallel, or when the three planes are parallel ; 
and it may happen that the planes have an infinite number of 
points in' common, as when two of the planes, or all three, 
coincide, or when the three planes pass through one and the 
same line. 

Four pianes will in general have no point in common. If they do, i.e. 
If there exiBts a point (xi , yi , zi) satisfying the four equa.tioua 
AiXi + Biy, + C,zi + Di = 0, 
A^i + Sm + CiZi + Dj = 0, 
A^i + Bm + C^z, + A = 0, 
.^1 + -Btf , + Cjs, -f Bj = 0. 
we can eliminate Xi , ^i, Zi, 1 between these equBtions so that we find 
the condition 

Ml JSi Ci A 
Us B, Ci A _o 
U, B, C, D, 
\a4 B^ Ci Di 
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EXERCISES 
1. Find the vohime of the tetrahedron whose yeitices are (0, 0, 0), 
(tf, 0, 0), (0, 6,0), (0, 0, c). 

S. Find the volumes of the tetrabedia whose veitioes are the following 
points: 

(a) (7,0.6), (8,2,1), (-1,0,4), (3,0, -2). 
(6) (3, 0, 1), (0, - 8, 2), (4, 2, 0), (0, 0, 10). 
(c) (2, 1, - 3), (4, - 2, 1), (3, -7, - 4), (5, I, 8). 
S. Find the coordinates of ttie points in which the following planes 
Interaect : 

(a) 2iE + 5y + z-2 = 0, 3; + 6p + a = 0, Sx-Sy + 2t~12=0. 
(6) 23t-i-s+z=a+b+c, ix-2y-i-z=2 a^2b+e, e*-jf=8a-6. 
*. Show that the four planes &x-8y~z = 0, ix-2y + x=:S, 
Sx + 2y — 6i = 0, x + y + zsfi pasa through the same point. What 
are the coordlnatea of thia point ? • 

B. Show that the four planes 43: + y + z + 4=0, 3:-(-2b — z + 3 = 0, 
y — 5 z + li = 0, X + y + z — 2 =0 hare a common point. 

S. Show that the Incus of a point the aum of whose distances from 
. any number of fixed planes is constant is a plane. 

323. Pencil of I^anes. All the planes that pass through 
one and the same line are said to form a. pencil of planes, and 
their common line is called the axis of the pencil. 

If the equations of any two non-parallel planes<are giren, 
Bay 

Arx+B,y+C,z+D,=(f, 

then the equation of any other plane of the pencil having their 
intersection as aitis can be written iu the form 
(2) (A,x + B,y + a,z + A) + K^^ + BaJ/ + 0,z + A) = 0, 
where ft is a constant whose value determines the position of 
the plane in the pencil. 

For, this equation (2) being of the first degree in x, y, z 
certainly represents a plane ; and the coordinates of the points 
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of the line of interseotion of the two given planes (1), since 
they satisfy each of the equations (1), must satisfy the equa- 
tion (2) so that the plane (2) passes through the axis of the 
pencil. 

324. Sheaf of Planes. All the planes that pass through 
one and the same point are said to form a sheaf oi planes, and 
their common point is called the center of the sheaf. 

If the equations of any three planes, not of the same pencil) 
are given, say 

AiX + Bii/ + CiZ + A =" *>, 

A* + B^ + C^ + A = Oi 

then the equation of any othe; plane of the sheaf haring thw 
point of intersection as center can be written in the form 

where ki and ft, are constants whose values determine the 
position of the plane in the sheaf. 

The proof is similar to that of § 323. 

326. Non-linear Equations Representing Several Planes. 
When two "planes are given, say 

AiX + Byy + CiZ + A = 0) 

^-I-A!' + Ct2 + A=0, 

then the equation 

{A^x + Bty+ 0,z + D,)iA^ + B^ + Oji + Dt) = 0, 
obtained by equating to zero the product of the left-hand mem- 
bers (the right-hand memliers lieing reduced to zero), is satis- 
fied by all the points of the first given plane as well as all the 
points of the second given plane, and by no other points. 

The product equation is therefore said to represent the two 
given planes. The equation is of the second degree. 
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Similarly, by equating to zero the product of the left-hand 
members of the equations of three or more planea (the right- 
hand members being zero) we obtain a single equation repre- 
senting all these planes. An equation of the nth degree may, 
therefore, represent n planes ; it will do so if its left-hand mem- 
ber can be resolved into n linear factors with real coefQcients. 

EXERCISES 

1. Find the plane tb&t passes through the liue of interBection of the 
planes 6ii;-8y + 4*-S6 = 0, x + y-z^O and through (4, -3, 2). 

S. Show tbat the planes Sx-2v-|-6«-)-2=0, x-f-y-«-5 = 0, 
Sz + V+^'— 13 = 0t^'ongb) the same pencil. 

S. Show tliat the foilowii^ planes beloi^ to the same ebeaf and And 
the coordinates of the cent«r of the sheaf : 6x-(-y — 4z = 0, x-(-y-(-2 = 6, 
2ie — 4K-a = I0, 2« + 3j/4-* = 4. 

i. What planes are represented by the following equations P 
(a) a'-6x-t-8 = 0, (6) j"-9 = 0, (c) x*-z' = 0, id) t^-4xu = 0. 

S. Find the cosine of the angle between the following paiiB of planes : 
(a) ix~Sy~z=»,x+V-z = S; (6) 2a;+7y4-4 2=2, w-»p-2a=I2. 

C. Show that the following pales of planes are either parallel or 
perpendicular: 

(a) Sx-2tr-l-&«=0, 2x-t-3p = 8i (b) fiz-]-2v-z=e, 10x-t-4y-22=S; 
(e) x + s-2g = S,z+v+z=ni (d) a;-2if-* = 8,3i«:-ay-3*=6. 

7. Find the plane that is perpendicular to the segment joining the 
points (3, - 4, 6) and (3, 1, - 8) at its midpoint. 

8. Show that the planes Aix + Biy -|- Ci« -|- A = 0, A^x + Ba + Ciz 
+ 2>] = l> are parallel (on the same or opposite sides of the origin} if 

AjAi+ B1B3 + CiCi . J 

VAt' + B," + C'l" V Jt> + B," -I- C»» 

9. A cube whose edges have the length a Is referred to a coordinate 
trihedral, the origin being taken at the center of a face and the aiee par- 
allel to the edges of the cube. Find the et^nations of the fucea. 
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10. Show that the plane through the poifita Pi{3!i, yi, ii) ahd 
■PiCa^i J2i «i) »i"l perpendicttlar to the pl&ae Jx + Bj/ + Cx + D = 
oan be lepresented b; the eqnation 



A B O 

11. Find those planes of the pencil ix — Si/ + 5z = S,iz + 8g — K!si 
which tKe petpendlcular to the cooidinste planes. 

VL Fmd the plane that is perpendicular to the plane^z + Sy — s = l 
and passes through the points (1, 1, — 1), (3, 4, 2). 

IS. Find the plane that is perpendicular to theplanes^x — 3ii + « = 6, 
2x + 8y — bx = i and passes through the point (4, — 1, 5). 

14. Show that the conditions that three planes ^ia;+Biy+C|Z + Di=0, 
Aix + BjV + Ci« + i>j = 0, A^ + Bzy + Cjz + Dt = belong u> the same 
pencil, : 



A, + kA,_B, + kS^ Ci+kC, D, + kD, 
A, B, Ct D, 








B, Ci D, C, fli Ai Dt Ai B, At Bi 


Ci 


Bt Gt Ih = C, D, A, = D2 A^ Bt = A, B, 


c. 


B, 0, D, 0, D, A, Di A, S, At S, 


Ct 







IS. Find the equations of the faces of a right pyramid, with sqnare 
base of side 2 a and with altitude h, the origin being taken at tbe center 
of the base, the axis Oi tlirough the opposite vertex and the aies Ox, Og 
parallel to the sides of the base, 

IS. Homogeneous substances passing from a liquid to a solid state tend 
to form crystals ; e.g. an ideal specimen of ammonium alum has tbe form 
of a regular octahedron. Find the equations of the faces oF such a crystal 
of edge a if tbe origin is taken at tbe center and tbe axes tbcough the 
vertices, and determine tlie angle between two faces. 

17. Find tbe angles between the lateral faces of a right pyramid whose 
base is a regular hexagon of side a and whose ^titnde is A. 
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PART 11. THE STRAIGHT LINE 

326. Detenniiution of Direction Cosines. Two simultar 
neous linear equations (§322), 

(1) AsK+By+Cs+l>=0, A'x+B'y+C'z+I>'=0, 

represent a line, namely, the intersection of the two planes 
represented by the two equations separately, provided the two 
planes are not parallel. 

To obtain the direction cosines {, m, n of this line observe 
that the line, since it lies in each of the two planes, is perpen- 
dicular to the normal of each plane. Now, by § 317 the direc- 
tion cosiilea of these normals are proportional to A, B, and 
A', B', C, respectively. We have therefore 

^i + Bm + fti = 0, .^17 + B'w. -1- C'n = 0, 
whence 

^ \BC\ \CA\ \ AB\ 

The direction cosines themselves are then found by dividing 
each of these determinants by the square root of the aura of 
their squares. 

327. Inteisecttng Unes. The two lines 

AiX + Bj)+C^-\-Di = (i, K jj^ I A^ + B^ + C^-\-Di = fi, 

A'« + B^y + c,'s! + A' = J *" I ^i'^ + Bi'y + c^ii'^ + A' = o 

will intersect if, and only if, the four planes represented by 
these equations have a common point. By §322, the condition 
for this Is 

B, C, A 

At B, C, A 
B,' Ct' A' 
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328. Special Forms of Equations. For many purposes it is 
ooavenieut to represent a line by means of one of its points 
and its direction cosines, or by means of two of its points. 
Let the line be called X. 

If (Xi, t/i, Zi) is. a given point of \ and I, m, n are the direc- 
tion cosines of X, then every point (at, y, z) of X must satisfy 
the relations (g 298) : 

« ^-■^-'-^- ^ 

In these equations, I, m, n, can evidently be refiaced by anj 
three numbers proportioned to I, m, ». Thus, If (x^, y^, «_,) be 
any point of \ different from (xi, yi, z,), we have the continued 
proportion 

Xt-iB,:yi-yi:Zi-Zi=:t:m:n; 

hence the equations of the line through the two points (as,*, y, , z,) 
and (a^,y2t ^) Afo: 

^ ' sc,-xi y^-vi s^-xi 

• If, for the sake of brevity, we put a^— a!, = a, y, — y, = 6, 
Zt—Xi=se,VB can write the equations of the line in the form 

^ ^ a be' 

where a, b, c, are proportional to I, m, n, and can be regarded as ' 

the components of a vector parallel to the line. 

The equations (3) also follow directly by eliminating ft be- 
tween the equations of § 296, namely, 
(6) jr=!Ci+*(aB,-a5,),v=y,-|-ft(y,_V,),j!=«i+ft(«j_«,). 

These equations which, with a variable k, represent any point 
of the line through (x,, y, , Zi) and (a:,, y,, z,) are called the 
paramettr equations of the line. 
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S29. Projectiiig Planes of a Line. Each of the forms (2), 
(3), (4), which are not essentially different, furnishes three 
linear equations ; thus (4). gives: 

y-Si ^ z-Zj z - g, ^ a; - jg g - J", ^ y — Vi . 

b c ' c a ' a b ' 

bnt these three equations are equivalent to only two, since from 
any two the third follows immediately. 
The first of these equations, which ' \ 

can be written in the fonn "Ivv 

cy — i«-(c3/,-6z,)=0, I \ ^ 

represents, since it does not contain x -J i— I — X — yp* 

{§ 313), a plane perpendicular to the /__ ___l\,-^ 

plane Oi/z; and as this plane must con- 7 \ 

tain the line X it is the plane CCA 

that projects X on the plane Oyz (JTig, 136), Similarly the other 
two equations represent the planes. that project X on the co- 
ordinate planes Ozx and <^. Any two qf these equations 
represent the line X as the intersection of two of these pro- 
jecting planes. 

At the same time the equation 

y - y, ^ Z - Z, 

b 

can be interpreted as representing a line in the plane Oyz, 
viz. the intersection of the projecting plane with the plane 
«= O.' This line {AC in Fig. 135) is the projection X, o/ X oh 
the plane Oyz. As the other two equations (4) can be inter-. 
preted similarly it appears that the equations (2), (3), or (4) 
represent the line X by means of its projections X,, X,, X, on 
the three coordinate planes, just as is done in descriptive 
geometry. Any two of the projections are of course sufficient 
to determine the line. 
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330. Determination of Projecting Planes. To reduce the 
equations of a line \ given iu tlie form (1) to the form (4) we 
have only to elimiuate between the equations (1) first one of 
the variables x, y, z, then another, so as to obtain two equa- 
tions, each in only two variables (not the same in both). 

The process will best be understood from an exauiple. The 
line being given as the intersection of the planes 

(a) 2x-3i/ + z + 3 = 0, 

(b) x + y + z~2 = 0, 

eliminate z by subtracting {b) from (a) and eliminate x by 
subtracting (fc), multiplied by 2, from (a) ; this gives the line 
as the intersection of the planes 

x-iy+& = 0, 

~5y-z + 7 = 0, 

which are the projecting planes parallel to Oz and Ox, i.e. the 

planes that project the line on Oxt/ and Oys. Solving fory 

and equating the two values of y we find : 

4 1 -5' 
The line passes therefore through the point ( — 5, 0, 7) and 

has direction cosines proportional to 4, 1, — 6, viz. 

^^ 4 _ 1 ^_ 5_ 

V^' V42' Via' 

EZERaSES 

1. Wrlt« the equations of the line through the point (—3, 1,6) whose 
direction cosines are proportional to 8, 6, T. 

t. Write the equations of tlie line througL the point (3, 2 — 4) whose 
direction cosines ate proportional U> 5, — 1, 3. 

S. Find the line through the point, (a, 6, c) ihat Ig equally inclined 
to the axes of cooTdluatee. 
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4. Find the lines that pass tbmugh tba following pi^rs c£ points: 
(a) (4, - 8. I), (2, 3, 2), (&) (- 1, 2, S), {8, 7, 1), " 

(c) (-2,3,-4), (0,2,0), (d) (-!,_(;,- 2), (-8,0,-1), 

and determine the direction cosinea of each of these lines. 

5. Find the tracer of the plane 2x — Zji — iz = 6ia tbe coordinate 
planes, 

e. Write the equations of atel\ne2x—&j/+6z~&=0,x—y+2e-S=<i 
in the form (4) and determine tbe direction cosines. 

7. Put the line 4 a; - 3 1/ - 8 = 0, a: - V - z - 4 = in the form (4) 
and determine the direction oosines. 

S. Find ihe line through the point (2, 1, — 3) that, is parallel to tho 
]lne23:-3|/ + 4z-6 = 0, 6i + p-2z-8 = 0. 

•. What are the projections of the line 6x — Sy — Tz — 10 = 0, 
X + y — Sg +6 = on the coordinate planes ? 

10. Obtain tbe equations of the line through two given points by 
equating the values of k obtained from § 296. 

11. B; § 317, the direction cosines of an; line are proportional to the 
OOeEBcientB of x, y, and e in the equation of a plane perpendicular to the 
line. Find a line through the point (3, 5, 8) that la perpendicular to the 
plane 2x + !/-|-3z = 5. 

331. Angle between Two Lines. The cosine of the angle ^ be- 
tween two lines whose direction cosines are li , mi , ni and Ii i mt, n* ia, 
byS299, 

cos ^ = lih + miirej + mnj. 

Hence if the lines are given in the form (4) , say 

x-x ,_ i) - f i _ z - "i x-xt _ y-p2 ^ t~'t 






,sf =- 



_ difl! + hibi + ClCj 



± ^01'+ V + ci'l±Vai' + W + cs» 
If the lines are parallel, theit 

if they are perpendteular, then 

■ aiot + 6i6i + cici = : 



aaivieevi 
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SSS. An^e betweni Line and Plane. Let the iin« and plane 
to gtven by tbe equfttlona 



Ax + Bg+ Cz + D = 0. 
The plane of Fig. 136 repiwente tbe plane 
tliTougb tbe given line perpendicolat to the given 
plane. The angle p between tbe ^ven line and ^"^ ^^ 

plane la tbe complement ot the angle a between the line and any perpen- 
dicular PJTto the plane. Hence 

-,./»- aA + bB + ,^0 



± ^/a^ + 6a + e^.± V J» + B» + C 
Tlie (necesaaiy and anfficient) condition for paTollelitm ot line and 
plane ia 

aA + bB + eG = tti 
the condition of perpendicularity is 

ABC 
333. IJne and Plane Peipendicular at Givra Point If tbe 

pUns Ax+ By+ Ce+ D=0 

pawes through the point i^(a!i, yi , «i), we mnst have 
Axi+Bgi+ Czi + D = 0. 
Subtracting from the preceding equation, we have as the equation of 
any plane throvgh the point Pi(xi , jfi , zi) : 

A(x - xt) + Biv - Vi) + ^(z - zi) = 0. 
The equationa of any line through tbe same point ace 



If this line is perpendiculnT to the plane, we must have (J 8S2) : a/ A = 
b/B = c/C. Hence the equations 



t the line through i'i(zi, yi, Zi) perpendicular to the t 

Aiz - xi) + B(y - jfi) + C(* - *i) = 0. 
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334. Distance of a Point from a line, il tbe eqn&tkmB of 
tbe line X are elTen in tbe form 



> 



t m n ' 

where (iri,yi,«i) is a point Pi of X (Fig. 
137), the distance d = QPt of tbe point 
■Pi(^> pii «i) from ^ (iaii be found from 
tite right-angled triangle Pi Qi^ which givea 

(P = PiP^-Pie', 
bj observing Oat 

PiIV = (Zt - xiY + (j, -ft)« + (z, - *i)a 
while Jf>iQ is the projection of P(Pt on X. Tbto projection fa fonnd 
(5 894) aa tbe aum o£ the projectionB of the componento arj — a;i, yi — vi, 
82 — ziof PiPjonX: 

Pi§ = IC«t-3^) + t»(ft-yi) + n(ii-ii)- 

#=(X)-ii)'+(Ki-j/0'+(zi-zO»-[/(*i-3;i)-|-tn(!/j-!n)+'»(«>-«i)]'- 

336. Shortest Distance between Two Lines. Two line* 
X| , X) whose equations are given in the form 

l\ fni n\ Ij mx ri 

will inteTKCl if their directions (Ii, nii, »■), (Ii, nH, ri), and the direc- 
tion of the line joini:^ the points (xi, jii, ti), (xt, yt, it) are complanar 
ii 802), i.«. if 

jatj-asi Vi- ji «!-Z]| 

Il mi m = 0. 

I II mi ml 

If tbe lines Xi , Xt do not inteisect, their ahortest distance d Is the ins- 
tance of Pi(xi, yj, £i) from the plane through X) parallel to Xi. As this 
plane contains tbe directions of X] and X^ , the direction coelnes of its nor- 
mal are (| 301) proportional to 

I mi ml I m II I I Ji mi I 
|m» 111' 1»U III' k m»r 
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and M it puma thnragh P| (xi , jri , zi) Its equatioa' can be written in the 
bnm 

\x~x, v-si z-»i\ 

\ h *"i "1 = 0- 

Hence the ^wrttst distance of the Una \i, Xg ia : 



■ Jlmi »>!' , |"i" 'ip , I'l mil* 



As the denominator of this expression is equal to sin ^ (§301),^ 
-xi s(i — yi «i - 21 1 



EXERCISES 

1. Find the cosine of tlie angle between the lines 

2 3 ~ 4 ^ ~^ ~ 2 ~ S " 

1. Find the an^e between the lines 3x — 3j + 42— 1 =0, 
83! + jF-8r + 10 = 0, andi + y + z = e, 2a: + 8y-5z = 8. 

3. Und the angle between the lines that pass through the points 
(4,2,5), (-2,4,3) and (- 1, 4, 2), (4, -2, -6). 

4. Find Che angle between the line 

y + l _ y-2 _ g+Hi 
3 -5 8 
and a perpendicular to the plane 4a; — 8y— 2a = 8. 

5. In what ratio does the plane 3x — 4y-|-0z — 8 = divide tlie 
segment drawn from the ori^n to the point (10, — 8, 4). 

fl. Find the plane through the point (2, — 1, 3} perpendicular to the 
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7. Find the plane that ie perpendicular to the line ix + y — z = 9, 
8x + 4i( + 8«+ 10 = and paBBes through the point (4,-1, 3). 

8. Find the plane through the origin perpendicular to the line 

531-2^ + 2=6, Sx + y--iz = S. 

9. Find the plane through the point (4, — 3, 1) perpendicular to the 
line joining the points {3, 1, - 6). (— 2, 4, 7). 

10. Find the line through the point (2, — 1, 4) perpendicular to Oie 
plane a!-2v + 4z = 6. 

11. Show that the lines x/S = y/ — l= «/- 2 and x/i = y/e = z/3 are 
perpend iculai;. 

U. Show that the lines 

1 ~ -2 ^~^ *°'* ~zr2^ 4"^^ 
are parallel. 

IB. Findtheanglebetweentheline32 — 2j — « = 4, 4a; + 3y— 3z = 6 
and the plane x + y + i = S. 

14. Find the lines bisecting the anglea between the lines 

Ii mi ni li mj nj 

15. Find the plane perpendicular to the plane 3x — 4y — z = 6 and 
passing through the points (1, S, — 2), (2, 1, 4). 

16. Find the plane through the point (3,-1, 2) perpendicular to the 
]ino2x — By-iz = 1, a;+p-2s = 4. 

17. Find the plane through the point (a, b, c) perpendicular to the 
Une Aix + Bty + Ci* + 2), = 0, Aix + B^ + Csz + Dt == 0. 

18. Find the projection of the vectorfrom (3,4,5) to (2, — 1,4) on the 
line that makes equal angles with the axes ; and on the plane 

2x:~ay + iz=6. 

19. Find the distances from the following lines to the points indicated i 
W| = »=^ = --±>, (0,0,0), 

(6) 2a: + i^-* = e, »;-SF + 4z = 8, (3, 1,4); 

(e) 2a; + 3v + 6z=l, 3z-6j) + 3z = 0. (4, 1, -2). 
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10. Show that the equation of the plane detennioed by tbe line 
x — xi _ y~9i _ t — x, 

and the point Pi (xt, yi , et) can be written In the f oitn 
\x —xi y —Vi » — zi I 



U. Find the plane deteimined by the inteisecting lines 

«^=tzi6 = i±i and ^^ = itzii = £±i. 
4 3 2 1 2 a, 

U. Find the plane determined by the line 

x-x, _ v — in _ g~zi 
a b e ' 

and its parallel tbroogfa the point Pi (zi , Pi , St) . 
IS. Given two non-inteiaecting lines 

x — Xi _ y — in _ z — X i x — Xt _ y — yi _ B — zt , 
Oi 6i Hi ' at 6i ct ' 

find the plane passing through the first line and a parallel to the second ; 
and the plane passing tbrough the second line and a parallel to the fitst 
U. What is the condition that the two lines at Ex. 2S intersect f 
U. Find the distance from the diagonal of a cube to a vertex not on 
the diagonal. 

SS. Find the distance between the lines given in Ez. 2S. 
ST. Show that the locus of the points whose distances from two flied 
planes are in constant tatio is a plane. 

S8. Show that the plane (m- n)! +(n-I)» + (I- »n)z = contain! 
the line x/l = y/m = »/n and is perpendicular to the plane determined bj 
the lines x/m = y/n = s/l and x/n = yjl = zjm. 
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CHAPTER XV 
THE SPHERE 

336. Spheres. A sphere is defined as the locos of all those 
points that have the same distance from a fixed point 

Let C{h, j, k) denote the center, and r the radius, of a sphere ; 
the necessary and sufficient condition that any point P(x, y, z) 
h&s the distance r from C{h, j, Te) is 
(1) (^-K)'+(,V-j)'+{'-h)'~t'. 

This then is the cartesian equation of the sphere of center 
C(k, j, k) and radius r. 

If the center of the sphere lies in the plane Oxjf, the equa- 
tion becomes 

(x-hy + {y~jy + !i>=T'. 

If the eenter lies on the axis Otc, the equation is 

{sc-hy+y' + z* = r'. 
The equation of a sphere about the origin as center is : 
!e«H-y« + »' = »*. 
837. E^wnded Form. Expanding the squares in the equa- 
tion (1), we find the equation of the sphere in the form 

a? + y*+x*-2kx-2ji/-2kz + k^+f + i?-T' = 0. 
This is an equation of the second degree in ai, y, z ; but it is of 
a particular form. 
The general equation of the second degree in x, y, x is 
A^-\-By'+G^ + 2Dyz + 2Exx + 2Fxy 

817 
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i^. it coDtaiiu a constant term J; three terms of the first 
degree, one in x, one in y, and one in z ; and sis terms of the 
second degree, one each in o?, y', 7?, yz, zx, and vy. 
If in the general equation we have 

D = E = F=(i, A = B=:0=f=(i, 
it reduces, upon division by A, to the form 

A A A A 

which agrees with the above form of the equation of a sphere, 
apart from the notation for the coefficients. 

338. Determination of Center and Radius. To determine 
the locus represented by the equation 
(2) A;^ + Af + Az''-i-2Gx + 2Hy + 2Iz + J=0, 
where A, G, H, I, J, are any real numbers while .4 # 0, we 
divide by A and complete the squares in x, y,z; this gives 



(-s'H-f)'-(-iJ=l 



+ 4:4 



The left side represents the square of the distance of the point 
{x, y, z) from the point (- G/A, - H/A, - I/A) ; the right 
side is constant Hence, if the right side is positive, the equa- 
tion represents the sphere whose center has the coordinates 

--!■ ^-f- -4. 

and whose radius is 



A 
If, however, G" + -ff * + /' < AJ, the equation is not satisfied hy 
any point with real coordinates. If G* + H* + I* = AJ, the 
equation is satisfied only by the coordinates of the point 
{~G/A, -H/A,-I/A). 
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THE SPHERE 



Thus the equation of the second degree 

A!>^ + By'+Cz' + 2 Dyz + 2 Ezx + 2 Fxy 

+ 2 Gx + 2 iT?/ + 2 /2 + J= 0, 
represents a sphere if, and only if, 

A=B=O^0, D = E = F=0, O' + H^ + PyAJ. 

339. Essential Constants. The equation (1) of the sphere 
contains four constants : h, j, k, r. The equation (2) contains 
five constants of which, however, only four are essential since 
we can divide out by one of these constants. Thus dividing 
by^and putting 2G/A = a, 2HjA = b, 2 1/A = c,JjA = d, 
the general equation (2) assumes the form 

a? + j,» + z« + (u; + fey + «! + d = 0, 
with only the four essential constants a, b, c, d. 

This fact corresponds to the possibility of determining a 
Sphere geometrically, in a variety of ways, by four conditions. 

340. Sphere thrnngh Four Points. To find the equation of the 
tphere pasging through four poinU Pi(xi, yi, zi). -P2(*2. i'l. ^2)1 
-Pi(«i. Vt, "t), Pii'Ct, Vti STi). observe that the coordinates of these points 
must satisfy the equation of the sphere 

3?+y''-i-if>+ax+by+ex+d = 0; 
<^i' + ift* + 2i' + 03:1 + ftfi + Ml + li = 0, 

*2* + !/2' + Zl" + Ms + 6J/3 + C2s + (i = 0, 

its' + Jo' + »^ + axa + bys + <^a + d = 0, 
Xt' + yt^ + g +ar +by +e;!t + d = 0. 
As these five equations are liqea a d h m g ous in 1, a, 6, c, d, we 
can eliminate these five qnantitl by placing the dei«rminant of their 
ooeffictents equal to zero. Hen th q at n f the desired sphere is 
x^ +,/' +' a; !f a 1 
3=1* + y»' + zi I yi t 1 
a-i' + y^ + 22* x^ Vt 23 1=0. 
a^ + Sfi' + «i' aa !/» zi 1 

xt' + yi^ + Z4' «i w *i 1 
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L Find the spherei with the following points as centers and with the 
Indicated radU : 
(«) (4, -1,2), 4; (6) (0.0,4). 4; (c) (2,-2,1), 3; (d) (3,4,1), 7. 

S. Find the following epheres : 

(d) with the potots (4, 2, 1) &nd (3, —7,4) as ends of B diameter ; 
(6) tangent to the coordinate planes and of radlDS a ; 

(c) witii center at the point (4, 1, 6) and passing tbroogh (8, 3, — 6). 
S. Find the centers and the radii of the following spheres : 

(a) 3i> + tfl + ^-8x + ^v-62 + 2 = 0'. 
(6) 3:» + p» + »»-2 6n-2c«-6»-c' = 0. 

(e) 2a:" + 2i^ + 2i» + 3ii!-jf + 5z-ll = 0. 

(d) ii» + pa + z»-a!-K-« = 0. 

4. Bhow tliat the equation ^(a;* +^ + **) + 3 Ga: + 2flV + 27i+ J 
2z 0, in which J is variahle, represents a family of concentric spheres. 
B. Find the spheres that pass throngh the following points : 
(a) (1,1.1), (3, -1,4), (-1,2, I), (0,1,0). 
(6) (0, 0, 0), (a, 0, 0), (0, 6, 0), (0, 0, c). 
(C) (0, 0, 0), (- 1, 1. 0). (1, 0, 2), (0, 1, - 1). 
((f) (0. 0, 0), (0, 0, 4), (3, 3, 8), (0, 4, 0). 

e. Find the center and radins of the sphero that is the locos of the 
points three times as far from the point (a, b, e) as from the origin. 

7. Show that the locns of the points, the ratio of whose distances from 
two given points Is constant, Is a sphere except when the ratio is unity. 

B. Find the posltJons of the following points relative to the sphere 
!)!* + I/* + «'-4a: + 4[/-2r = 0i (o) the origin, (6) (2, -2, 1), 
(e) (I, 1, 1), (d) (3, - 2. 1). 

•. Find the positions of the following planes relative to the sphere 
a? + !/* + j^ + 4a-3p + fl« + 6 = 0; 
(a) 4i+2v + a + 2 = 0, (6) 8a;- t(-4« + 6 = 0. 

10. Find the positions of the following lines relative to the sphere of 
Bi.e: (o) 2»;-v + 3e + 7=0, 8x- !/-«-10 = 0. 

(6)3a! + 8y + «-9=0. x-Sy + g + U = 0. 

11. Find the coordinates of the ends of that diameter of the sphere 
z* + ^ + M'~6x~fiy-i-4t — 66 = 0, which lies on the Ihie joining the 
origin and the center. 
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3A1. Eqiutions of A Circle. In solid aualytio geometry a 
corre is represented by two simultaneous equations (S 310), 
that is, by the equations of any two surfaces intersecting in 
the curve. Thus two linear equations represent together the 
line of intersection of the two planes represented by the two 
equations taken separately (§§322, 326). 

A linear equation together with the equation of a sphere, 
„. Ax + By+Cz + D = <i, 

W. a? + i^ + :^ + ax + bj, + cz + d = 0, 

represents the locus of all those points, and only those points, 
which the plane and sphere have in common. Thus, if the 
plane intersects the sphere, these simultaneous equations rep- 
resent the circle in which the plane cuts the sphere; if the 
plane is tangent to the sphere, the equations represent the 
point of contact; if the plane does not intersect or touch 
the sphere, the equations are not satisfied simultaneously by 
any real point. 

842. Sections Perpendicular to Axes. Projecting Cylinders. 
In particular, the simultaneous equations 
(4) z = k. a^-l-j,> + a» = r' 
represent, if ft<r, a cfrc/e about the axis Oz (i.e. a circle 
whose center lies on Oz and whose plane is perpendicular to 
Oz). If the value of z obtained from the linear equation be 
substituted in the equation of the sphere, we obtain an equation 
in X and w, viz. 

which represents (since a is arbitrary) the circular cylinder, 
about Oz as axis, which projects the circle (4) on the plane 
Oxy. Interpreted in the plane Oxy, i.e. taken together with 
2 = 0, this equation represents the projection of the circle (4) 
on the plane Oxy, 

Similarly if we eliminate a; or jr or z between the equations 
» 
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(3) we obtaiu an equation in y a.ud z, z and x,ot x and y, rep- 
resenting the cylinder that projects the circle (3) on the plane 
Ot/x, (hx, or Oa^, respectively. 

343. Tai^ent Plane. The tangent plane to a sphere at any 
point P, of the sphere is the plane through P,, at right angles 
to the radius through P,. 

For a sphere whose center ia at the origin, 
aJ + j,i + z* = H, 
the equation of the tangent plane at Pi(xi, y-i, z{) ia found by 
observing that its distance from the origin is r and that the 
direction cosines of its normal are those of 0P-\, viz. x^/r, 
yi/r, Zijr. Hence the equation 

(5) iTia) + yij/ + 2,z = rt 

If the equation of the sphere is given in the general form 
^(«' + / + 2") + 2 Ga; + 2 Hs( + 2 /3 + / = 0, 
we obtain by transforming to parallel axes through the ceDtev 
the equation 

the tangent plane at P\{x^, y\,z^') then is 

Transforming back to the original axes, we have : 

(--!)(-!)-('-f)('-f)-(^-i)(-i) 

=^iT.Jr — -^ 

^ A^ ^ A 
Multiplying out and rearranging, we find that (Ac eqiiaHon of 
the tangent plane to the sphei-e 

A{3i' + y' + z'^ + 2 Gx + 2 Sy + 2 Iz + J= a 
at t?ie }miit T', (x,, ^i, Zi) is 

(6) A{x,x+yi!,+z,z) + Q(x, + x) +S(yi+y)+I(zi+z)+ J= O 

C,q,-Z.-dbvGOOglC 



XV, § 344] THE SPHERE 323 

SU. Intersection of line and ^here. The interaectiona 
of a sphere about the origin, 

»» + 1/* + z' = r-, 
with a line determined by two of its pointa P, (a:,, y^, a,) and 
Pt(xt, j/j, 3j), and given in the parameter form [(5), § 328] 

x = Xi + k{x, - ail), y = yi + &(y, - yi), a = a, + *;(% ~ a,)i 
are found by substituting these values of x, y, z in the equation 
of the sphere and solving the resulting quadratic equation in k : 
[x, + k(x^ - a:0]' + [yi + ^(^a ~ Ji)]' + [«i + H^i - *i)]' = ^, 
which takes the form 

+ z,{z,-z,)2k + {x,* + y,* + z,*-r')=0. 
The line PiPj will intersect the sphere in 
two different points, be tangent to the 
sphere, or uot meet it at all, according as 
the roots of this equation in k are real and 
different, real and equal, or imaginary ; i.e. 
according aa *^'*- "^ 

where d denotes the distance of the points P^ and P^. Divid- 
ing by (P, we can write this condition in the form 

H_[,, + .,= + V-(x,^ + ,.^- + .^-)']|0, 

where by § 334 the quantity in square brackets is the square 
of the distance 8 from the line PiP^ to the origin (Fig. 108). 
Our condition means therefore that the line P,P, meets the 
sphere in two different points, touches it, or does not meet it 
at all according as * 

.|^ 

which is obvious geometrioally. 
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84S. Tangent Cone. The condition for the line PiP^ to be 
tangent to the sphere is (§ 344) : 
[j^(«,-ic,) +y,(y,-y,) + hi^-z,)]' = 

(a^*+ yi'+V-r*}[(a^-i>i)* + (ft - yO* + (*, - ^i)']- 
To give this ezprossion a more symmetric form let us pat, to 
abbreviate, 

«i!ei + yiyi + lA =>i), ai' + yi' + V => 9i> a^' + y>' + V = fo 
so that the condition is 

(P - ft)* = (9i - ^C?! - 2p + ft)» 
i.e. p* — 2 Hp = 5,9j — rt/i — rVtt 

adding r* in both membeis, we have 

t.e. 

i^Vh + yiyi + «i2i - O* = (i^* + J/i' + V - r'Xai' 4- ,Vi' 4- V - »*)• 
Now keeping the sphere and the point /*, tixed, let P^ vary 
subject only to this condition, i.e. to the 
condition that PiPi shall be tangent to 
the sphere; the point P,,' which we shall 
now call P(se, y, 2) is then any point of 
the cone of vertex P^ tangent to the cone, fl^ 
Hence the equaiion of the cone of vertex 
■'^('^t Vit ^) tangent to the sphere a? + y* + z' = 7*ia 

(a^' + yi* + V - r'Xa? + y* +«*-'*)= (a^a! + yiy + %«- O* 

If, in particular, the point P, is taken on the sphere so that 
a^* + y,* + Z|' = r*, the equation of the tangent cone reduces to 

which represents the tangent plane at Pi. 

346. Inversion. A sphere of center O uid radiiu a being given, 
we can find to evei? point P of space (excepting 0) one and only one 
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point F* on OP (produced if necessary) such tliat 

OPOP' = <^. 
'Hie pointa P, P' ate said to be inverse to eacb other wiih respect to the 
sphere (compare SBl). 

Taking Tectaogular axes through O, ne fiDd as the relaUous between 
the coordinates of the two inveise points P(a:, y, x) and P'(j^, p*. a') U 
we put OP = r = Vx" + j= + z*. OP* = r* = Vx'^ + »'» + «« ; 

_K _ 2^ _ *; _ W _ (t| _ ^ . 



!c" + j* + z»' a? + v' + z^' a-' + i/« + zs' 

and similarly 



a,':' + !/«' + z'«' ' a;'» + ]/'> 

These equaUons enable us to find to any surface whose equation is given 
the equation of the inverse surface, bj simply substituting tor x, v, s 
their values. 

Thus it can be shown, that by inversion every sphere is trswisfonned 
into a sphere or a plane. The proof is similar to the corresponding propo- 
sition in plane analytic geometry (§ S2) and is left as an exercise. 

EXERCISES 
1. Find the radius of the circle which Is the Intersection : (a) of the 
lilane y = Q with the sphere a" + y' + ** — 6 j; = i (6) of the plane 
2x — 8v + z — 2 = with the sphere a^ + j/' + a' — 6a + 2y— 16 = 0, 

S. A line perpendicular to the plane of a circle through its center is 
called the axU of the circle. Find the circle : (a) which lies in the plane 
z = 4, has a radius 3 and Ox as axis ; (b) which lies in the plane y = b, 
has a radius 2 and the line z — 3=^0, s— -4 = 0aB axis. 

3. Find ttie circles of radius 3 on the sphere of radius 4 about tlie 
origin whose common axis is equally inclined to the coordinate a^tes, 

4, Does the line joining the points (2, — 1, — 6), ( — 1, 2, 3) intersect 
the sphere a' + j' + e* = 10 f Find the points of intersection. 
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5. Find the planea tan^nt to the following spheres at the givev 
pointo! (a) x^ + iC^ + z^-:!p-5z-2 = 0, at (3,-1,8); 

(6) a^ + V^ + a^ + aa-Sy + ^-lsO, at{0, 1, -8); 
(c) S (** -f-j/^ + «=) - 6 a: + 2 ;/ - z = 0, at the origin j 
Id) a' + !(« + 2'-ox-6j/-B!=0, at(a, 6, c). 

6. Find the tangent cone; (o) from (4, 1, -2) to a:» + if» + i^ = 8; 
(6) from (2tt, 0, 0) to a^ + p* + z» = a'; (c) from (4,4,4) to i» + tf» 
+ «» = 16; (d) fromCl, -5, 3) to *' + !/' + z* = 9. 

T. Find the cone with vertex at the origin tangent to the f^here 
(a!-2o)»+»« + e* = ii'. 

B. Show that, bj Invetsion with respect to the sphere z* ■(- y* + s* = a*, 
every plane (except one throngh the center) ia transformed into a sphere 
passing through the origin. 

«. With respect to the sphere ** + 1/* + «* = 25i And the rarfacee in- 
verse to (a) K = 6, (6) x-y = 0, (c) 4(a;« + y« + ««)-20a:-26 = 0. 

10. Show that by inversion with respect to the sphere k= + y' + *» = a« 
every line through the origin is transformed into itself. 

11, With respect to the sphere k^ + ^ + z> = o*, find the surface in- 
verse to the plane tangent at the point Pi (Xj , ^i , «i). 

IS. Show that all spheres with:' center at the center of inversion &re 
transformed into concentric spheres by inversion. 

13. What ia the carve inverse to the drde i> + y" + z" = 26,' « = 4, 
with respect to the sphere x" + y' + sfl = l&? 

317. Poles and Polars. Let P and pr be inverse points with 
respect to a ^ven sphere ; then the plane w through P', at riglit angles to 
OP (0 being the center of the sphere), is called the polar plane ot the 
point P, and P is called the pole of the plane r, with respect to the 
sphere. 

With reapeel to a ^here of radiug a, aith center at the oriffin, 
!" + !(' + «« = 'i\ 
the equation of tftp polar plane of any point Pi(/i , pi, «i) is readily 
found by olMerving that its distance from the origin is i^/rji »id that the 
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direction cosines of its ootinal are equal to ii/ri, pi/n, *i/n, where 
n^ = ii^> + yi' -t- ei' ; the equation is therefore 
i-\x + Siv + zi« = a*. 
It, in puticular, the point Px lies on the sphere, this equatJon, by % S43 
(&), represents the tangent plane at f\. Hence the polar plane uf any 
point of the sphere is the tangent plane at that point ; this also follows 
from the definition of the polar plane. 

818. With req>ect to the same sphere the polar planes of any two 
points i*i(xi , Vi , «i) and Pt^zg , ]/> • *>) i"^ 

«iK + ViS + «i* = o* and Jwe + Viy + zj* = a*. 

Now the condition for the polar plane of I^ to pass tbrougb Pi Is 
asi*i + !/iVj + eiBi = a' ; 
bnt this is also the condition for the polar plane of i^ to pass through Pi, 
Hence the polar planet of all the points of any plane r (not passing 
through the origin O) pass through a cotniaon point, namely, the pole 
of the plane t; and conversely, the poles of all the planeg through a com- 
mon point P lie in a plane, namely, the polar plane of P. 

3i9. The polar plane of any point P_ ot the line detennlned by two 
given points Pi(xi , yi , «t) and Pj(xj , yt , 2j) (always with respect to the 
same sphere «* + v' + a» = a^") is 

[lei + k(Xi - :ci)] « + [vi + k{yi - vi)]if + £«i+ ft(*j - «i)]« = a'. 
This equation can be written in the form 

*i* + Vij + xix - o* + — — (m + pij/ + zss - a") = 0, 

which for a variable le represents the planes of the pencil whose axis is the 
intersection of the polar planes of Pi and P^ Hence the polar planeg of 
all the points of a line X pass through a common line ; and conversely, 
the poles of all the planes of a pencil lie on a line. 

Two lines related in this way are called conjugate Bne$ (or conjogate 
axes, reciprocal polars). Thus the line PiPt 
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•Dd Che line xix + giy + K\z = ifi, 

arc coDJDgau with respect to ibe sphere z^ + v* + 1^ ^ (>*• 
As Ihe direction ooBlnea of these linea are proportional to 
Xt~Xi, yi — if\, zi — zi 
(Utd 

Iffi «i| 1*1 III 1^1 Vi\ 

respectively, tlie two conjugate lines are at right angles (f 331). 

360. B; the method nited in the corresponding problem in the plane 
(§96) it can Ije shown that Uie polar plane of any point Fi{sci, yi, «i) 
with respect to any sphere 

.d(a> + ,^+^ + 2Gx + 2Sv + 2b + J = 
is 

A(xix + m + »i*) + e(«i + *) + H(yi + s) + J(ii + a) + J= 0. 

3S1. Power of a Point. If in the leftr-hand member of the equation 
of the sphere 

(z - hy + (J, - j)» + (« - fc)3 _ ^ = 

we substitute for x, y, 2, the coordinates xi , jfi , zi of any point not on 
the sphere, we obtain an expression (zi — ft)» + (^i — j)a+(zi _it)s_(« 
different from zero which is called the poaerqf tilt point Pi(xi , yi, *i) 
with respect to (Ac tphire. 

As (a!i — ft)' + (g, —})' + (zi — ky is the square of the distance d be- 
tween the point Pi and the center C of the sphere, we can write the 
power of Pi briefly 

the power of J^ is positive or negative according as Pi lies outside or 

within the sphere. For a point Pi outside, the power is evidently the 

square of the length of a tangent drawn from Pi to the sphere. 
362. Radical E^ane, Axis, Center. The locus of a point whose 

powers with respect to the two spheres 

^a + j,J + za + aiz + 6iy + ci* + di = 0, 
x' + t/^ + z^ + a^ + ba + (vi + dt = 

are equal is evidently the plane 

(ai - aj)* + (61 - l>i)y + (ci - ct)« ■i-di-di = 0, 

which is called the rascal plane of the two spheres. It always ezlstB im- 

lesB the two spheres are concentric. 
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It la eaally proved that the three radical planes of any three spberei 
(do two of which are concentric) are planes of the same pencil (§ 823) ; 
and hence that the locus of Che points of equal power with respect to 
three spheres is a straight line. This line is called the radietd axis of the 
three spherea ; it^exiata unless the centers lie in a straight line. 

The sis radical plaaee of four spheres, taken in pairs, are In general 
planes of a sheaf (§321). Hence there is in general but one point of 
eqnal power with respect to four spheres. This point, the radfcol etnter 
of the four spheres, exists unless the four centars lie in a plane. 

3S3. Family of Spheres. The equation 
(a'+p^+«*+ai3^+t>.!/+cii+<fi)+*(E3+((»+«'+a»a;+6jy+ci2+di) =0 
represents » fiimil]/, ot peneU, ^ aphtra, provided i^— 1. If the two 

a!« + V* + ^^ + "i^ -1- 60 + cjz + ifi = 0, 

!«" + [;* + »»+ ai3; + 6u( + e*» + (fe = 

intersect, every sphere of the pencil passes through the common cirete of 

these two spheres. U J: =— 1, the equation represents the radlc^ plane 

of the two spheres. 

EZKtCISES 

1. Find the radius of the cirele in which the polar plane of the point 
(4, 8, — 1) with respect to i^+jf^+z" = 16 cuts the sphere. 

X. Find the radius of the circle in which the polar plane of the point 
(6, - I, 2) with respect toys' + \(^ + :fl-2x+iy = f> cuts the sphere. 

S. Show that the plane 3x + ^— 4« = 19 is tangent to the sphere 
3^ + ^ + 2^ — 2x — 4^ — 62 — 12 = 0, and find the point of contact 

4. If a point describ«s the plane 4 x — 6^ — 3z = 16, find the coordi- 
nates of that point ahout which the polar plane of the point tarns with 
respect to the sphere ** -(- y* + z^ = 16. 

E. Ifa point describes the plane 2x-i-Zy + z = A, And that point 
about which the polar plane of the point turns with respect to the sphere 
-i-a + ^ + 2I _ 8. 

8. If a point describes the line -■ " ■ ■ = ^-^r- = ^—5- . """l ^^b equa- 
tions of that line about which the polar plane of (he point torns with 
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rapeot to the gphere a? + j' + z* = 26. Show that the two lines are 
perpendicular. 

7. II a point describe the liue 2z-8y + 4z = 2, z + y + t = 3, find 
the equations of that line about which the polar plane of the point turns 
with respect to the sphere k» + v* + iS^ = 16. Show that the two lines are 
perpendicular. 

B. Find the sphere through the origin tliat paseea through the circle 
of intersection of the spheres z> + V^+z'' — 3x + 4^ — 6z — 8 = 0, x^+j/' 
+ «« — 2a: + j-«-10 = 0. 

9. Show that the locus of a point whose powers with respect to two 
given spheres have a constant ratio Is a sphere except when the ratio Is 
unity. 

10. Show that the radical plane of two spheres Is perpendicular to the 
line joining their centers. 

11. Show that the radical plane of two spheres tangent internally or 
estemally is their common tangent plane, 

11. Find the equations of the radical axis of the spheres s^ + y'' + ^ 
-ax—2v~t — i = 0, »'+ y» + «» + 5*-8y— 2jr- 8 = 0, ii!"+j» 
+ »a - 16 = 0. 

13. Find the radical center of the spheres a^ +y^-i- li' — ^x + 2y 
— z + 6 = 0, a" + B' + z«-10 = 0, a;* + y' + i«' + 2x-3v+6«-6 = 0, 
a!* + J^ + «*-2x + 4v- 12=0. 

lA. Show that the three radical planes of three spheres are planes of 
the same pencil. 

15. Two spheres are said to be orthogonal when their tangent planes 
at every point of their circle of Intereection are perpendicular. Show 
that the two spheres x' + ^ + ^ + a^x + biy + c,z + di = 0, a^ + j/" + z' 
+ Qtz + b3y + esx + di = are orthogoaa! when OiCh + 6ibi + CiCs 
= 2(_di + di). 

IS. Write the equation of the cone tangent to the sphere a? + ^ + 
^ = 7^ with vertex (0, 0, z,). Divide this equation by «i' and let the 
vertex recede indefinitely, i.e. let Zi increase indefinitely. The equation 
3? + ^ = r*, thus obtained, represents the cylinder with axis elnng the 
axis Oz and tangent to the sphere a^ -(- ^ + z» = r". 
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IT. In the equation of the tangent cone (§ 346} write for the 
coordinates of tbe vertex xi = ril\ , j/i = nn>i , zi = r\ni ; divide the equa- 
tion by n* and let n increaae indefinitely, i.e. let the vertex of the cone 
recede indefinitely. The tangent cone thus becomes a tangent cylinder 
with axis passing through the center of the Bphere and having the direc- 
tion codnes h,mi , ni. Shoir that this tangent cylinder is 
Qix + mi!( + nn)' - (kS + k* + z" - r') = 0. 

18. From (he result of Ex. IT, find the cylinder wilb axis equally 
inclined to the coordinate axes which is tangent to the sphere x' + jf 
+ 2' = r^. 

19. From the result of Ex. IT, find the cylinders with axes along the 
coordinate axes which are tangent to the sphere s' + ^ + «" = r*. 

30. Find (be cylinder with axis through the origin which is tangeat to 
the sphere ifl + ^' + ifl— ix + 6j/ — 6 = 0. 

11. Find Ihe fainUy of spheres inscribed in the cylinder 
(fa + mj; + m)f - (i» + 1^ + zs - ,4) = 0. 

n. Find the cylinder with axis having direction cosines I, m, n wliich 
Is tangent to the sphere (a— A)"+(y — j)' + (z — i>* = r*. 

S3. Show that as the point P recedes indefinitely from the origin along 
a line through the origin of direction cosines I, m, n, the polar plane of P 
with respect to the sphere ^ -i- j)^ + i^ = a^ becomes ultimately Ix + my 
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CHAPTER XVI 

QUADRIC SURFACES 

304. The Qlipsoid. The surface represented by the 
equation 

is called an ellipsoid. Its shape is best investigated by tak- 
ing cross^ections at right angles to the axes of coordinates. 

Thus the coordinate plane Oyz whose equation ia xsO in- 
tersects the ellipsoid in the ellipse 

Any other plane perpendicular to the axis Ox (Fig, 140), at 




the distaQce A < a from the plai 
in an eUipse whose equation is 



I 0^ intersects the ellipsoid 



6^i_5;y,,(^,_»;j" 
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Strictly speaking this is the equation of the cylinder that pro- 
jects the cross-section on the plane Oyz. But it can also be 
interpreted as the equation of the cross-section itself, referred 
to the point {h, 0, 0) as origin and axes in the c roes-section 
parallel to Oy and Oz- 

Notice that as A < a, A'/a', and hence also 1 — A'/a', is a posi- 
tive proper fraction. The aeini-axes 6Vl — A'/a', cVl — A'/a* 
of the cross-section are therefore less than b and c, respec- 
tively. As h increases from to a, these semi-axes gradually 
diminish from 6, c to 0. 

35B. Cross-Sections. Gross-sections on the opposite side 
of the plane Oyx give the same results; the ellipsoid is evi- 
dently symmetric with respect to the plane Oyz- 

By the same method we find that cross-sections perpendicu- 
lar to the axes Oy and Oz give ellipses with semi-axes dimin- 
ishing as we recede from the origin. The surface is evidently 
symmetric to each of the coordinate planes. It follows that 
the origin is a center, i.e. every chord through that point is 
bisected at that point. In other words, if {x, y, z) is a point 
of the surface, so is {— x, —y, — x). Indeed, it is clear from 
the equation that if (x, y, z) lies on the ellipsoid, so do the 
seven other points (x,y, —z), (x, —y,z), {—x,y,z), (x, —y, —z), 
(-X, y, -z), (-ic, -y, z), (-x, —y, -z). A chord through 
the center is called a diameter. 

It follows that it suffices to study the shape of the portion of 
the surface contained in one octant, say that contained in the tri- 
hedral formed by the positive axes Ox, Oy, Oz ; the remaining 
portions arethen obtained by reflection in the coordinate planes. 

The ellipsoid is a dosed surface; it does not extend to in- 
finity ; indeed it is completely contained within the parallel- 
epiped with center at the origin and edges 2 a, 2 b, 2 c, parallel 
to Ox, Oy, Oz, respectively. 
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' 356. Special Cases. Id general, the semi-axes a, b, c of the 
ellipsoid, i.e. the intercepts made by it on the axes of coordi- 
nates, are different. Bnt it may happen that two of them, or 
even all three, are equal,. 

In the latter case, i.e. if a = b=sc, the ellipsoid evidently 
reduces to a sphere. 

If two of the axes are equal, e.g. if & =s c, the surface 




is called an ellipsoid of revolution because it can be generated 
by revolving the ellipse 

about the asia Ox (Fig. 141). 

Any cross-section at right angles 

to Ox, the axis of revn^ution, is a . 

circle, while the cross-sections at ' 

right angl* to Oy and Ox are 

ellipses. The circular cross-section in the plane Oyz is called 

the equator; the intersections of the surface with the axis of 

revolution are the poles. 

If a > 6 (a being the intercept on the axis of revolution), 
the ellipsoid of revolution is called prolate; if a < 6, it is 
called oblate. In astronomy the ellipsoid of revolution is 
often called spheroid, the surfaces of the planets which are 
approximately ellipsoids of revolution being nearly sphericaL 
Thus for the surface of the earth the major semi-axis, i.e. the 
radius of the equator, is 3962.8 miles while the minor semi- 
axis, i.e. the distance from the center to the north or south 
pole, is 3949.6 miles. 
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357. Suifaces of Revoluttdn. A surface tbat oan be gen- 
erated by the revolution of a plane curve about a line in the 
plane of the curve is called a surface of revolution. Any such 
surface is fully determined by the genei-atiug curve and the 
position of the axis of revolution with respect to the curve. 

Let us take the asis of revolution as axis Ox, and let the 
equation of the generating curve be 

As this curve revolves about Ox, any 
point P of the curve (Fig. 142) de- 
scribes a circle about Ox as axis, 
with a radius equal to the ordinate 
f{x) of the generating curve. For - 
any position of P we have therefore 

f + ^^imy, 

and this is the eguatio^i of the surface of revolution. 
Thus if the ellipse 

^ + !2 = 1 



■TF 



revolves about the axis Ox, we find since y = ± (6/a)Va' — a? 
for the ellipsoid of revolution so generated the equation 

which agrees with that of g 356. 

Any section of a surface of revolution at right angles to the 
axis of revolution is of course a circle ; these sections are called 
parallel circles, or simply parallels (aa on the earth's surface). 
Any section of a surface of revolution by a plane passing 
through the axis of revolution is called a meridian section ; 
it consists of the generating curve and its teflection in the axis 
of revolution. 
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1. Ad ellipsoid biu six fod, viz. the foci of the three ellipses in which 
the ellipsoid is lnteniecl«d by 'Ae planes of Hymmetiy, Detennma the 
ooordinates of tliese foci ; (a) for mi ellipsoid with semi-axes 1, 2, S ; 
(6) for the earth (see $866) ; (c) for an ellipsoid of semi-azea 10, 6, 1 ; 
(d) loTfinellipsoidof aemi-axea I, 1,6. 

t. Show that the intersection of an ellipsoid with any plane actoally 
cutting the ellipsoid Is an ellipse by proving that tlie projection of this 
curve of intersection on each coordinate plane Is an ellipse. 

S. Aaauming a > b > c In the equation of S 364 find the planes through 
Of that Intersect the ellipsoid in circles. 

4. Find the equation of the paraboloid of revolation generated by the 
revolution of the parabola p' = 4 ox al>out Ox. 

5. Find the equation of a torus, or anchor-ring, i.e. the suiface 
generated b; the revolution of a circle of radius a about a line in its plane 
at the distance b > a from its center. 

«. Find the equation of the surface generated by the revolution of a 
circle of radius a abont a line in Its plane at the distance 6 < a from its 
center. Is the appearance of this surface noticeably different from tbe 
surface of Es. 6 ? 

7. Show what happens to the surface of Ex. 6 when 6=0 j wben& = a. 

8. Find the equation of the surface generated by the revolution of tbe 
parabola y* = l(u; about: {a) the tangent at tbe vertex; (b) the latus 

9. Find tbe equation of tbe surface generated by the revolution of tbe 
hyperbola i^ = o' about an asymptote. 

10. Find tbe cone generated by the revolution of the line y = mz + b 
abont: (a) Ox, (6) Oy. 

It. How are the following surfaces of revolution generated F 
(o) j/>+z»=a:*. (6) 2k»+2V— 1e=0. (c) i»+ff»-zi'-2a:+4=0. 

11. Find the equation of tbe surface generated by tbe revolution of 
the ellipse z'-f-i^ — 4x = 0; (a) about the major ails ; (6) abont the 
minor axis ; (e) about the tangent at the origin. 
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368. Hyperboloid of One Sheet. The surface represented 
by the equation 

a» 6* <? 
is called a hyptrboloid of one sheet (Fig. 143). The intercepts 




on the axes On, Oy are ± a, ± & ; the axis Oz does not Intersect 
the surface. 

359. CroBS-Sectioiis. The plane Oxy intersects the surface 
in the ellipse ' 

oross-Beotions perpendicular to Oz give ellipses with ever-in- 
creasing semi-axes. 
The planes 0^ and Ozx intersect the surface in the hyperbolas 

Any plane perpendicular to Ox, at the distance h from the 
origin, intersects the hyperboloid in a hyperbola, viz. 
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As long as A < a this hyperbola has its transverse axis parallel 
to Off while for A > ffl the transverse axis is parallel to Oz ; for 
A = a the equation reduces to y'/fi* — ^/^ = and represents 
two straight lines, viz. the parallels through (a, 0, 0) to the 
asymptotes of the hyperbola y^/V — z'/<^ = 1 which is the 
intersection of the surface with the plane Oyz. 

Similar considerations apply to the cross-sections perpen- 
dicular to p^. 

The hyperboloid has the same properties of symmetry as the 
ellipsoid (§ 355) ; the origin is a center, and it anfSces to inves- 
tigate the shape of the surface in one octant. 

360. Hyperboloid of Revolution of one Sheet. If in the 
hyperboloid of one sheet we have a = b, the cross-sections per- 
pendicular to the axis Oi are all circles' so that the surface can 
be generated by the revolution of the hyperbola 

about Oz- Such a surface is called a hyperboloid of revolution 
of one sheet. 

361. Other Fonns. The equations 

a} b' (^ a* 6* c' 

also represent hyperboloids of one sheet which can be investi- 
gated as in §§ 3(i8-360. In the former of these the axis Oy, in 
the latter the axis Ox, does not meet the surface. 

Every hyperboloid of one sheet extendi to infinity. 

382. Hyperboloid of Two Sheets. The surface represented 
by the equation 

a' &* c>~ 
is called a hj/perboloid of two sheets (Fig. 144). 
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the axes Oy, On do not meet 



The intercepts ou Ox are ± a 
the surface. 

363. Cross-Sections. The oross-eections at right angles t 
Ox, at the distance h from the origin are 

t_ 



b' 1 



-'i) <^-'^ 



- = 1: 




these are imaginary as long as A<a; 
for h>a they are ellipses with ever- 
increaaing semi-axes as we recede from 
the origin. 

The cross-sections at right angles to Oj/ 
and 0? are hyperbolas, ™' "* 

The hyperboloid of two sheets, like that of one sheet and 
like the ellipsoid, has three mutually lectangnlar planes of 
symmetry whose intersection is therefore a cetUer. 

The surfaces 

are hyperboloida of two sheets, the former being met by Off, 
the latter by Oz, in real points. 
The hyperboloid of two sheets extends to infinity. 

364. Hyperboloid of Revolution of Two Sheets. ltb=e 
in the equation of § 362, the cross-sections at riglit angles to Ox 
are circles and the surface becomes a. hyperboloid of revolution 
of two sheets. 

365. Imaginary Ellipsoid. The equation 

a' 6* c' 
is not satisfied by any point with real coordinates. It is some- 
times said to represent an ifnaginary eUipsind. 
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366. Hie Paraboloids, The surfaces 



- + ^. 



- = 2cz, 



which are called the elHplic paraboloid (Fig. 14d) and hyper- 
bolic paraboloid (Fig. 146), respectively, have each only two 
planes of ayinmetry, viz the planes Oyz and Ozx. We here 
assume that ci^O. The cross-sections at right angles to tlie 





axis Oz ate evidently ellipses in the case of the elliptic parab- 
oloid, and hyperbolas in the case of the hyperbolic paraboloid. 
The plane Ory itself has only the origin in common with the 
elliptic paraboloid; it intersects the hyperbolic paraboloid in 
the two lines a^/o' — .¥*/&* = 0, i.e. y = ± hx/a. 

The intersections of the elliptic paraboloirl (Fig, 145) with 
the planes Ot/z and Ozx are parabolas with (h as axis and as 
vertex, opening in the sense of positive s if c is positive, in the 
sense of negative a if c ia negative. Planes parallel to these 
coordinate planes intersect the elliptic paraboloid in parabolas 
with axes parallel to Ox, but with vertices not on the axes Ox, 
Oy, respectively. 

For the hyperbolic paraboloid (Fig. 146), which is saddle- 
shaped at the origin, the intersections with the planes Oyx and 
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Ozx are also parabolas vritli Oz as axis ; if c is positive the 
parabola in the plane Oi/z opens in the sease of negative z, that 
in the plane (hse opens in the sense of positive z. Similarly 
for the parallel sections. 

397. Paraboloid of Revolution. If in the equation of the 
elliptic paraboloid we have a=b, it reduces to the form 

<i? + y' = 2pz. 

This represents a surface of revolution, called the paraboloid of 
revolution. This surface can be regarded as generated l^ the 
revolution of the parabola y' = 2pz about the axis Oz. 

368. Slliptic Cone. The surfaoe represented by the equation 

a' ft' c* 

is an elliptic cone, with the origin as vertex and the asis Oz as 
axis (Fig- 147). 

The plane Oxy has only the origin in 
common with the surfaoe. Every parallel 
plane z = k, whether k be positive or negative, 
intersects the surface in an ellipse, with 
semi-axes increasing proportionally to k. 

The plane Oyz, as well as the plane Ozx, 
intersects the surface in two straight lines 
through the origin. Every plane parallel to 
Chfz or to Ozx intersects the surface in a 
hyperbola. 

368. Circular Cone. If in the equation of the elliptic corn 
we have a = b, the cross-sections at right angles to the axis 0» 
become circles. The cone is then an ordinary circular cone, or 
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cone of rtvolution, which can be generated b; the revolution 
of the line y =(a/c)z about the axis Oz. Puttiug a/c = m we 
can write the equation of a cone of revolution about Oi, with 
vertex at O, in the form 

370. Qiiadric Surfaces. The ellipsoid, the two hyper- 
boloids, the two paraboloids, and the elliptio cone are called 
quadric surfaces because their cartesian equations are aU of 
the second degree. 

Let us now try to determine, conversely, all the various loci 
that can be represented by the general equation of the second 
degree 

j3i' + By'+Cz* + 2 Dyx + 2 Ezx + 2 Fxy 

+ 2Qx + 2Hy-^2h + J=(i. 

In studying the equation of the second degree in x and y 
(§ 249) it waa shown that the term in xy can always be 
removed by turning the axes about the origin through a cer- 
tain angle. Similarly, it can be shown iu the ca^e of three 
variables that by a properly selected rotation of the coordinate 
trihedral about the origin the terms in yx, zx, xy can in general 
all be removed so that the equation reduces to the form 

(1) .ia;* + Bv'' + C«« + 2GaiH-2H'v+ar«-l-J' = 0. 

This ttansformatiou being somewhat long will not be given 
here. We shall proceed to classify the surfaces represented 
by equations of the form (1). ^ 

371. Classification. The equation (1) can be further sim- 
plified by completing the squares. Three cases may be distin- 
guished according as the coefficients A, B, C are all three differ- 
ent from zero, one only is zero, or two are zera 
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Case (a): A^O, B^O, C ^ 0. Completing the squares in 
»,y,zwe find 

Referred to parallel axes through the point (— O/A, — H/B, 
— I/O) this equation becomes 

(2) Jj* + Bg*+aii' = J,. 

Cask (6): A^O,B=^0,G=0. Completing the squares in a 
and y ire find 

If /^ we can transform to parallel axes through the point 
(— 6/ A, — S/B, t/,/2 J) so that the equation becomes 

(3) Aa? + Bs*+2Iz = 0. 

If, howerer, 7 = 0, we obtain by transforming to the point 
(-G/A,-H/B,0) 
(30 A:i? + By'=J^ 

Cask (c): ^^0, B = 0, C=0. Completing the square in 
s vebave 

Afx + ^\2Hi, + 2Ii = ^-J=J^ 

If H and / are not both zero we can transform to parallel 
axes through the point (-(?/^, y,/2 ^, 0) or thcough (— O/A, 
0, J^ 7) and find 

(4) A^ + 2H3 + 2Iz = 0. 

If fl"=OandJ= Owe transform to the point (— G/A,0, 0) 
so that we find 
(4') ^a!'=J-^ 
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372. Squared TermB all Present Case (a). We proceed to 
discuss the loci represented by (2). If J^ ^ 0, we can divide 
(2) by y, and obtain : 

(a) if A/Ji, B/Ji, CjJ-, are poBitive, an ellipsoid (§ 364) ; 

(fi) if two of these coefficients are positive while the third 
is negative, a hyperboloid of one sheet (§ 358) ; 

(y) if one coefficient is positive while two are negative, a 
hyperboloid of two sheets (5 362); 

(S) if all three coefficients are negative, the equation is not 
satisfied by any real point (§ 365) ; 

If y, = the equation (2) represents an ^iptic cone (§ 368) 
unless A, B, C all have the same sign, in which case tlie origin 
is the only point represented. 

373. Case (b). The equation (3) of §371 evidently fui^ 
nishes the two paraboloids (§ 366) ; the paraboloid is eUiptic if 
A and B have the same sign ; it is hyperbolic if A and B are of 
opposite sign. 

The equation (3*) since it does not contain z auid hence lea vea 
z arbitrary represents the cylinder, with generators parallel to Oz, 
passing through the conic Aj? + By' = J^. As A and B are 
assumed different from zero, this conic is an ellipse if A/Jt and 
and B/JiXr^ both positive, a hyperbola if A/J^ and BfJ^ are of 
opposite sign, and it is imaginary if A/ J, and B/J^ are both 
negative. This assumes ^Tj ^ 0- If ^3 = 0, the conic degen- 
erates into two straight lines, real or imaginary ; the cylinder 
degenerates into two planes if the lines are real. 

874. Case (c). There remain equations (4) and {4'). To sim- 
plify (4) we may turn the coordinate trihedral about Ox through 
an angle whose tangent is — Hfl; this is done by putting 
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our equation then becomes 

It evidently represents a parabolic cylinder, with geDfiiators 
parallel to Oy. 

Finally, the equation (4') is readily seen to represent two 
planes perpendicular to Ox, real or imaginary, imlese ./, = 
in which case it represents the plane Oyz. 

BXERCISBS 

1. Kame and locate the following surfaces : 

(a) a!» + 2j(9 4-3zSs4. (6) x^ + V*- 5x-9 !=0. 

(c) 3^-v' + 2'=4. W ie»-!f' + «' + 8z + 9 = 0. 

C«) 2i/»-4z'-5 = 0. (/) 2x^ + s^ + 3i^ + b = 0. 

(I/) 6«» + 2a^slO. (A) «*-9 = 0. 

(0 x'-9 + l = 0. 0) a?-lf*-«» + e« = 8. 

(ft) a;* + 3v»-|-*« + 4«4-4=0. (I) ^ + j/~9=0. 

S. The cone 

a^/o« + v'/fts - 2"/c* = 
1b cslled the asj/mptoUc cone of the hyperbolold of one sheet 

3a/a» + j/t/V - t/'/d' = 1. 
Show that as g IncreBses the two surfaces approach each other, i.e. they 
bear a relation similar to that of a hyperbola and Its asymptoteB. 
S. What is the asymptotic cone of the hyperboloid of two sheets ? 

4. Show that the Intereectiou of a hyperboloid of two sheets with any 
plane actuaUy catting the surlaoe is an ellipse, parabola, or hyperbola. 
Determine t^e position of the plane for each conic 

5. Show that in general nine points determine a quadric surface and 
that the equation may be written as a determinant of the tenth order 
equated to zero. 

«, Show that the sorCace inverse to the cylinder i" + ^ = a', with 
raspeot to the sphere 3? + j/' + z' = a^, ie the torus generated by the rev- 
olution of the circle (y — a/2)' + s^ =a^ about the axis Ox. 

7. Determine the nature of the surface xy« = o* by means of cross- 
sectiont. 
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S75. Tangent Plane to the Ellipsoid. The plane tan^at 
to the ellipsoid 

a* J* c* 
can be found as follows (compare gg 344, 345). The equa- 
tions of the line joining any two given points (xi, ifi, ^i) and 
(iB»y..^)are 

x=:Xt + h{xt-x^, .V = 3/i + fc(yj-y,), 2 = ai + A;(s5 — a,). 

This line will be tangent to the ellipsoid if the quadratic 
in k 

has equal roots. Writing this quadratic in the form 

L a' ^ 6' ^ c' J 

|_ a' J" c* J V« * "^ / 

we find the condition 

If now we keep the point (ie, , ^i , 2,) fixed, but let the point 
("Si I .¥i) ^) vary subject to this condition, it will describe the 
cone, with vertex (ir, , y, , z{), tangent to the ellipsoid ; to indi- 
cate this we shall drop the subscripts oi x^, y^, Zf If, in 
particular, the point (a^ , y, , Zi) be chosen on the ellipsoid, we 
have 

a? b' I? 
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and the cone becomes the tangent plane. The equation of Ike 
tangent plane to the dlipioid at the point (Xi,y,, zj is, therefore : 

a' 6» c" 

376. Tangent I^anes to Hyperboloids. In the same way 
it can be shown that the tangent planes to the hyperboloids 

a*^6» c* ' o» ft* C 

a* b'' c' ' a' 6' c* 
By an equally elementary, but somewhat longer, calculation 
it can be shown that the tangent plane to the qnadric surface 
AiF + By' + Gc' + 2Diiz + 2Ezx + 2Fxs 

At(a!i,y,,Zi) is: 

Aji,x + By^y +Cz,z + D {y,z + zj/) + E{z,x + x,z) + 2^a^ + y^x) 

+ G{x,-i-x) + Hiy, + y)+Iiz,+z)+J=:0. 
In particular, the tangent planes to th£ paraboloids 

a' 6^ a" »> 

are 

377. Ruled Surfaces. A surface that can be generated by 
the motion of a sti-aight line is called a ruled surface; the line 
Ib called the generator. 

The plane is a ruled surface. Among the quadric surfaces 
not only the cylinders and cones but also the hyperboloid of 
one sheet and the hyperbolic paraboloid are ruled surfaces. 
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378. Rulings on a Hypeiboloid of One Sheet To show 

this for the liyperboloid 

a* V c" 
we write the equation in the form 



and factor both members : 



0-!)(!-')=(^+3C 



It is then apparent that any point whose coordinateB satisfy 
the two equations 



f+r*C+I) l-l-l'-t)' 



where k is an arbitrary parameter, lies 
on the hyperboloid. These two equa- 
tions represent for every value of k (^ 0) 
a straight line. The hyperboloid of one 
sheet contains therefore the family of 
lines represented by the last two equa- 
tions with variable ft. 

In exactly the same way it is shown that the same hyper- 
boloid also contains the family of lines 

6 c \ aj b c k'\ a) 

Thus every hyperbtAoid of one sfieet contains two aeta of recti- 
linear generators (Fig- 148). 
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379. Rulings <m a Hyperbolic Paraboloid. The hyperbolic 
paraboloid (Fig. 149) 

also amtains two sets of recti- 
linear generators, namely, 



and 



b a b k' 




EXERCISES 

1. Derive the equation of the langeiit plane to; 

(a) the elliptic paraboloid ; (li) the hyperbolic pu^lioloid; 
(e) tbe elliptic ixiue. 
S. The line perpendicular to a, tangent plane at a point of contact 
called the normal line. Write the equations of the tangent planes a 
normal lines to the following quadric surfaces at the points indioated : 
(a) it"/8 + //4 - s!/I3 = 1, at (3, - 1, 2) ; 
(_b) 1^ + 2^ + ^=10, at (2, 1,-2); 
(e) a? + 2^-2z> = 0, at(4, 1, 3); (d) a^-Sy«-z = 0, attbeorig 
S. Show that the cylinder whoee axis has tbe direction costoeB I, m. 
uid which la tangent to tbe ellipsoid I'Vo' + jf/lfl + z'/c" = 1, 1« 



^ + !!?» + ii 






4. Show that the plane lx + rriy+mi = Vl^ + m"6* + n^c" Is tangent 
to the elUpeoid i^/a" + »'/6» + «"/«* = 1. 

B. Shiiw that the locus of the intersection of three mutually perpen- 
dicular tangent planes to the ellipsoid lyo* + j/'/li* + i'/c* = 1, is the 
sphere (csiled director tphere) i' + j" +z> = a* + fr* + c». 
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a. Show that the elliptic cone is a ruled surtace. 

7. Show that any two linaar equations nhich contain a panunetel 
represent the generating line of a ruled surface. What surfaces are gen- 
erated by the following lines ? 

(_a) x-y + kz=0,x + v-x/k = Q; (b)Sx-iy = k, (&x + iy)k=l; 
(c) , * - V + 8 *« = 3 A, t(* + K) - 2 = 3. 

8. Show that every generating line of the by3>erbolic paraholold 
3?/a' — s/'t/' -2cem paiailel to one of the planes j^/a* — ^/b» = 0. 

380. Surfaces in General When it ia required to deter- 
miae the shape of a surfaoe from ita carteeian equation 

the most effective methods, apart from the calculus, are the 
trausformation of coordinates and the taking of cross-sections, 
generally (though not necessarily always) at right angles to 
the axes of coordinates. Both these methods have been ap- 
plied repeatedly to the quadiic surfaces in the preceding 
articles. 

381. Cross-Sections. The method of cross-sections is ex- 
tensively used in the applications. The railroad engineer de- 
termines thus the shape of a railroad dam ; the naval architect 
nses it in laying out his ship; even the biologist uses it in con- 
structing enlarged models of small organs of plants or animals. 

382. Parallel Planes. When the given equation contains 

only one of the variables a^ y, z, it represents of course a set of 
parallel planes (real or imaginary), at right angles to one of 
the axes. Thus any equation of the form 

represents planes at right angles to ftc, of which as many ace 
teal as the equation has real roots. 
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383. Cylinders. When the giveii equation contains only two 
variables it represents a a/Under at right angles to one of the 
coordinate planes. Thus any equation of the form 

represents a cylinder passing through the curve i^(x, ^) = in 
the plane Oxt/, with generators parallel to Oz. If, in particular, 
F(x, y) is homogeneous in x and y, i.e. if all terms are of the 
same degree, the cylinder breaks up into planes. 

3U. Cones. When the given equation F(x, y, z)=0 is 
homogeneous in x, y, and z, i.e. if all terms are of the same 
degree, the equation represents a general cone, with vertex at 
the origin. For in this case, if (x, y, z) is a point of the sur- 
face, 80 is the point (fcc, ky, te), where k is any constant; in 
other words, if P is a point of the surface, then every point of 
the line OP belongs to the surface ; the surface can therefore 
be generated by the motion of a line passing through the origin. 

386. Functions of Two Variables. Just as plane curves are 
used to represent functions of a single variable, so surfaces can 
be used to represent functions of two variables. Thus to obtain 
an intuitiTC picture of a given function f{x, y) we may con- 
struct a madel of the surface 

auch as the relief map of a mountainous country. The ordi- 
nate z of the surface represents the function. 

386. Contour Lines. To obtain some idea of such a surface 
by means of a plane drawing the method of contour lines or 
lev^ lines can be used. This is done, e.g., in topographical 
maps. The method conaista in taking horizontal cross-sections 
at equal intervals and projecting these cross-sections on the hori- 
zontal plane. Where the level lines crowd together the surface 
is ateep ; vhere they are relatively far apart the surface is flat 
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1. What nirfaces are lepTesented by the following eqnaUoui t 



(a) Ax + By+ C = 0. 
(e) v* + «' = a«. 

(g) i>-8a;*-»!+8 = ( 
(i) J = a* - « - 6. 
(fc) ie» + 2 v" = 0. 
(m) »;»-v^ = *". 
(o) {x-l)(»-2){«- 



(6) aeoBfl + psiii^z 
(d) a' - i" = a". 
{/)«* = 4asr. 
(ft) iKZ = 0. 

(0 *» = yz. 

(n) s" + 2 a" + 4 zi = 

(p) ir* + y> - 3 lya = 



I. Determina tbe nature of tbe following Borfsces by shetchlng the 
eontonr linee : 



a) B = I + v- (6) « = q». 
e) »=^-»«+4. (/) » = a^. 

« = a"- U) v=«'-4iE. 

8. The Caesinian ovale (S 270) a 
4. What can be Bald aboat the 



{c)t = y/z. • (d) «=lt*+y». 
(ff) *=K>+i^-4^. (ft) * = aj-:r. 
(*) p = 3«" + a!». (0 1=31+1^. 
■e contour lines of what surface ? 






particular ; (a) « 



UT lines ol 
1 (6) " = 



face «=/(£)? Discuss ii 
(c) i, = *» + 2e. 

387. Rotation of. Coordinate Trihedral To transfonn the 

equation of a surface from one coordinate trihedral Oj^z to another 
Ox'y'z', with the same origin 0, we 
must find eipressionB for the old co- 
ordinates X, y, 2 of any point P in terms 
of the new coordinates i', y', z'. We 
here confine ourselvea to the case when 
each trihedral Is trirectangular ; this is 
the case of orthogonal transformation, 
or orthogonal aubttituttoa. 

Let Ii, mi, ni, be the direction cosinea 
of the new axis Ox' with respect to the 
old axes Or, Oy, Oz (Fig. 160) ; simliarlj 
It, mi, ni thc«e of Oy', and I|, m^, ni those of Oz'. This is itidicalad hy 
tbe scheme 
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vhich Hhows at the game time that then the direction cosines of the old 
axis Ox. nith respect to the new axes Ox', Og', Oe' are Ji, 1%, l^, etc. 

388. Tbe nine direction cosines ii, ij, ■- n, are aufflcient to determine 
the position of the newtrihedrsi Ox'y'z' nith respect to the old. But 
these nine quantities cannot be seiected arbitrarily ; tliey are connected by 
six independent relations which can be written in either of the equivalent 

!i' + nil' + "i" = 1, '('t + "ismj + njiit = 0, 

l^ + mi* + nj' = 1, hh + ntiiB] + BiBj = 0, 

d' + 11" + 'a' = 1. »»i»i + Mala + mini = 0, 

(1') mi' + m-? + mj* = 1, mii + nth + "a') = 0. 

fli" + Bt* + Bj' = 1, IiTBi + iiBii + hrai = 0. 

The meaning of these equations follows from §S ^^ ""'^ ^t^- Thus 
the first of the equations (1) expresses tbe fact that li, tni, ni are the 
dii«ction cosines of a line, viz. Ox' ; tlie last of the equations (1') ex- 
presses the perpendicularity of tbe axes Ox and Og ; and ^o on. 

388, If z, y, s are tbe old, x', y', z' the new coordinates of one and 
the same point, we find by observing that the projection on Ox of tbe 
radius vector of P is equal to tbe sum of the projections on Ox of its 
components x', y', s' (§ 294), and similarly tor the projections on Og 
and Ok: 

x-hx' + W + 'j*'i 
(2) y = mjx' -t- nijp' + oiiz', 

z = ttix' + >hs' + "i^- 
Indeed, these relations can be directly read off from the scheme of 
direction cosines in § .387. 

Likewise, projecting on Ox', Oy', Oz', ire find 
x' = lix + ntiy + «i2, 
(8') y< = lii,+ nijj/ + n(Z, 

z' = liX-\- rmy + n»«. 
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As the equations (2), by means of whicb we can transform tlie equation 
of Any surface from one rectangular system of coordinates to any other 
with the same origin, give a, j, i as linear functions ot x', y', z', it follows 
that inch a transformation cannot change the degree of the equation of 
the mrfaee. 

390. The equation (2') must of couise result also by salving the equa- 
tions (2) tor x', y', z', and vice ver»a. Patting 

I Ii Ii I> I 
mi nij ni| = D, 
Im nj nil 
solving (2) tor a;', y', 2', and comparing the coefficients of x, ji, « with 
those in (2') we find the following relations : 

Dh = ">!"» — "'i")! Dmi = mh — tfh, Dtti = hmt — iiwia, etc. 
Squaring and adding the first three equations (compare Bs. 3, p. 45) 
and ftppiying the relations (1) we find : D^=l. 

By § 321, Z» can be interpreted aa six times the volume of the tetrahe- 
dron whose vertices are the origin and the points x', y', a* in Fig, 160, i.e. 
the intei'sections of the new axes with the unit sphere about the origin. 
The determinant gives this volume with the sign -f or — according aa the 
trihedral Ox'y'z' is auperposable or not (in direction and sense) to the 
trihedral Oxyi (see g SOI). It follows that D = ±l and 
h = ± (mmi — nii)n), mi =± (mii — n,h}, ii =± ihins — Ufni), 
h=± (mmi-min,), mi =± {nilt - m'l). «) =± (dmi - iitni), 
l,=± (num — nwii), iBj =± (nih-aJi), nt =± (iimi— ijmi), 
the upper or lower signs to be used according as the tribedrals are super- 
pOBBble or not. 

391. A rectangular trihedral Oxyz la called Tight-banded if the rotation 
that turns Oy through 90" intn Oz appears counterclockuiise as seen from 
Ox ; otherwise it ia called left-handed. In the present work right-handed 
sets of axes have been used throughout. 

Two right-handed as well as tno left-handed rectangular tribedrals ar« 
superposable ; a right-handed and a left-handed trihedral are not super- 
posable. The difference is of the same hind as that between the gloves 
ol the right and left hand. 

Two non-superposable rectangular tribedrals become superposable upon 
reversing one (or all three) of the axes of either one. 
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392. The fact that the nine direction cosines are connected by sii rela- 
tions (§ S88) aujgeBts that it must be possible to determine the position of 
the new trihedral with respect to the old b; only three angles. As each 
we may take, in the case of superposable trihedrals, the angles S, 41, ^, 
marked in Pig. 150, nbtcb are known as Eidtr'i angits. 

The liguve shows the intersections of the two trihedrals with a sphere 
of radius 1 described about the origin as center. If O.Vis the intecBec^n 
of the planes Oxy and OxVi Euler's angles are defined as 

e - zOs', <p = N(M, if = xON. 
The line OJVis called the line of nodes, or the noAUUnt. 

Imagine the new trihedral Ox'y'z' initially coincident with the old 
trihedral Oxyz, in direction and sense. Now turn the new triliedral 
about O2 in the positlTc (counterclockwise) sense until O2' coincides with 
the assumed pnsl'iTe sense of the nodal line OiV; the amount of this 
rotation gives the ai^e f. Nest turn the new trihedral about ON in the 
positive sense until the plane Ox'y' assumes its ilnal position ; this gives 
the angle 6 as the angle between the planes Oxy and Ox'y\ or the angle 
2O2' between their normals. Finally a rotation of the new trihedral 
about the axis Oz', which has reached its final position, In the positive 
sense until Ox' assumes its final position, determines the angle ip. 

393. The relations between the nine direction cosines and the three 
angles ol Ealer are readily found from Fig. 160 by applying the fundamen- 
tal formula of spherical trigonometry cos c =: cos a ccs b + sin a sin & cos 7 
soccessively to the sphericid triangles 



xNx', xNy', xm', 




SNx', yNV, sM', 




zNx), zNy', zNz'. 




find in this way : 




Ii = 008 f cos * - sin ^ sin cos *, 




mi = sin ^ cos ^ -i- cos ^ sin ^ cos 0, 




Bi=sln0sinfl, 




I,=-oos^sin^-sin^cos*cose, l,=tai 


nf sln«, 


nu= — sin i/- sin* + cos ^ cos* cose, mt =— 


cos f Bin I 
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NOTE OH ABRIDGED NUMERICAL HTTLTtPUGATION 
Aim DIVISION 

1. Ib multiplying two numbers it is convenieQt to write the 
muttipliei not below but to the right of the multiplicand in 
the same line with it, and to begin the formation of the par- 
tial products with the highest figure (and not with the lowest). 
The most important part of the product ia thus obtained first. 
The partial products must then be moved out toward the right 
(and not to the left). Thus : 



35702 
285616 
24991 [1 

71104 
17S510 



87026 



2. "Long" multiplications like the above rarely occur in 
practice. Generally we have to multiply two numbers known 
only approximately, to a certain number of signifioaut figures. 
Suppose we want to find the product of 3,5702 and 8.7025, five 
significant figures only being known. It is then useless to 
calculate the figures to the right of the vertical line in the 
scheme above. To omit this useless part we proceed as fol- 
lows. In multiplying by 8, place a dot over the last figure 2 
of the multiplicand ; in multiplying by 7, place a dot over the 
of the multiplicand, beginning the multiplication with this 
figure (adding, however, the 1 which is to be carried from the 
preceding product 7x2); then to indicate the multiplication 
by simply place a dot over the 7 of the multiplicand; the 
866 , 

oogle 
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multiplicatioQ by 2 has then to begin at the 5 of the multipli- 
oaod. Thus we obtain : 

5.57(i2| 8.7025 
28 5616 



71 

18 

31.0696 
The last figure so found is slightly uncertain, just as the 
last figures of the given numbers generally are. 

3. In diwsion it ia most cooveuient to place the divisor to 
the right of the dividend. Thus 

27.9823 1 3.1416 = 8.90702 
2 5 1328 
28495 
28274 
220 600 
219 912 
6880( 
628.32 

To cut off the superfluous part to the right of the vertical . 
line, subtract the first partial product as usual ; then cut off 
the last figure from the divisor and divide by the remaining 
portion ; go on in this way, cutting off a figure from the divisor 
at every new division until the divisor is used up. Thus : 
27.9823 \S.m^ = 8.90701 
25 1328 
2 8495 
28274 
221 



220 
1 
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Pages 9-10. B. 2j mileB. IS. 173.0 ft. 

PU«* 13-14. 1.22. *. i(fic + ca + ab). 
7. Ha" + 3 6e - 2 CO - 6") = l(a - B)(a + B - 2 c). 

Pacral7-18. 4. JrifiHin (0, -^i). 
B. K^vjsin (0. - ^) + Tin sin {*i - *i) + n'^flin (^j- ^)]. 
■ .liV^cnalf<fr.-<6.1. 7. r cob it = z -)- u cob a>. r sin .« 



Pag«22. 17. ThBrliiteraectat[((a;i+K+i,+i,), KVi+Si+ft+SO]- 
■0. [Kxi + *5 + I.), HVi + 312 + St)'i- 

PaS« 39. «1. P = 1000(l + r); P = 1000 + 60fi. 

Pass 38. 14. No. 

P«ge45. 1. (e) sin'iS; (/) oioi + ttiai + aiat. 

». (6) (4, 3), (4, - 8), (- 4, 8), (- 4, - 3) ; (d) (3, - 2) ; 
.(e)(±i. ±8); (/) (i. J). 

PagM 46-49. 1. (a) 0; (6) 0; (e) -113; (d) -6; («) 1. 

t. (a) (.2, - 1, 3) ; (6) (83/41, - 81/41, - 86/41) ; (c) (- 5, 8, - 2) ; 

id) (±3, ±3, ±0; (e) (±1, ±1. ±1); (/) (1,0.-3). 

Page 33. 1. (a) ; (6) -180; («) -27846; (d) 7728; (e) 36; 
(/) 660. 

Pago 57. «. (27/2,-77/2). 

Pag8« 39-60. «. 640/30. 9. C6imt-6!mi)y2ni,mi(mi - mi> 
10. (3, i). 

PagOB 63-66. t. (a) reiii0 = ±£; (b) r ooa </> = £ 4 ; 
(e)rcc«(*-ST)=±12. 

S. = 0, rain = 9, = } r, rco8 = 6, U. 8464/86. 
U. (-5,-10). «1. 1 = 1 (by fn8pectloii),4x-3v + 18=0. 

an 
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FkCOSS- * h'-alt-O. 



4. [m,(6,- 6)-ina(Bi - 6)]V2mimi(nn- m,). 

5. t-C2 coa * - 8 Bin *) + 12 = 0. 

10. 1 br. 10 m. ; 176 miles from Detroit. 

Pace 7S. •. 680. 7. 120. 8. 55200. 9. 60 ; 24, 28. 
10. 487636, 82609. 1653. 

II' .Ci« when n is even ; ■Ci„_,) =»<?j„^i,i when n is odd. 
U. ee. 18. 120. 

Fagea 82-83. S. ooi* + Oii« + a^ + a,, 4. 8 a6«J. 

6. (a) a; = 2, y=-l, 1 = 2, a> = 3; (6) a = 1, j = 8, / = 2, w = ~ L 

7. (o) No; {6) Yes. 

S. coa>a + co8>^ + coB>-r + 2coBacoaj}coe7=1. 

PaK«i85-a6. a. (a) .^BC+2 FSS-JF3-.flG»-0H'; 

(,b) 3? + )^ + ^-i(_yz + zx+.xy); (c) - (x? + j,* +■ ^) ; (e) t 
T. (a) 1 + 0= + 6' + c" ; (6) (od + .^- be)' ; (c) (aJ + 6e + (^O". 

Fagoa90-91. 6. se> + v3-e6z- 54p + 2408 = 0; 31.8 tt or 66.8 ft. 

8. af + y'-16a! + 8p + 60=0. ». A cIkjIb except for «=±1. 

10. K» + ,fi + 4l±^H-4 = 0. 

Paso92. t. (a) H-30r^^+Te=0; 
(6) r*-12rooB(0-iT) + 18 = Oi (e) r+Brin* = 0. 

Page 94. 8. x" - 6 a + 28 = 0. 9. i" + 2 pwz + gm* = 0. 

Paso 96. 8. (-6, -1), (29/106, 42/58). 



Pass 98. 8. {:ei-ft)(^-A) -Ki/i -*)(?-*) =r». 

7. {-r'A/C,~t^B/C). 8. (2,1). 

PaeelOO. 8. (j:- 79/38)'+ (v- 66/38)' = (66/88)*. 

8. a» + 9" + 4 1 - 2 J, - 16 = 0. 

P«S« lOS. 1. (e) Polar lies at infinity. 

PagM 108-109. 8. Let £, if be the InterBecUons of tlie circle with 
OPi, then (P - T* = iP, . MPi. 
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4. x = s; Vl{B+6)»-4c 
«. (c) 2a^+2^+22i;+6y+15=0, 2a!a+2j«-10x-10j)-26=0. 

tS. If the Tertices of the wjuare are (0, 0), (a, 0), (0, a), (o, a) and 1^ 

is the constant, the locus U 2x3 + 2ir'-2ax-2ay + 3(i^-i(^ = 0; 

t>a:iaV6. 

U. 11 the vertices of the triangle are (a, 0), (— n, 0), (0, av'^) and 

*» is the constant, the locus iH83^ + 3i^-2v'8aj( + 3o*-2*« = 0. 

Page 126. 8. (a) (3 + 4 0/26 ; (6) (3 + VS"*)/!* ; 
(c) (_6 + 3i)/34; (d) (1-6 0/37. 

Pageiao. 7. (g-) ±1C^+'^*); W \/2(coa80°+isin8O=), 
■v'5(coe200° + (siiia00°), ■v'2(ooh32|J'' + iiiln82(r>). 

PagM 135-136. 10. (a) 2 p = 8 z^ + 6 X 1 
(&) 12j/=-53^ + 292-18. 

IL 300s=-a:*+230a;; 44,1 ft. above the ground; 230 ft. from the 
starting point. 
SO. (b) No parabola of the form y = ax' + bx + c ia possible. 

Pag»13a 18. (2,8), (-1.8,8.6), (3.1, -2,8), (-3.8,-8.8). 

Pae« 142. 8. East, East 83° 41' North, East 63" 8' North, Bast 16° 
2«' South. 
10. 100/(t+4). 

Pagsa 14^146. 10. 0, fp 8'. 11. 7° 29' 
IB. When the side of the square is 3 in. 
18. (a) 6j/ = *< + 6»a:-iex; (6) 1 y = 2i» — xl'-i&x + S6. 

P«88l47. I. (n) -1,3.62,1.38; (6) -1.45, -.408, .865; 
(c) -1.94, .658, 1.88; (d) 2.79. 

Pago 154. 4. (d) -252xVi (?) 40a<6*-80a*6«; (ft) 27/a». 

PagBlSS. 8. (a) pip,=p,; (6) pi^=Pi»; (c) pi»=27pt»=729M 

Paga 162. 1. - I.S8, 1.63, .847. 

Pag«167. 1. (a) 4.06165; (6) ±2.08779; (o) 1.476778. 
S. 2.094&614. 8. .34899. 
4. (a) (.1.88, 8), (- 1.63, 3), (- .847, 3) ; 

(6) (.309, 1.10), (1.65, 1.65), (-1.96, .347) ; (ff) (-2.106, -1.0206). 
8. 8.3M87 in. 8. 9.69579 fL 7. - 3, 1 ± VS. 
8. .22775, 3.1006. ». 6.4418 ft. 

10. (2, 3), (- 1.848, 3.684), (8.181, - 2.806), (- 3.383, - 3.779). 
U. (2.21, .80). U. .84720 a. 
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362 ANSWERS 

P«BM 173-174. 1. (o) (4, 1 x), (4, j w) ■ (6) (a, J ,), (a, } ,) ; 

fe)(4,0); Cd)(4a,i-). (4a. J')- 

7. (a) v*-4a! + 4 = 0; (6) 14y»-45a; + 62n-(» = 0. 
a. (6) 2'-10a;-3i/ + 21=0; (c) z^ + 2r + j( - 1 = 0. 

9. The equation of & parabola contains au xy Mrm when Ita axis is obliqna 
to a coordinate axis. 

Page* 179-180. 1. (a) 18 1-30; 
(6) ax<'-30x' + 4St/<-2ix' + ex-8. 
r (a) / = 6/2>; (6) If' =6/(6 -2 J,); (^ v'-2/3[,. 
«■ (oJs'^-yA; (6) !,'=(fi-2jy>/3r»; 
(c) v'=-(^ + Hy + (;)/(fli+Bj( + F). 

PagM 186-183. B. (a)!/ = 0; {b) 2x + 2y-9=0, 2x-y-l8=0: 

(c) 22 + aj/- '.) = 0, 8l + lHy-27 =^ 0, 24a;— lOp- 163 = 0; 

(d) 8l-lB!/-27 = 0. 

14. y=kx. U. Directrix; B« = 0(1 -3 a). ». t^(l + m') 
M. I* - 80 a - 2400j( = ; 0, - 1, - |, - J, 0, j, 2. 

SO. ja _ 3eo(p - ao). 

FagOT 194-193. 1- (3T-4)/6ir. S. 5tfj(i:^!)_. 

8. ^ 
11. 

Page 197. To obtain the frJlowIng solutions, take the origin at one 
end of ttiB beam and the axis Ox along itie beam. 

1. F-W,M=lV(x-l). «. F = w(ll-x),M=ia(l-x)x, 

a. (a) Fi=^tBX,Mi = -iw^; fi = w(iZ-i), jtf2=-iui{iP-te+*»); 
Fi = w{l-x), Jtf, = -iw(i-3:)S; 
(fi) fi=-ir, JKi = -Il'zi ^"2 = 0; Jtfi = -ilFi; 
F»= IP, ^3 = -R'('-a;)■ 
4. (a) ii'i^iw;, .Ki = iMrfK; Fi = io(lI-a5), 

Pas8200. 9. 8a^-2i[/ + 8y>-63 = 0. 
Page 204. 10. 3i*~i,= = 3a=. 11. 6. 14. 2xp = l. 
PagBB 211-212. I 5^X+^r=c3. 13. 64.6ft., 42.2ft. 18. i'/o*. 
le circle Ilea within or without 
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Page* 221-222. 7. (a) -d»a" - S'6'= C"; 
(6) a"co8»/S-&'Bin*^=P«. 
19. 6". SI. tt' + 6*; ffl»-6« 
99, iab. 93. ala-'(ab/a'b'). 

9S. (a) ic« + v* = a' + 6a; (6) x* + »« = a»- 6» 

PaE«227. S. (a) (1,-1), (liA -1), a: = l±jv^; 
(6) (1.0),CS,0),(-i,0),^ = 0,z = l. 

4. 2 6Va. 8. (a) aV = 6*«(a-»;)i (6) ft**^ = a«s(6 - «). 

10. Two straight lines- 
Page 235. 9. (a) Vertices (5, 8), (8, 3); semi-sies 3/2, v^ 

(6) VerUoes (4, 8/8), (8, B) ; aemi-areB 10/a, 6VS/8. 

(c) vertices (17/6, 7/5), (1, 3) ; semi-ases VH6/6, \/13/2. 
«. 8* + 2v-2 = 0; (21/13, -37/26), lO/vTS. 

Page237. S. (acosS, - aaintf), x* + v^- 2a(xcc«e-irBla«) = 0. 

Page* 246-247. 9. (a) 3a;-MD=0; (6) y=-3/13, 3!=-14/18. 

5. 2 It" - ley - 16 ys + 1+ Ifl y - 8 = 0, 
2a!»-a^ — 16s» + a: + 19v -28 = 0. 
«. 6«' + 3T-3s'-9K + 8ff-46 = 0, 
6** + ay-2v»-9* + 8y + 34 = 0. 

11. (a) ic»/4 + 1/2 =, 1 . [h) ^/i~y'/2 = l; (c) 3Ka + i/» + fi = 0; 

(d) I'/ie +j'/i = 1 ; (e) (3 + Vl7)i» + (3 - vT7)y* = 4 ; 
(/) (2+\/2)x'+(2-\^)K' = l. 

19. Equilateral hyperbola, 

Pag* 233- ■• (*) Simple point ; (6) node ; (c) cuap ; {d) cuBp. 
4. (a) None ; (6) node at (6, 0) ; (c) isolawd point at (a, 0) j 
(<J) cusp at (a, 0). 

P»g8260. 4. r = a(Bec*±tan#)ot («-o)!)* + 3^(j: + a)=0. 
10. af^ = a'(«« + y^. U. Ciasoid (a -a:)!(^ =jc'. 
19. i/(ij;' + v') = a{*'-B'). IS. r = actn*. 
14. (i= + :/')' = 4<w{i"-^). 

Page 283. 4. ' + '' etc. 

V2(l + ;i' + mm' + »«') 
13. J (i, + II + K,), Hvi + Ift + »>)i I (*i + «i + «•)■ 

Fag* 287. 4. C08-1 (T/av'M). 
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Page 291. S. 1^486. S. iv^eu. 
i. (8082, 47° 48*, 27ff> 18'), {880, - 2914, 2066), 2981. 
T. Jrinv'l — [coHtfiCOBfli + ainfliBiiiflicosC*! — *i)]». 



Page296. S. S»x- lOy + 7e- 89 = 0. 
B. 97/28,-97/49,-97/9. T. 31 - 4^ + 2z-6 =0. 

Page 300. S. 4x + 8y + z = 8l, ix + Sx + e = W. 

Fag«303. 1. (a) 68/3; (A) 0; (c) lU/8. 

Page306. U. Sx-2v = l. 13. 6x + lly + 9t = 68. 
U. TO-Sl'. 17. coB-i{2Ai' + 3oS)/(4ft» + 3aa). 

Pages 314^16. 8. 69° 29'. IB. (o) VtiS/W; [6) V194/88. 
IL a;-2tf + 2 + 8 = 0. 

M. ai 6i C] =0. ■ 

Pago 320. 11. ( - 8, - S, 2), (9, 9, - 6). 

Pagei 325-326. 4. (1, 0, - 8), (- 9/11, 20/11, 27/11). 

7. a«-3y»-8«» = 0. U. 26(a;" + 1*^ + 2^)= 16», 25* = 6*. 
Page* 329-331. 4. (4,-5,-3). S. (4,8,2). 

8. 5 (K + 2 y - « = 26, 2 « — 3p + 1 + 25 = 0. 
SO. 9a?' + 4!/'+ 132i + 2aT/-a73 = 0. 

U. (I - lA)" + (!( - mft)» + (3 - nt)" = A 

M. [i(x+A)+B.(y+»+n{*+i)]>-[(*+A)"+(!,+»»+(^+*)"-r«]=!0. 

Pag«336. 8. Va* - c* a: ± Vfc" - ca a = 0. 
»- (ic^ + ff' + z»-o»-6')2-46"{a«-B') = 0. 
e. (a) 16 a«(i« + **) = If* ; (6) lOa^^x + a)^ + ^ = (i(i'- y^y. 
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AbsciBaa, 1. 4. 

Abaolute value, 124, 

Acnode, 252. 

Adiabatic expannon, 276. 

Algebraic ouitm. 249-253. 

Amplitude, 16, 124. 

Abi^e between line and plane, 312 ; 

between two lines. 58. 284. 311; 

between two planes, 299. 
Anomaly, 16. 
Area of ellipse, 221 ; of parabolic 

segment, 191-196; ot triaoBle. 11. 

12, 66, 288 ; under any curve, 193. 
Argument, 124. 
Associative law, 1 10. 
Asymptotes. 203. 
Axes of coordinates. 4, 277 ; of ellipse. 

198 ; of hyperbola, 202. 
Aiis, 18; of parabola. 132, 170; of 

pencil, 303 ; of symmetry, 137. 
Asimuth, 16. 

Bending moment, 196-197. 
Binomial coefficients. 162-154 ; the- 
orem, 152-164. 
Bisecting planes, 299. 
Bisectors of angles of two lines, 64. 

Cardioid, 266. 

Cartesian coordinates. 16. 

Cartesian equation of conic. 226 ; of 

ellipse, 199 ; of hyperbola, 202 ; of 

parabola. 171. 
Cartesius, 17. 
Casaiman ovals, 266, 260. 
Catenary. 188. 
Center of ellipse, IBS. 216; of hyper. 

bola, 202, 216; of inversion, 101; 

of pencil, 67; of sheaf. 304; of 

symmetry, 137. 



Centroid, 22. 

Chord of contact, 103. 

Circle. 87-109 ; in space. 321. 

Circular oone, 341. 

Cissoid, 255. 

Classification of conies, 226; ol 
quadrio surfaces. 342-346. 

Clockwise. 11. 

Cofactora. 52, 80. 

Colatitude, 290. 

Column, 41. 47. 

Combinations, 73-76. 

Conunon chord, 107 ; logarithms, 264. 

Commutative law, 110. 

Completing the square, 88, 133. 

Complex numbers, 100, 115, 117-130. 

Component, IB, 280. 

Conchoid. 264. 

Cone, 341, 361 ; of revolution, 342. 

Conic sections, 223-231. 232. 

Conies as sections of a cone, 228-231. 

Conjugate aies, 327 ; aiia, 203 ; com- 
plex numbers. 122 ; diameters, 216~ 
219 ; elements of delermiaaDt, 
83: lines. 327. 

Continuity. 165-156. 

Contour lines, 351. 

Coordinate axes. 4, 277; planes, 277; 
trihedral, 277. 

Coordinates, 1, 5, 277 ; polar, 16, 290. 

Cosine curve. 261. 

Counterclockwise, 11. 

Cross-sections, 333, 337. 339. 360. 

Crunode, 252. 

Cubic curves. 248; equation, 146- 
147; function, 143-147. 

Curve in apace, 293. 

Cusp, 252. 

Cycloid. 257. 

Cylinders. 361. 
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De Moivre'a. theoTBm, 128. 

Derivative, 139-141, 143, 149-152, 
177-179; of ai*, 130; of cubic 
function, 143 ; of function of a func- 
tion, 178 ; oE implicit function. 177- 
179; of polyntnnial, 149-151; of 
product, 178 ; of quadratic func- 
tion, 140; of i", 161. 

Deacart«B. 17. 

Determinant. 11, 13, 39 ; of n 
equations, 81 ; of order n, 77 ; of 
second order. 41 ; of three equa- 
tions, 48; of third order, 47; of 
two equations, 41. 

Diameter, 333; of ellipse. 215; of 
hyperbola. 218; of parabola, 184- 
185. 

Direction coeinea. 282, 307. 

Director circle, 222 ; sphere. 349. 

Directrices of conies, 223. 226. 

Directrix of parabola, 169. 

Discriminiuit of equation of second 
degree, 240-241; of quadratic 
equation. 92. 

Difltance between two pointa, 7, 17, 
278 ; of point from line, 63, 313 ; 
of point from origin. 6, 278 ; of 
point from plane, 298; of two 
lines, 313-314. 

Distributive law. 110. 

Division, abridged, 357. 

Division ratio, 3, 8, 281. 

Double point, 251. 

Eccentric an^e. 220. 

Eccentricity, 208, 223. 

Elements of determinant. 47; of 
pennutations and combinations, 70. 

Elimination, 43, 54, 82. 

BlUpse, 198-222. 223, 229, 242-244. 

Ellipsoid, 332-334 ; of revolution, 334. 

Elliptic cone. 341 ; paraboloid. 340. 

Empirical equations, 266-276. 

Epicycloid. 258. 

Equation of first degree, lee Linear 
equation : of line, 26. 32 ; of plai 
293-297; of second degree, 88. 

Equations of line, 308. 

Equator, 334. 

Equatorial plane. 290. 

Eiquilateral hyperlMla, 203. 



Euler's angles. 36S. 
Expansion by minora, 51, 80. 
Explicit and implicit functions, 177. 



Factor of proportionality, 26. 
Factorial, 71, 

P^Dg body, 16, 31, 69, 134. 
Family of circles, 107; of spheres, 

329. 
Foci of conic, 226; of ellipse, 198. 

223 ; ot hyperbola, 201, 223. 
Focus of parabola, 139. 
Four-cusped hypooycloid, 259. 
Function. 29 ; of two variables. 351. 
Fundamental laws of algebra. 1 10. 

Gas-meter, 27, 269. 

Gas pressure. 272, 276. 

General equation of second degree, 

88. 233-247, 317, 342. 
Geometric representation of complex 

numbers, 117. 

Higher plane curves, 248-376. 
Homogeneous function of second 
degree, 241 ; linear equations, 43, 



Hooke's law. 15, 26, . 



244. 

Hyperbolic logarithms, 204 ; para- 
boloid, 340; spiral, 259. 

Hyperboloid, of one sheet,' 337-338 ; 
of revolution of one sheet, 338; of 
revolution of two sheets, 339 ; of 
two sheets, 338-339. 

Hypocycloid, 259. 

Imaginary axis, 117; ellipsoid, 339; 

numbers, 116; roole, 127, 160; 

unit, 115 : values in geometry, 116. 
Implicit functions, 177. 
Inclined plane. 271. 
Induction, mathematical, 71. 
Infiection, 144. 

Intercept. 26, 34 ; form, 33, 296. 
Interpolation. 161. 
Interseotiiig Unea, 307. 
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fntereectlon of line and circle. 95 : 
q[ line and ellipse, 213 ; uf line and 
parabola, 181 ; of line and sphe 
323 ; of two lines, 39, 43. 

Inverse of a circle, 101 ; opcratjons, 
111; trigonometric curves, 1 
262. 

Inverses of involution, 112. 

Inversion, 100, 334. 

Inveraiona in permutations, 75. 

Inversor. 109. 

Irrational numbecs. 1 13. 

Isolated point, 252. 



Laws of algebra. 110; of exponents. 
112. 

LendinB elements. 83. 

Left-handed trihedral, 354. 

Lemoisoate. 257. 260. 

Level lines, 351. 

Lima;on, 254. 

Limiting cases of conicB, 230. 

Line, 24. 307: and plane perpendic- 
ular at given point, 312; of nodes. 
355 ; parallel to an aiia, 23 ; tiirough 
one point, 36, 308 ; through origiD, 
24; through two points, 36, 66. 



48,302; two, 39-42, 293, 302. 
Linear function, 29. 131. 
LituuB, 259. 
Logarithm, 283-265. 
Logarithmic paper, 274; plotting. 

272-276. 
Longitude. 290. 

Major axiB, 199. 

Mathematical induction, 71. 

Maiimum, 141, 143. 

Measurement, 114. 

Mechanical construction of ellipse, 
198 ; of hyperbola, 201 ; of parab- 
ola, 171. 

Melting point of alloy, 175, 269. 

Meridian plane, 290; section, 3S 

Midpoint of segment, B. 



Minimum, 141. 143. 

Minor axis, 199. 

Minors of detecminant, 51. 80. 

Modulus of complex number. 124 ; 

of logarithmic system, 265. 
Moment of a force, 288. 
Multiple points, 253. 
Multiplication, abridged, 356. 
Multiplication of determinants, 84. 

Napierian logmthms. 264. 

Natural logarithms. 264. 

Negative roots, 166. 

Newton's method of approximation, 

162. 
Nodal line, 355. 
Node, 252. 
Non-linear equations representing 

lines, 68. 
Normal form, 61, 296. 
Normal to ellipse, 203 ; to parabola, 

ISl, 182 ; to any surface, 349. 
Numerical equations, 158-16S. 

Oblate, 334. 

Obhque axes, 6, 7, 38, 278. 
Octant, 277. 
Ordinary point, 251. 
OrdinaM, 5. 
Origin. 1, 4, 277. 

Orthogonal substitution, 352 ; trans- 
formation, 352. 

ParaboU, 131-142, 163-197. 229, 
244-245; Cariiesian equation, 171 ; 
polar equation, 169-170; referred 
to diameter and tangent, 190. 

Paraboloid, elliptic, 340; hyper- 
bolic, 340; of revolution, 341. 

ParaUel. 335 ; circle, 335. 

Parallelism, 28, 33. 59. 3S5. 

Parallelogiam law. 19,120. 

Parameter, 107, 109; equatiooa of 
circle, 109; of ellipse. 220; of 
hyperbola. 220; of parabola, 169. 

Pascal's triangle, 154. 

Peaucellier's cell, 109. 

Pencil of circles. 107 ; of lines, 67 ; 
of parallels, 67 ; of planes. 303 ; of 



Pendulum, 134. 
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Permutationi, 70-73. 

Perpendicularity. 28. 33. 69, 2S6. 

Phue, 124. 

Plftne. 292-300 ; tlirougb Qaee poiuta, 
2S6. 

notting by points, 131. 

Points of inflection, 144. 

Polar, 102, 104, 326 ; an^e. 16 ; axis. 
16; coordioates, 16, 290: equa- 
tion at circle, 91 ; of conic, 224-225; 
of Une, 60; of parabola. 169-170; 
repreeentatiOD of complex uum- 
bera, 124. 

Pole, 16. 

Pole and polar, 102, 104, 326. 

Poles, 334. 

Polynomial, 148-157 ; curve, 165-157. 

Power of a point, 106. 328. 

Prinoip^ diagonal, 47. 

Projectile, 135, 142. 

Projecting cylinders, 321 ; planes 
of aline, 309-311. 

Projection. 18-21, 280-281. 284. 

Prolate. 334, 

Proportional quantitiea, 24. 

Pulleya. 27, 31, 38. 268. 

Pytliagorean relation, 282. 

Quadrant, G. 

Quadratic equation, 02; function, 

131-142. 
Quadric surfaces, 332-360, 342. 

Radical axis, 106, 328, 329; center, 
107, 328, 329 ; pUne, 328. 

Radiua vector, 16, 282. 290. 

Rate of change. 29, 149 ; of interest, 
29, 35. 

Rational numbers, 111. 

Real axis. 117; numbers, 1 13 ; roots, 
160-167. 

Reciprocal polars, 327. 

Rectangular coordinates. 6 ; hyper- 
bola, 303. 

Reduction to normal form, 02, 297. 

Regula falsi, 161. 

Related quantities. 14. 

Remainder theorem, 163. 

Removal of term in ry, 233. 

Resultant, 19, 280. 

Rljtht-lianded trihedral. 364. 



Rotation of axes, 23S-236; of co- 
ordinate trihedral, 352-366. 

Row, 41, 47. 

Rule of false position. 161. 

Ruled surfaces, 347-349. 

Rulings on hyijerboloid of one sheet. 
348 : on hyperbolic paraboloid, 349. 

Second derivative, 144. 

Secondary diagonal, 47. 

Sheaf of planes. 304. 

Shearing force, 196-197. 

Shortest distance of two lines, 313- 
314. 

Simple point, 261. 

Simpson's rule, 193. 

Simultaneous linear equations, 39- 
48. 81-83, 302. 

Simultaneous linear and quadrstio 
equations. 94. 

Sine curve, 261. 

Skew symmetric determinant, 84. 

Slope, 24; of ellipse, 207; of hyper- 
bola. 210; of parabola, 139-140. 
176 ; of secant of parabola, 138. 

Slope form of equation of line. 26. 

Sphere, 317-331 ; through four points, 
319. 

Spherical coordinates, 290. 

Spheroid. 334. 

Spinode, 252, 

Spiral of Archimedes, 260. 

Square root of eomplei number, 129. 

Statistics, 14. 

Straight line. 23. 

Strophoid, 260. 

Subnormal to parabola, 181. 

Substitutions, 270. 

Subtangent to parabola. 180, 

Sum of two determinants, 62, 78. 

SuperiKtsable trihedrals. 364. 

Surface. 292 ; of revolution, 336-336. 

Suspension bridge, 188. 

Symmetric determinant. 84. 

Symmetry, 136-138, 215. 

Synthetic division, 164. 

Tangent to algebraic curve at origin, 
260-253; to circle, 97; to ellipue, 
206, 213; to hyperbola, 210; to 
parabola, 139, 180, 182. 
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TanseDt codg to sphere, 324. 

Tangent curve. 261. 

Tangent plane to eUipsoid, 346; to 
hyperboloids, 347 ; to paraboloids, 
347 ; to quadric surfaces, 347; to 

Taylor's theorem, 168, 
Temperature, IB, 31, 270. 
Tetrahedron volume, 301. 
Thermometer, 2, 31, 35. 
oendeiital ci 



Transforn 



from cartceian 



TranspositioQ, 60. 78. 
Transveise axis, 203. 
Trochoid, 258. 



Vector, IS, 119, 280. 

Vectorial angle, 16. 

Velocity, 30, 31. 

Versiera, 256. 

Vertex of parabola, 132. 170. 
' Vertices of ellipse. 198; ot hSTper- 

boU, 202. 
' Volume of tetraliedroii. 301. 
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